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Motivation—Why regional controllability?

Controllability is one of the fundamental issues in control theory.

General dynamic systems
Yt = f(tayau)a
{ y(0) = vo. b

t — y(t) is the state (possibly infinite dimensional),
t — u(t) denotes the control.

For a given initial data yg, can we find a control u such that the
corresponding solution of equation (1) has a prescribed behavior?

Let [0, 7] be a finite time interval and yr be a fixed target element.
e Exact controllability: Can I find a control u such that y(7T) = yp?
e Null controllability: If there exists a control u such that y(71") = 07

e Approximate controllability: Can I find a control u such that

|ly(T) — yrl is as small as desired?



The finite-dimensional system case
ye(t) = Ay(t) + Bu(?), (2)

where y € R, A € R"", u € RP and B € R"*P,

Given 1" > 0, there is an equivalence among the following properties:
(1) System (2) is exactly controllable at time T';
(2) System (2) is approximately controllable at time T

(3) The matrices A and B satisfy

rank | B:AB:A?B: ... A" 1B| = n.

REMARKS
v Approximate and exact controllability are equivalent.
v The controllability of system (2) is independent of the time T.



Motivation—Why regional controllability?

The infinite dimensional diffusion system case
ye(x,t) = f Yoo (2, 1), Y2 (2, 1), y(2, 1)) + Bu(t)

p
x e te(0,00), y(z,t) is the state, Bu(t) = > Pp,gi;(x)u;(t) is the
i=1
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Motivation---Why regional controllability

Briefly speaking, regional controllability is to control the
considered system to be controllability within some sub-region of its

evolution whole domain.

Proverb:
Money should be used more efficiently.

» More efficiently;

» Great help to discuss the systems which are not controllable on
the whole domain;

» To improve the degree of controllability of the system
only on a sub-region;

» Allow for a reduction in the number of actuators/sensors;

» Offer the potential to reduce the computational requirements.



Motivation--- Why regional controllability

Let w C € be a given region of positive Lebesgue measure and yr € L?(w)
(the target function) be a given element. Consider now the restriction map

Yo LZ(Q) o LQ(w),

defined by x,2z = z|., is the projection operator on w.

Definition 1

1) The considered system is said to be regionally exactly controllable in
L?(w) at time T if for any yr € L*(w), a control u € U can be found such that

wa('v TJ U’) = Yr.

In particular, it y7 = 0, the considered system is said to be regionally null con-
trollable in L?(w) at time T.

2) The considered system is said to be regionally approximately controllable
in L?*(w) at time T if for any yr € L?(w), given € > 0, there exists a control
u € U satistying

||wa(a Ta U) T yT||L2(w) < e.



Regional idea makes sense.




Motivation—Why fractional Laplacian?

The past few decades have witnessed a significant development in the
study of fractional Laplacian, which could efficiently describe the
processes with interactions between two domains arising at a distance,
l.e., long range interaction.

Different views of the fractional Laplacian in R"™ would lead to various defini-
tions, which, under some certain assumptions, are equivalent [10]. For example,

s s4°T'(n/2+s x)—
(—0)p(x) = ZGfE Iy [p. BE=2dy, s € (0,1],
where ¢ € R", p.v. denotes the Cauchy principle value integration.

However, when it comes down to a bounded domain 2 in R"™, Warma in [11]

cited that only knowing y at the boundary 902 is not enough. The reason is
that (—A)® is nonlocal.

[10] M. Kwasnicki, Ten equivalent definitions of the fractional Laplace operator, Fractional Calculus and Applied
Analysis 20 (1) (2017) 7-51.

[11] Warma M. Approximate Controllability from the Exterior of Space-Time Fractional Diffusive Equations[J].
SIAM Journal on Control and Optimization, 2019, 57(3): 2037-2063.



Motivation—Why fractional Laplacian?

The goal of this paper is to investigate regional exact controllability from the exterior
of the following nonlocal diffusion system on a bounded domain 2 C R"™:

( ye(x,t) + (=) %y(x,t) = 01in Q x (0,7,
y(x,t) = Bu(t) in (R™\Q) x (0,7, (4)
. y(.’E,O) — yO(x) n Qa

p
i BU(t) — Z Xng’L(m)u’L(t) and u = (u1:u23 T 7“10) S L2(07TJ Rp):
=1

N

o Let Hj () = {¢p€ H°(R") : ¢ =0 in R"\Q} be the fractional Sobolev
S d d with th _ p(2)—d(y)|? 1/2 :
pace endowed wi e norm [l ms) = (Jq Jo “am i ze—dady ;

o (—A)®: HS(Q2) — H*(Q) is a continuous operator as follows

(—2)d(x) = (=L)*6(), s € (0,1],

o(x), =€,

0, ze€R"\.

From a probabilistic point of view, it can be regarded as an infinitesimal
generator of the stopped a—stable Lévy motion [12].

where ¢ is an extension of ¢ defined as ¢(z) = {

[12] A. Lischke, G. Pang, M. Gulian, F. Song, C. Glusa, X. Zheng, Z. Mao, W. Cai, M. M. Meerschaert, M. Ainsworth,
et al., What is the fractional Laplacian?, arXiv: 1801.09767, 2018.



The considered parabolic  APplications
systems with the fractional o«+—F—————~

Laplacian could be used to
well model a wide class of
physical phenomena,

Including Levy flightsand .}
stochastic interfaces when

traditional approaches TR

appear to fail.
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Levy flights--- It is faster than normal diffusions.

o New optical material in
which light performs a

I]amre ‘P Lévy flight

e Ideal experimental
system to study Lévy
flights in a controlled way
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2008, 453(7194): 495.

[13] Y. Chen, A. Fiorentino and L. D. Negro. A fractional diffusion random laser. Scientific
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humidity %
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Control

Problems to be studied

1. Give some equivalent conditions to achieve regional

exact controllability of the considered systems.

2. To approach the minimum energy control problem?



Suppose that (A,s,&ns) is the eigenvalue-eigenfunction pair of operator

(—A)® under the boundary condition ¢(x) = 0 in R\, we have

1. If s € (0,1), A\, 5 is strictly less than A? for any given n, where \,, denotes

the eigenvalue of —A under the Dirichlet boundary conditions.

Further, we refer the reader to Theorem 1 of [14] for a particular case

when Q2 = (—1,1) :

2s 5 o\ 8
)\n,s — (n271' — (1_48)71-) + O (%) < (n4ﬂ' ) = )\f?,

2. {&n,s}, -, forms a Riesz basic in L*(1).

Solution:
(y ,&n s) t (BU(T N fn q) n
( ) - )\n SLtQ(Q) gn S Z f A'n, S(t 5)2(1:{ - dTg’TL,S(:E))
n=1
where

N€:¢(33) F= On,s fQ m—"ﬁgs)dya S (Rn\Q) with Cn s — Sf’:y?(?(/lgjss))

is a bounded operator for D ((—A)%) C H5(R") to L? (R™*\Q) [14].

[14] Warma, M. (2019). Approximate controllability from the exterior of space-time fractional
diffusive equations. SIAM Journal on Control and Optimization, 57(3), 2037—-2063.
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Main Results
Consider the operator D : L?(0,T; RP) — L?(Q) given by

(Dru) (z) = > fif (B“(T);ﬁ[jiﬁlﬁ?("‘”\m drén, o(z) Yu € L2(0,T; RP).
n=1

Theorem 1.

Given 1" > 0, there is an equivalence among the following three properties:
(1) System (4) is regionally exactly controllable in L?(w) at time T

(2) Im(xwDr) = L*(w);

(3) For any ¢ € L*(w), a constant v > 0 can be found satisfying

el z2(w) < Y DTxsellnz0,17:re)- (8)

Here D7, denotes the adjoint operator of Dr and X/, is the adjoint operator
of x,, given by

) ={ 4 28 0

Proof : Omitted.



Suppose that the following two assumptions hold:
(A1) B is a densely defined operator and B* exists;
(As) (BK,(t))* exists and (BK,(t))* = KX (t)B*.
Obviously, (A;) and (As) hold when B € £ (R?, L?(1)).

Given any target function yr € L?(w), in what follows, we focus on
discussing the following minimum energy control problem for regional
exact controllability of system (4):

me mf{ fo |u(t)]|gpdt : uEUT} (10)

where Upr = {u € L? (0,T;RP) : x,y(x,T,u) = yr} is a nonempty
closed convex set.

Actually, this minimization problem admits a unique solution,
denoted by wu.



Lemma 1. If system (4) is regionally exactly controllable in L?(w)

at time T', then
T *
g€ G = lgllé = Jy IB*Nsv(-,t)|kodt

defines a norm on G := {g € L?*(Q) : g =0 in Q\w}.
Proof. Omitted.
Define operator A, G — L?(Q) as follows

Ag — _wa('v T)v

where ¢ (z,t) is the solution of system

(e, t) + (=N)(x,t) =0 in Q x (0,7),
(w,t) = BB *N v(x,t) in (R™\Q) x (0,7,
Y(z,0) =0 in

Suppose that J(t) satisfies

( ~

S Y(x,t) =0in (R™\Q) x (0,7),
Y(z,0) = yo(x) in .

e(x,t) + (=A)Y(z,t) =0 in Q x (0,7),

(11)

(12)

(13)



Main Results

For any target function yr € L?(w), the minimum energy control to achieve
regional exact controllability of yr at time T is equal to solving the equation

Ag =yr — xu(z,T), =€ (14)
Now we are in a position to give our main result.

Theorem 2. Given any target function yr € L?(w), if system (4) is regionally
exactly controllable in L?(w) at time 7" under the control input u*(¢) given by

u*(t) = B*Nsv(z,t)
— (B* Z e~ An,s(T—t) (éfn,s,g),;z(g) stn,s) (t), (15)

n=1

then the equation (14) admits a unique solution g € G.

Moreover, ©*(t) is the solution of the minimum energy control problem (10).

Proof. Omitted.



An Example

Consider the following parabolic system with a zone actuator

ye(z,t) + (—=2)%y(x,t) = 01in (0,1) x (0,5),
y( t) X[al az]U ( ) in (R\(Ov 1)) X (07 )9 (16)
y(z,0) =0in (0, 1),

By [14], one has A, s = (nm — 0.35m)"° + O (1), &, «(z) ~
Vv2sin ((n — 0.35) 7z + 0.357) and

oo

* — — 1 n,s\T n,s

Taking into account that

/ / sns$_ Cus(®) g0~

holds true for some a1,a2 € Q with as > a1 > 1, we have Ker(D?) # {0}.
Then, condition (3) of Theorem 1 cannot be satisfied. This implies that system
(15) is not exact controllability on whole domain L?(0,1).




An Example

However, let a; = 2, as = 2+ p. Since &, s(z) is a periodic continuous function
and &, s(2) # 0, there exists a small g > 0 such that

f2—|—,u, 1 gnjs(ﬂi)_gn,s(y) dyda:. 7é O (17)

2 0 (x—y)1-6

Similarly, for a nonzero continuous function A, one can find for example, an
interval (v, + ) with € > 0 satisfying

J7 & (@) () da # 0. (18)
With these, let w = (v,v +¢). Then (DZx}h)(t) # 0.

This implies that system (15) is regionally exactly controllable in L? (v,~ + ¢)
at time 7" = 5 under a zone actuator localized in (2,2 + p].



An Example

In addition, consider the following minimization problem:

me mf{ fo t)dt :u € UT}

(19)

where Ur = {u € L?(0,5) : xoy(x,5,u) = y5}. By Theorem 2, if system (15) is

regionally exactly controllable in L?(w) at time 5, the equation

Ag=1ys — lez(xj5)’ x € ()

(20)

admits a unique solution g € G, where Ag = —x,9(-,5) with ¢ (x,t) solving

Vi (x,t) + (=A)3(x,t) =0 in (0,1) x (0,5),
(w,t) Xfay,az)t” (¢) I (R\(0,1)) x (0,5),
(x,0) = 0in (0,1)

and

u* (t) — Z_:l e—)\n,s(5—t) (gnjsg g)Lz(Ojl) Cn . f 1 &.n S(::) y)&n s(y) dydﬂj

(21)

(22)

Moreover, we get that this u*(¢) solves above minimum control problem (10).



An Example

Continue to consider system (15) with as = a; = o = 0.47. In this case, we
say that it is excited by a pointwise actuator located at 0 = 0.47. Let w =

(‘1/5_, \1/5_ + 0. 25) C [0,1]. Assume that the target function is given by

0, 0<uz< Y2
_ 2
yr(z) = ¢ —92% + 9z — 0.25, Y2 <z < Y2 +0.25;
L0, ¥ 4025<a<1.
LI‘? 4
l_
E 2+ _TargetfunctionzT 35
ﬁ ,"‘ .’~, ______ The solution at time . *
2 s " TS5, i, y(.5) al — The control input u (t)
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(1) The final states at time T =5 and the target function. (2) The control input «* ().

Figure 1: Evolution of target function y(x, 5) at 7' = 5 and the corresponding control input.



Summary and Extensions

This paper investigate the regional exact controllability problem of
parabolic PDE systems with the fractional Laplacian, whose control
Input IS localized on some subset of the system's exterior domain.
Some equivalent conditions to achieve regional exact controllability of
the considered system are presented. An approach on the minimum
energy control problem is then explicitly derived by using HUM.

Moreover, the presented results can be extended to more complex
nonlocal distributed parameter systems. For instance, the problem of
constrained regional control of time-space fractional diffusion systems
with the fractional Laplacian under more complicated regional sensing
and actuation configurations are of great interest.



Thank you for your attention!

Questions or comments?



