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A continuous time fractional-order feedforward control algorithm for tracking desired time varying input
signals is proposed in this paper. The presented controller cancels the phase shift caused by the zeros and
poles of controlled closed-loop fractional-order system, so it is called Fractional-Order Zero Phase Tracking Controller (FZPETC). The controlled systems are divided into two categories i.e. with and without noncancellable (non-minimum-phase) zeros which stand in unstable region or on stability boundary. Each kinds
of systems has a targeted FZPETC design control strategy. The improved tracking performance has been evaluated successfully by applying the proposed controller to three different kinds of fractional-order controlled
systems. Besides, a modiﬁed quasi-perfect tracking scheme is presented for those systems which may not
have available future tracking trajectory information or have problem in high frequency disturbance rejection if the perfect tracking algorithm is applied. A simulation comparison and a hardware-in-the-loop thermal peltier platform are shown to validate the practicality of the proposed quasi-perfect control algorithm.
© 2018 ISA. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
In the last few decades, the fractional calculus has attracted lots of
attention in many research ﬁelds, such as physics [1], mechatronics
systems [2,3], signal processing [4], biological system [5], chemistry
[6], etc. Among them, fractional-order (FO) control system theory
and application developed even faster. A lot of signiﬁcant work aiming at FO controller design algorithm has been done in recent years
[7–11]. However, most of the related studies focused on the design of
FO feedback controllers. Normally, feedback controllers are aiming at
regulation against disturbance input. But when perfect tracking performance is required in control loop, the FO feedforward controller
will also be necessary [12].
There are mainly two kinds of trajectory tracking control: one is
for tracking a given desired trajectory, and the other is for tracking an unknown trajectory [13]. In this paper, we focus on the former one with two FO controllers (i.e. a feedforward FO controller
and a predesigned feedback FO controller) in the system to be
controlled. The feedback FO controller is used for dynamic system
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performance regulation and the FO feedforward controller helps in
achieving better tracking performance. The feedforward controller
proposed in this paper is designed based on the system inversion
theory [14]. For minimum phase systems without non-cancellable
zeros and poles (zeros and poles which stand in unstable region or
on stability boundary) in their closed-loop transfer functions, the
inversed feedforward controller is easy to be designed. However, the
design process turns to be complicated when the controlled system
has non-cancellable zeros. The non-cancellable zeros will turn into
unstable poles after inversion and make the whole system unstable or oscillating. This complicated inversion problem can be solved
by an effective tracking control algorithm named Zero Phase Error
Tracking Control (ZPETC). The ZPETC tracking algorithm which eliminated the phase error caused by non-cancellable zeros and realized a perfect tracking was put forward by Tomizuka [15]. Ever
since, several effective feedforward tracking control algorithms have
been proposed based on ZPETC. Torfs et al. gave more insight into
ZPETC and compensated the gain error by adding additional feedforward terms [16]; Haack and Tomizuka discussed about inserting a ﬁlter before feedforward controller to improve tracking performance in Ref. [17]; a similar work which assumed there were some
slowly varying parts in the closed-loop system transfer function
was studied by Tsao and Tomizuka in Ref. [18]; an improved ZPETC
designed without factorization of zero polynomial was proposed by
Adnan et al. [19].
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However, the existing ZPETC related tracking algorithms are
mainly used for integer-order (IO) systems and they are unavailable to the rapid developed FO systems. In this paper, we focus
on the design of continuous time Fractional-Order Zero Phase Error
Tracking Controller (FZPETC) which can be applied on both IO and
FO systems. Conventional ZPETC was generated in discrete-time
domain, and had to be converted into continuous domain when it
was applied on continuous systems. Nevertheless, thanks to the fast
computational tools today, a lot of discrete time systems can be
replaced by continuous time ones with high sampling frequencies
[13]. Especially for FO control systems, more continuous time system transfer functions are used. This is because the conversion of
FO transfer functions from continuous time domain to discrete time
domain is more complicated and may not be so accurate compared
with IO systems.
The FZPETC proposed in this paper is essentially a differentiator or high pass ﬁlter whose numerator order is larger than its
denominator order. Therefore, future desired trajectory information is needed in the controller design process. The length of the
required future desired trajectory decides by the zero locations
and design speciﬁcations of the controlled system. The controlled
system with the proposed feedforward FZPETC and a predesigned
feedback controller is depicted in Fig. 1. The method of distinguishing cancellable zeros and non-cancellable ones and the tuning methods of FZPETC aiming at different circumstances are presented respectively. Moreover, for systems with unavailable future
tracking trajectory information or having high frequency disturbance
rejection problem when the perfect tracking algorithm is applied,
an alternative quasi-perfect tracking control algorithm is also
presented.
The following of this paper is organized as: in section 2, the stability analysis method of FO control systems is given; the detailed
tuning rules of the proposed controller aiming at FO systems with
cancellable zeros, with zeros on stability boundaries and with noncancellable zeros are presented respectively in section 3; a quasiperfect tracking algorithm is presented in section 5 for the systems which cannot satisfy the perfect tracking requirements or have
problem in high frequency gain error; simulation and hardware-inloop experiment of tracking performance of FO systems are presented in section 4 and 6 to illustrate the effectiveness of the
proposed control strategy; ﬁnally, the conclusions are made in
section 7.
2. Stability of fractional order system
Before discussing about the tuning rules of FZPETC, one important
step is making clear of how to distinguish cancellable zeros and noncancellable zeros in the original closed-loop system. Compared with
IO control systems, the stability analysis of FO systems is quite different [20]. Several pioneer works have discussed about the stability
conditions of FO control systems [20–24]. A stability analysis method
of distributed parameter FO system with distributed delay has been
given in Ref. [21]; stability analysis of fractional differential system
using co-prime factorization algorithm was shown in Ref. [22]; in Ref.
[23], the stability conditions for interval FOLTI (Fractional-Order Lin-

ear Time Invariant) system have been discussed; a numerical investigation of robust stability of FO uncertain system was discussed in Ref.
[25]; the general robust stability conditions for commensurate order
FO linear and nonlinear systems were proposed in Ref. [20]. Some of
these stability analysis methods were put forward for speciﬁc kinds
of FO systems, so an appropriate method should be chosen according to the controlled FO system. In this paper, we use the general FO
linear system stability condition proposed in Ref. [20] without loss of
generality.
An FO control system can be generally described by the following
transfer function:
G(s) =

b0 s𝛽0 + b1 s𝛽1 + · · · + bm s𝛽m
N (s)
=
,
a0 s𝛼0 + a1 s𝛼1 + · · · + an s𝛼n
D(s)

(1)

where, a0 , a1 ,…, an and b0 , b1 ,…bm are constants which represent the coeﬃcients of denominator and numerator; 𝛼 0 , 𝛼 1 ,…, 𝛼 n
(𝛼 0 < 𝛼 1 < · · · < 𝛼 n ) and 𝛽 0 , 𝛽 1 ,…, 𝛽 m (𝛽 0 < 𝛽 1 < · · · < 𝛽 m ) are
arbitrary real number orders of denominator and numerator respectively.
The incommensurate order system in Equation (1) can be transformed into a commensurate one as [26]:
G′ (s) =

b0 + b1 s1∕𝜇 + · · · + bm sm∕𝜇
,
a0 + a1 s1∕𝜇 + · · · + an sn∕𝜇

(𝜇 > 1).

(2)

It should be remarked here that most FO systems can be
expressed as Equation (2) [20]. The deﬁnition of G′ (s) has one Riemann surface with 𝜇 Riemann sheets [27].
Generally, set 𝜔 = s1/𝜇 , then the transfer function with operator
s in s-domain can be transformed into a complex 𝜔-domain with 𝜇
sheets in Riemann surface [20]. The original principal sheet of Riemann surface is deﬁned as −𝜋 < arg(s) < 𝜋 . However, after the
mapping of 𝜔 = s1/𝜇 , the corresponding principal sheet transforms
into −𝜋 /𝜇 < arg(𝜔) < 𝜋 /𝜇. Namely, the right half unstable boundary
in s-domain becomes −𝜋 /2𝜇 < arg(𝜔) < 𝜋 /2𝜇 in 𝜔-domain. That is
to say, in s-domain, a stable system will not have right half poles. But
in 𝜔-domain, right half poles may exist in stable system as shown in
Fig. 2.
Consider an FO pseudo-polynomial as:
D(s) = c1 sq1 + c2 sq2 + · · · + ck sqk

= c1 su1 ∕𝜇 + c2 su2 ∕𝜇 + · · · + ck suk ∕𝜇

,

(3)

= c1 (s1∕𝜇 )u1 + c2 (s1∕𝜇 )u2 + · · · + ck (s1∕𝜇 )uk
where, qi (i = 1, 2,…, k) = 𝜇i /𝜇 (i = 1, 2,…, k) and 1/𝜇 is the greatest common divisor of qi [28]. Hence, the fractional degree (FDEG) of
polynomial D(s) is got as [28]:
FDEG{D(s)} = max{𝜇1 , 𝜇2 , … , 𝜇k }.
Then, the number of roots of D(s) in Equation (3) can be got from
the following proposition:
Proposition 1. [29]: Let D(s) be an FO polynomial with
FDEG{D(s)} = n, then the equation D(s) = 0 has exactly n roots on
the Riemann surface.

Fig. 1. Fractional order control system with feedforward and feedback controllers.
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Fig. 2. Stability regions of FO system.

For FOLTI commensurate order system whose poles are in general
complex conjugate, the stability condition can be stated as:
Theorem 1. [20]: A commensurate order system described by a
rational transfer function:
G(𝜔) =

N (𝜔)
,
D(𝜔)

3.2. FZPETC for FO system with non-cancellable closed-loop zeros

where, 𝜔 = s1/𝜇 , 𝜇 ∈ R+ , (0 < 1/𝜇 < 2), is stable if only if

|arg(𝜔i )| > 𝜋 ,
|
| 2𝜇
with ∀𝜔i ∈ C (i ≤ n, n = FDEG{D(s)}) the i-th root of D(𝜔) = 0.
3. Continuous fractional order Zero Phase Error Tracking
Controller
For system with a zero/pole cancellation feedforward controller,
the zeros of the controlled system will become the poles of the
designed controller. In this paper, zeros of the closed-loop system
which exist out of the stable area or stand on the stability boundary in theorem 1 are called non-cancellable zeros, and the others are called cancellable zeros correspondingly. Since these noncancellable zeros will bring unstable or oscillating performance into
the system and they cannot be cancelled by feedforward controller
directly, the controller design methods of the systems with and without non-cancellable zeros are different.
3.1. FZPETC for FO system without non-cancellable closed-loop zeros
Consider an FO system whose closed-loop transfer function is
expressed as Equation (1). It should be noted that the transfer function already includes the controlled plant and feedback controller.
The relationship between the reference input signal R(s) and actual
output signal Y(s) can be yielded as:
Y (s) = G(s)R(s).

(4)

Suppose there is a feedforward tracking controller with the following form:
R(s) = F (s)Yd (s) =

G(s), the output of the system with the reference signal in Equation
(5) will explode or oscillate. Even if all the zeros are in the stable
area, the zeros located on the stability boundary may make the output highly oscillate.

D(s)
Y (s),
N (s) d

(5)

where, Y d (s) is the desired output. Thus, when the initial conditions
are zero, the overall transfer functional of the system is Y(s) = Y d (s).
This means the controlled system can provide perfect tracking performance without any error. So Equation (5) gives the formulation of
FZPETC for system without non-cancellable zeros. Note that if there
is a delay term in G(s), Y d (s) should have the same length ahead signal in order to compensate the delay. However, it has already been
pointed out in Ref. [15] that if there is any non-cancellable zero in

The non-cancellable closed-loop zeros cannot be inversed directly
in neither continuous time domain nor discrete time domain. Therefore, the remained non-cancellable zeros will bring undesirable
tracking error including phase error and gain error into the system.
The feedforward controller tuning method for this kind of system
will be more complex than that of system without non-cancellable
zeros.
Also consider the closed-loop system in Equation (1), and here we
factorize the numerator N(s) into two parts as below:
N (s) = N a (s)N u (s),

(6)

where,
a
𝛽m
−k

𝛽0a

+ ba1 s𝛽1 + · · · + bam−k s

𝛽0u

+ bu1 s𝛽1 + · · · + buk s

N a (s) = ba0 s

N u (s) = bu0 s

a

u

𝛽ku

(cancellable zeros),

(non − cancellable zeros),

k, m ∈ R+ , k ≤ m. Therefore, all the cancellable closed-loop zeros
which will become the poles of the feedforward controller are
included in N a (s), and N u (s) contains the other non-cancellable ones.
Thus, the tracking controller which can cancel all the cancellable
zeros can be achieved as:
R(s) = F (s)Yd (s) =

D(s)
Y (s),
N a (s)N u (1) d

(7)

where, N u (1) is a scaler which is equal to the steady state gain of the
closed-loop system. So that the gain error will be eliminated. Then,
for zero initial state, substitute Equation (7) into Equation (4), and
the overall system transfer function is obtained as:
Y (s) =

N u (s)
Y (s).
N u (1) d

(8)

If Equation (7) is used as the feedforward controller, phase error
will still exist in Equation (8). The tracking performance is not perfect. So a controller which can eliminate phase error in Equation (8)
will be needed. When talking about phase error problem, the system
should be transferred into frequency domain ﬁrst. Transfer Equation
(8) into frequency domain by substituting j𝜔 for s as:
Y ( j𝜔) =

N u ( j𝜔)
Y ( j𝜔).
N u (1) d
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Fig. 3. FZPETC algorithm for FO system with non-cancellable zeros.

From Equation (9), it is clear that the phase error is generated by
H( j𝜔) = N u ( j𝜔)/N u (1).
Then H( j𝜔) can be written as:
H( j𝜔) = Re[H( j𝜔)] + jIm[H( j𝜔)],

(10)

where, Re[H( j𝜔)] and Im[H( j𝜔)] are the real and imaginary parts of
H( j𝜔) respectively. Then, by using Euler’s function, it has:

[ (
𝜋
𝜋 )]𝛼 ( 𝜋2 j )𝛼
( j𝜔)𝛼 = 𝜔 cos + jsin
= 𝜔e
2

=

𝜔𝛼 e

𝛼𝜋
2

j

=

𝜔𝛼

(

2

cos

𝛼𝜋
2

+ jsin

𝛼𝜋 )
2

,

[ (
(
(
𝜋)
𝜋 ))]𝛼 ( − 𝜋2 j )𝛼
(−j𝜔)𝛼 = 𝜔 cos −
+ jsin −
= 𝜔e
2

= 𝜔𝛼 e−

𝛼𝜋
2

4. Simulation

2

(
𝛼𝜋
𝛼𝜋 ))
= 𝜔𝛼 cos(−
) + jsin −

j

(

2

2

In this section, three different kinds of FO closed-loop systems (i.e.
FO system with cancellable zeros, FO system with zeros on stability
boundary, FO system with non-cancellable zeros) are used to verify
the effectiveness of the proposed FZPETC algorithm. The simulation
can be accomplished with the help of the tools introduced in Ref.
[30].

2

(
𝛼𝜋
𝛼𝜋 )
= 𝜔𝛼 cos
− jsin
,
2

where, Re[H(j𝜔)] and Im[H(j𝜔)] can be obtained as:

(bu0 𝜔𝛽0 cos
u

Re[H(j𝜔)] =

2

+ bu1 𝜔𝛽1 cos
u

(bu0
(bu0 𝜔𝛽0 sin
u

Im[H(j𝜔)] =

𝛽0u 𝜋

𝛽0u 𝜋
2

+

bu1

𝛽1u 𝜋
2

+ bu1 𝜔𝛽1 sin
u

𝛽1u 𝜋
2

𝛽ku

cos

𝛽ku 𝜋

𝛽ku

sin

𝛽ku 𝜋

+ · · · + buk 𝜔

+· · ·+

2

)

buk )

+ · · · + buk 𝜔

(bu0 + bu1 + · · · + buk )

2

,

.

Then, we get H(−j𝜔) = Re[H(j𝜔)] − jIm[H(j𝜔)], where Re[H(j𝜔)],
Im[H(j𝜔)] are also given by Equation (11). Therefore,
(12)

Notice that Equation (12) does not have an imaginary part. It
means that there is no phase shift introduced by Equation (12). So
if Equation (12) is the overall transfer function from Y d (s) to Y(s), the
phase error will be zero. On the whole, the FZPETC feedforward controller can be expressed as depicted in Fig. 3 as:
R(s) = F (s)Yd (s) =

D(s)N u (s)N u (−s)
N a (s)[N u (1)]2

Yd (s).

4.1. FO system with cancellable zeros
Consider an FO system with closed-loop transfer function as:

)

(11)

H(j𝜔)H(−j𝜔) = Re[H(j𝜔)]2 + Im[H(j𝜔)]2 .

3. It has already been discussed in Ref. [15] that if the desired tracking input is a sinusoidal signal with high frequency, the gain error
may also be taken into consideration. It may be eliminated by
a scaler 1/[Re[H(j𝜔)]2 + Im[H(j𝜔)]2 ] with Re[H(j𝜔)], Im[H(j𝜔)]
given in Equation (11). Furthermore, it was pointed out in Ref.
[13] that the gain error would become larger in high frequency
if the input signal includes different frequency components. This
may cause velocity error in point-to-point motion control process
when fast tracking applies. The authors of Ref. [13] have put forward a compensated way aiming at this problem, and it may be a
further research orientation of FZPETC.

(13)

Three remarks should be put here in respect of the FZPETC proposed in Equation (5) and Equation (13):
1. If there is a delay term in G(s), Y d (s) should have the same length
ahead signal to compensate the delay.
2. The order of the numerator of FZPETC may be greater than that
of the denominator. This implies that FZPETC may act as a kind
of differentiator and may utilize the further desired trajectory
information. Thus the desired tracking signal should be known.
Moreover, as the same to other differentiators, system controlled
by FZPETC may be sensitive to noise [13]. However, it will not
be a problem if the reference signal is known as a smooth function. We will also propose a quasi-perfect tracking scheme in the
later section to help solve the high frequency disturbance rejection problem.

G1 (s) =

s2.4 + 1.8s1.6 + 1.2006s0.8 + 0.57675
,
s3.2 + 1.2s2.4 + 3.02s1.6 + 4.396s0.8 + 2.1389

(14)

where, D(s) = s3.2 + 1.2s2.4 + 3.02s1.6 + 4.396s0.8 + 2.1389. Since the
denominator does not need to be factorized in the presented control
scheme, all the denominators of the closed-loop systems discussed
in this section will be the same. This will make readers understand
the proposed control algorithm for different types of systems easily.
According to section 2, the incommensurate order system in
Equation (14) can be transformed into a commensurate one as:
G1 (s) =

(s0.8 )3 + 1.8(s0.8 )2 + 1.2006s0.8 + 0.57675
,
+ 1.2(s0.8 )3 + 3.02(s0.8 )2 + 4.396s0.8 + 2.1389

(s0.8 )4

(15)

so that we can set 𝜔 = s0.8 with 𝜇 = 1.25 to transform the transfer
function from s-domain into 𝜔-domain:
G1 (𝜔) =

𝜔3 + 1.8𝜔2 + 1.2006𝜔 + 0.57675
.
𝜔4 + 1.2𝜔3 + 3.02𝜔2 + 4.396𝜔 + 2.1389

(16)

According to Proposition 1 and Theorem 1, the system has four
poles i.e. P 1,2 = 0.2 ± 1.7 j, P 3,4 = −0.8 ± 0.3 j and three zeros i.e.
Z 1 = −1.2, Z 2 = −0.3 ± 1.7 j, and the stability boundary is ||arg 𝜔i || >
𝜋

2×1.25

= 25 𝜋 . The stability boundary and poles, zeros positions are

shown in Fig. 4. Clearly from Fig. 4, the system does not have any
non-cancellable pole or zero.
After making clear of the controlled closed-loop system type, we
can design the FZPETC referring to Equation (5) in section 3-A as:
R(s) =

s3.2 + 1.2s2.4 + 3.02s1.6 + 4.396s0.8 + 2.1389
Yd (s),
s2.4 + 1.8s1.6 + 1.2006s0.8 + 0.57675

(17)

where, Y d (s) is the Laplace transform of the desired tracking signal
𝜋
yd (t ) = 1.3 sin(t + ).
6
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Fig. 4. Pole-zero locations of G1 (𝜔) (‘×’ stands for pole and ‘◦’ stands for zero).

The phase and tracking performance comparisons of G1 (s) with
and without the proposed FZPETC are depicted in Fig. 5 and Fig. 6
respectively. Similar to Fig. 4 in Ref. [15], the phase shift turns into
zero for all frequencies. It also means that there will not have any
phase error between the desired tracking signal and actual output
signal. From Fig. 6, it is shown that the tracking performance of the
controlled system with FZPETC has almost no error in both phase
and amplitude. However, the tracking performance of the original
closed-loop system seems a little off in both aspects.

Fig. 6. Tracking performance comparison of G1 (s) (solid line stands for reference, green
dash line stands for G1 (s), and red dash line stands for G1 (s) + FZPETC).

G2 (𝜔) =

G2 (s) =
The closed-loop system to be controlled in this subsection is:
s2.4 + 0.4s1.6 + 0.71536s0.8 + 2.0104
.
D(s)

(18)

Obviously, the poles of G2 (s) in Equation (18) are the same with
that of G1 (s) in Equation (14) as well as the commensurate transform
operator 𝜔 = s0.8 with 𝜇 = 1.25. So G2 (s) can be transformed into
𝜔-domain as:

Fig. 5. Phase comparison of G1 (s) (solid line stands for original G1 (s), and dash line
stands for G1 (s) + FZEPTC).

𝜔4

𝜔3 + 0.4𝜔2 + 0.71536𝜔 + 2.0104
.
+ 1.2𝜔3 + 3.02𝜔2 + 4.396𝜔 + 2.1389

(19)

Moreover, because of the same transform operator, the stability
boundary of G2 (s) will also be the same with G1 (s). From Equation
(19), the zeros of G2 (s) can be got as Z 1 = −1.2, Z 2,3 = −0.4 ± 1.231 j,
and the pole-zero map plot is given in Fig. 7. Unfortunately, different
from G1 (s), G2 (s) has two zeros i.e. Z 2, 3 = −0.4 ± 1.231 j standing
on the stability boundary. It means the system cannot be inverted
directly. Therefore, we ﬁrst change Equation (18) into zero-pole form
as:

4.2. FO system with zeros on stability boundary

G2 (s) =

5

(s0.8 + 1.2)(s0.8 − 0.4 + 1.231 j)(s0.8 − 0.4 − 1.231 j)
,
D(s)

(20)

then, the feedforward controller proposed in this paper can be
achieved based on Equation (13) as:
R(s) =

D(s)(s0.8 − 0.5)(−s0.8 − 0.5) …
(s0.8 + 0.4 + 0.7 j)(s0.8 + 0.4 − 0.7 j) …

(−s0.8 − 0.4 + 1.231 j)(−s0.8 − 0.4 − 1.231 j)
Yd (s)
[(10.8 − 0.4 + 1.231 j)(10.8 − 0.4 − 1.231 j)]2

,

(21)

Fig. 7. Pole-zero locations of G2 (𝜔) (‘×’ stands for pole and ‘◦’ stands for zero).
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Fig. 8. Phase comparison of G2 (s) (solid line stands for original G2 (s), and dash line
stands for G2 (s) + FZEPTC).

where, Y d (s) is the same with that of Equation (17).
Fig. 8 and Fig. 9 show the comparisons of phase and tracking performance with and without FZPETC of G2 (s). The closed-loop system
with the proposed FZPETC still gives almost perfect tracking performance in Fig. 9. The amplitude of the system without FZPETC is
right, but the phase error is relatively large. Moreover, the beginning
of the tracking trajectory of the system without FZPETC oscillates
severely.

Fig. 10. Pole-zero locations of G3 (𝜔) (‘×’ stands for pole and ‘◦’ stands for zero).

obtained as:
G3 (𝜔) =

s2.4 + 0.3s1.6 + 0.25s0.8 − 0.325
.
D(s)

(s0.8 − 0.5)(s0.8 + 0.4 + 0.7 j)(s0.8 + 0.4 − 0.7 j)
.
D(s)

(24)

Therefore, the proposed FZPETC can be achieved as:

The closed-loop system discussed in this subsection also has the
same denominator in its transfer function as the systems considered
above:
G3 (s) =

(23)

Fig. 10 illustrates the zero-pole locations of G3 (s) and shows that
there is one non-cancellable zero in the three zeros of the system
i.e Z 1 = −0.5, Z 2 = −0.4 ± 0.7 j. Obviously, the former one is a noncancellable zero. Then, factorize the numerator of G3 (s) as:
G3 (s) =

4.3. FO system with non-cancellable zeros

𝜔3 + 0.3𝜔2 + 0.25𝜔 − 0.325
.
𝜔4 + 1.2𝜔3 + 3.02𝜔2 + 4.396𝜔 + 2.1389

(22)

Therefore, it also has the same poles, transform operator and stability boundary as G1 (s) and G2 (s), and the 𝜔-domain G3 (𝜔) can be

Fig. 9. Tracking performance comparison of G2 (s) (solid line stands for reference, green
dash line stands for G2 (s), and red dash line stands for G2 (s) + FZPETC).

R(s) =

D(s)(s0.8 − 0.5)(−s0.8 − 0.5)
Yd (s),
(s0.8 + 0.4 + 0.7 j)(s0.8 + 0.4 − 0.7 j)(10.8 − 0.5)2

(25)

where, the expression of Y d (s) is the same to that in Equations (17)
and (21).
The phase comparison of G3 (s) in Fig. 11 shows zero shift of system with FZPETC as expected. The sinusoidal tracking performance
with FZPETC in Fig. 12 also performs much better compared with

Fig. 11. Phase comparison of G3 (s) (solid line stands for original G3 (s), and dash line
stands for G3 (s) + FZEPTC).
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Fig. 12. Tracking performance comparison of G3 (s) (solid line stands for reference,
green dash line stands for G3 (s), and red dash line stands for G3 (s) + FZPETC).

that without FZEPTC. A problem which occurs in last subsection
also appears here that the beginning part of the system without
FZPETC oscillates a lot. But this does not happen in that of the system
with FZPETC. On a whole, it is veriﬁed from the simulation results
that the proposed FZPETC can help systems with and without noncancellable zeros achieve satisfactory tracking performances.
5. Quasi-perfect tracking
The perfect tracking algorithm for FO system has been discussed
in the above sections. However, perfect tracking is an ideal performance which may be quite hard to be achieved in practice. This is
because the improper expressions in Equation (5) and Equation (13)
are hard to obtain in some practical situations. Moreover, the perfect tracking controller may bring some aggressive behaviours to the
system. The controlled system may also be quite sensitive to high
frequency disturbance. In this section, a quasi-perfect tracking algorithm which gives an alternative option in achieving better tracking
performance in high frequency is proposed. This algorithm is also
effective in dealing with the improper problem.
In section 3, the overall transfer function T i (s) in Fig. 1 was made
equal to 1, so that the output signal would track the reference signal
perfectly. But this may need an improper feedforward controller and
may bring in some problems to the system in high frequency as mentioned above. Here, we make a trade off between the perfect tracking
performance and the problems by setting T i (s) as:
Ti (s) = F (s)G(s) = (

1

𝜏s + 1

)𝛼 ,

Fig. 13. Different closed-loop bandwidths with different 𝜏 .

this problem can be solved by setting 𝛼 in Equation (26) into different values, so that the slope of the amplitude curve of the system in
frequency domain can be set into −20𝛼 dB to avoid high frequency
disturbance.
In order to verify the effectiveness of the quasi-perfect FZPETC
tracking algorithm proposed in this section, a simulation comparison
is accomplished. The controlled system is a tractor with the transfer
function P(s) shown in Ref. [31].
P (s) =

4.9
.
s2 (s2 + 3.57s + 11.36)

(27)

The unit step input tracking performance comparison of the system shown in Equation (27) controlled by three different controllers,
namely the PD controller (P = 0.01, D = 3), PD𝜇 controller (P = 0.011,
D = 3.3, 𝜇 = 1.0865) designed in Ref. [31] and the quasi-perfect
FZPETC proposed in this section, is shown in Fig. 14. The parameters
of T i (s) in Equation (26) are chosen as 𝜏 = 0.1 and 𝛼 = 3. Fig. 15 gives
the corresponding closed-loop bandwidth comparison. From Fig. 14,
it can be seen that the control performance of the system controlled
by FZPETC outperforms the other two in terms of smaller rise time
and overshoot. The wider closed-loop bandwidth in Fig. 15 also val-

(26)

where 𝛼 can be an arbitrary order, 𝜏 is deﬁned by users, and F(s) is
achieved according to Equation (5) or Equation (13). In this way, the
improper problem is solved and the a quasi-perfect tracking can be
achieved by tuning 𝛼 and 𝜏 in Equation (26). We suggest to set the
order 𝛼 between 0.8 and 1.5, so that a better performance with lower
overshoot and smaller rise time can be achieved. Taking 𝛼 = 1 in
Equation (26) for example, Fig. 13 shows the closed-loop bandwidth
difference between systems with 𝜏 = 1 to 𝜏 = 10. It is illustrated
that the bandwidth of the overall system can be adjusted by 𝜏 , which
also means the rise time and tracking performance can be improved
by changing the values of 𝛼 and 𝜏 . Moreover, in normal condition,
the amplitude of the system at high frequency will drop rapidly to
avoid high frequency disturbance. But if the overall transfer function
in Fig. 1 is set to 1, the amplitude of the system in high frequency may
increase rapidly. This will bring troubles into the system. However,

7

Fig. 14. Tracking performance comparison (unit step input).
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Fig. 15. Comparison of closed-loop Bode diagrams.

idates the superiority of the system controlled by FZPETC. Fig. 16
shows the tracking performance comparison of a sinusoidal input
𝜋
(1.3 sin(t + )). The amplitude of the tracking trajectory controlled
6
by the quasi-perfect FZPTEC is accurate, but the phase is a little off.
However, the tracking performances of the system with the other
two controllers fail a lot in both amplitude and phase. Though the
tracking performance of the system controlled by the proposed control algorithm is not completely perfect, but it has been improved
a lot compared with those controlled by the other two controllers.
Meanwhile, the improper expression problem is solved and the system controlled by the quasi-perfect FZPETC will not be sensitive to
high frequency disturbance.
6. Experiment
In this section, the practicality of the proposed quasi-perfect
FZPETC control scheme is validated on a thermal peltier hardwarein-the-loop experimental platform. The conﬁguration of the peltier
platform is shown in Fig. 17 [32]. There are two peltier modules in the
system. Each of them is attached with a fan. The fans will be main-

Fig. 16. Tracking performance comparison (sinusoidal input).

Fig. 17. Conﬁguration of peltier plate platform.

tained at a certain blowing speed when the peltiers are working. An
H-bridge circuit is set between each set of peltier and fan to actuate the peltier. Four non-contact thermal sensors namely ‘5B, 5C, 5D,
5E’ are installed oppositely to the mental plate to monitor the temperature change on the plate as shown in Fig. 18. The lower layer
control unit is an Arduino Uno board based on the Atmega328p-pu
microchip. The upper layer control action is done in Matlab/Simulink.
So that it is a typical hardware-in-the-loop platform.
The platform is originally a two-input-four-output system, but we
only focus on single-input-single-output FO controlled plant, so we
only use the left peltier and sensor ‘3C’ in our experiment. As mentioned in Ref. [32], the platform is essentially a nonlinear system,
but it can be approximated as a fractional-order transfer function
when the temperature changes in a small scale. Since we only use
one peltier and one sensor, there is no coupling problem in the system. So the ﬁtting model is a little different in gain and time constant
compared with that in Ref. [32]. Then, we ﬁrst make system identiﬁcation of the unit step response of the system. The ﬁtting model is
achieved as Equation (28), and the model ﬁtted curve and raw data
are shown in Fig. 19. It can be seen that the ﬁtting model is quite
accurate.

Fig. 18. Thermal sensors of the peltier plate platform.
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Fig. 19. Fitting model and raw data.
Fig. 21. Comparison of closed-loop bandwidth.

outperforms that of system without FZPETC a lot, though it is still not
perfect. This kind of quasi-perfect performance exists most of time in
practical situations. It is hard to get perfect tracking performance in
practical experiments because there are always some physical limitations in controlled systems. The closed-loop bandwidth comparison is presented in Fig. 21. It shows that the closed-loop bandwidth
of the system with FZPETC is much wider than that without FZPETC,
and this is also the reason of the faster tracking speed in Fig. 20.
The result veriﬁes that the quasi-perfect FZPETC control algorithm
is effective when used in practical experiment.
7. Conclusion

Fig. 20. Comparison of proﬁle tracking performance (upper) and control signals
(lower).

Gf (s) =

0.1385
.
23.59s0.9 + 1

(28)

In this case, we ﬁrst use a controller C p (s) as below to regulate the
system:
Cp (s) = 13.3 +

0.56
.
s

(29)

If we design the feedforward controller F p (s) according to Equation (5), the transfer function of the controller will be improper.
Hence, according to the quasi-perfect method addressed in section
5, the overall transfer function Tp i (s) is set as Equation (30) to avoid
this problem.
Tp i (s) =

1
.
2.7s + 1

(30)

The ambient temperature where the platform is working is about
25 ◦ C, and our target tracking temperature is 27 ◦ C. The system is
quite sensitive to tracking target change, so we just make comparison of the tracking performances of a simple step change. The comparisons of the platform control performances and control signals
with and without FZPETC are demonstrated in Fig. 20. It can be seen
from Fig. 20 that the tracking performance of system with FZPETC

This paper proposes a kind of fractional-order trajectory tracking
control strategy named FZPETC. This controller design algorithm can
achieve zero phase shift between the desire input signal and actual
output signal based on zero-pole cancellation. More accurate tracking performance will be achieved after applying the proposed controller. The controlled systems with cancellable and non-cancellable
zeros have different design algorithms since the non-cancellable
zeros cannot be inverted directly. Future desired trajectory information is needed because the presented feedforward controller is
improper. Moreover, if the perfect tracking cannot be achieve due to
some limitations and high frequency disturbance problems, a quasiperfect tracking scheme is presented as an alternative option. Some
simulation examples and a hardware-in-the-loop experiment result
are given to demonstrate the effectiveness of the proposed control
scheme. In the future work, we will devote our efforts to adaptive FZPETC tracking algorithm and FZPETC design for MIMO (MultiInput-Multi-Output) fractional-order systems. Besides, the compensation method of the gain and phase error caused by different frequency components in the input signal will also need to be further
considered.
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