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for robust stabilization of uncertain FO nonlinear systems. The FO exponential switching
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sliding motion in finite time. Reaching time is analytically derived and the reachability
analysis is presented to explicate the superiority of the control performance. The stability
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1. Introduction

FO calculus [1-4] can date back to the end of the 17th century, when the classical 10 calculus was established. In recent
years, the applications of fractional order in science and engineering have attracted attention from researchers in different
fields, such as developing FO control techniques. Providing more flexibility to enhance control performance, many FO con-
trollers such as FO PID controllers and FO optimal controllers have aroused further interest [5-9]. For example, Yin et al. in
[6] have shown the benefits of the FO extremum seeking control (ESC) over the 10 ESC.

On the other hand, since that uncertainties and external disturbances always exist in many practical engineering plants,
the robustness of the controllers is a necessary issue that must be concerned about in practical applications. Due to the
strong robustness and attractiveness, the SMC has became a popular control technology and has been widely applied in sci-
ence and engineering [10-16]. In [14], Feng et al. have discussed chattering free full-order sliding-mode control technique. In
general, the design of SMC contains two phases: (a) definition of an appropriate sliding surface, (b) design of a control law
to move the state variables to the surface. Recently, with the development of fractional calculus theory, the SMC has been
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investigated for FO systems. Most published results about the FO SMC are restricted in FO linear systems under SMC [17],
FO chaotic systems via SMC [18-21]. In [19], Yin et al. have studied the FO SMC for a general FO nonlinear system which
can represent many FO chaotic system. Tavazoei et al. [18] have applied the SMC for the synchronization problem of the FO
chaotic systems. Meanwhile, there are many application of FO SMC in practice [22], such as permanent magnet synchronous
motor [23], antilock braking systems [24], electrostatic and electromechanical transducers[25] and wind turbines [26]. In
[22], Zhong et al. have studied the application of the chattering-free variable structure control method based on fractional
calculus. Zhang et al. [23] have investigated the FO SMC for the velocity control and the auto-tuning mechanism of parame-
ters in the synchronous motor. Aghababa et al. in [25] have utilized the FO SMC to guarantee the stabilization of electrostatic
and electromechanical transducers. The FO SMC has been considered as maximum power point tracking for wind turbines in
[26]. Obviously, establishing direct systematic methods for proposing the FO SMC could be useful for some general FO non-
linear systems in engineering and scientific fields [27]. Hence, the investigation on direct systematic techniques is essential
to guarantee desired robustness and performance criteria for general FO nonlinear systems, and the further analysis on how
to improve control performance is needed for designing the FO SMC. Due to the absence of appropriate mathematical meth-
ods, most contributions about the FO SMC just focused on the FO equivalent control law to obtain the sliding surface, such
as [17-27]. It should be mentioned that the switching law is another important part of SMC. The purpose of designing the
switching law is to drive the plant’s state trajectory to the desired sliding surface in finite time. Moreover, researchers want
to further improve the convergence speed in reaching phase by investigating the switching technique and try to ensure that
the chattering phenomenon won’t be enlarged [28,29]. The shorten reaching time can guarantee that the system states could
quickly approach to the sliding surface and become nonsensitive to the uncertainty and external disturbance. Chakrabarty
et al. in [28] have investigated the generalized switching law for discrete time sliding mode control. Considering the better
flexility of fractional calculus, the discussion and design for the FO switching technique could realize the above expectation.
Although this scheme has been preliminarily discussed in our recent works [30,31], it also needs further exploration on the
properties of the FO switching technique. Especially, it is necessary to analyze why and how to reduce reaching time and
chattering as much as possible, when using the FO switching technique. Hence, in order to improve the control performance
for general FO nonlinear systems, it is very important to investigate how to construct some direct systematic methods and
FO switching techniques.

With this motivation, we propose an FO SMC with an FO switching technique and an FO PI sliding surface for uncertain
FO nonlinear systems. For reachability analysis, an FO sign function Dlsgn(s),0 < g < 1, involving an FO differentiator, is
introduced to construct the FO exponential rate switching law. Dfsgn(s) is proven to be able to ensure the reaching phase
in finite time. The analytical reaching time t,.,, under the FO exponential rate switching law is obtained, for the first time.
The comparison of FO/IO exponential rate switching laws discloses the potential benefits of one controller over the other.
For the stability analysis, the FO PI sliding surface is proposed for FO nonlinear systems. The stability condition of the FO
sliding mode dynamics is discussed. The stable region analysis of FO systems is incorporated into the Lyapunov stability
condition. Finally, simulation results show the advantages (i.e. faster and lower chattering performance) of the designed
control scheme.

The rest of the paper is organized as follows: Section 2 shows problem formulation. Section 3 describes the sliding
surface and controller design scheme. The reachability analysis is given in Section 4. The stability analysis is investigated in
Section 5. In Section 6, simulation results are shown the effectiveness of the proposed controller. Finally, some concluding
remarks are drawn in Section 7.

2. Problem statements

Consider the FO nonlinear system under uncertainty

8
dd);/(ﬂt) = (A+8(0)x(t) + Ff(x, t) + Bu(t),

y(t) = Wx(t), (1)
where x(t) € R, u(t) € R", y(t) € RV denote the state vector, input and output. f(x, t) € R! is a nonlinear function. A € R* * ",
F e R B e R™" W ¢ RV*" are constant known matrices. Furthermore, B is reversible. The fractional order B satisfies 0 <

B < 1. The uncertainty §(t) = WG(t)N, in which W, N are known real constant matrices, ||G(t)|| < 1, Vt > 0. To derive main
results, the following definition and lemmas are used.

Definition 2.1. [1] The fractional integral with @ € (0, 1) is defined as follows:

o l ! o-1
Itm):m/o(t—r) ¢ (z)dr, 2)

in which ¢(t) denotes any properly behaved function, I' is the Gamma function. The Riemann-Liouville definition of the
Bth-order derivative is

dery 1 (d\' [ ¢
def F(n—B)(dt) fo ST %

in which n—1 < B <n, n is an integer.
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Lemma 2.1. [8] For D?o(t) = r(]l ) % fé (7(:)5 dt with o (t) e R,0 < B < 1 and the sign function, one has
- -7
B >0, if o(t)>0,t>0,
Di'sgn(o (t)){< 0. if o(t)<0.t=0 )

Remark 2.1. A concept of the FO sign function D? sgn(o), including an FO differentiator, has been firstly proposed to extract

the sign of o in our recent work [8]. Similar to the sign function, Df sgn(o) is demonstrated to be capable of extracting the
sign of o. One may think it is trivial compared with the sign function itself; others may doubt that it is against instinct

compared with the derivative of a generic function. The meaning of Df sgn(c),0 < B <1 is the fractional order derivative
of the sign function. The derivative represents a measure of how a function changes as its input changes. The sign of
the derivative is generally not the same as the sign of the function itself. However, the sign of the FO sign function

D?sgn(o),o < B <1 is proven to be the same as the sign function sgn(c') in our recent work [8]. This is an important
property of the FO sign function.

Remark 2.2. The FO sign function will be applied to build an FO switching function. According to Lemma 2.1, the corre-
sponding FO switching function can guarantee to force the system on the sliding surface. It will be shown in the following.

Lemma 2.2. [32] The autonomous system Dfc= Ac, c(0) = ¢, in which p denotes the differential order, ¢ € R" and A e R,
is asymptotically stable if |arg(eig(A))| > pr /2. Furthermore, the system is stable if |arg(eig(A))| > pm/2 and those critical
eigenvalues that satisfy | arg(eig(A))| = pm /2 have geometric multiplicity one.

Lemma 2.3. [32] For any matrix M; and M, of compatible dimensions and any scalar ¢ > 0, one has MlTMZ +M§M1 <
CMIMy + (1/0)MI M.

Lemma 2.4. [33] For constant matrices Ty, T, I3, in which T1; = I}, and T, = I > 0, then Iy + MLTI;'M5 <0 if and
only if

I, I -1, I3
|:1'I3 f, <0, or ny m < 0. (5)

3. Sliding surface and control scheme design

Firstly, the sliding surface is selected as
s=CD X+ Gz, (6)

in which z = Kx — Dg_ﬂz, with s =[s1,85.....5:]T € R",z e R, C; € R, C, € R, K € R*". Furthermore, C; is reversible. De-
fine sgn(s) : R" — R", Df’sgn(s) :R" — R" as follows:
sgn(s) = [sgn(s1), sgn(sz), ..., sgn(sn)]",
Disgn(s) = [D{'sgn(s;), DZsgn(sz), ..., D¥sgn(sn)]T,

with 0 <gq; < 1,(i=1,2,...,n). Then, an FO exponential rate switching law is defined as:
Usw = —HD{sgn(s(t)) — Ks(t)
hi 0 ... 07 [Dfsgn(s1) kk 0 o 07[s
0 hy -~ 0 ||DFsgn(sz) 0 ky - 0]]s
=71 - : B - s 7)
0 0 .- hy|[DIsgn(sn) 0 0 - kullsn

where H = diag(hq, hy, ..., hy), K = diag(ky, ko, ..., ky) with h;, k; >0, (i=1,2,...,n).

Remark 3.1. The FO sign functions Df"sgn(s,-), gi €[0,1),i=1,2,...,n are applied to built the FO exponential rate switching
law. Note that sgn(s;) (i.e. g; = 0) is a special case of D?"sgn(si). Therefore, the classical 10 exponential rate switching law
is equivalent to the above FO exponential rate switching law with g; = 0. Hence, there is a better flexibility in adjusting FO
than IO exponential rate switching law.

Based on (6) and (7), a SMC is given by
u=—(GB)[(GA+GK +C)x + CFf(x. t) + 1], (8)

in which @ =w; +Ks —D:_ﬂs with wy = [|C;W||||Nx||sgn(s) + HD{sgn(s). Fig. 1 shows the block diagram of the proposed
control strategy.
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Fig. 2. (a) The solutions tq of [y* v~%e7dr = I'(1—q) when ¢=0,0.1,...,0.9, respectively. (b) The solutions s’ of §/ = —s/ — D (sgn(s/)), (j =

0,2,4,6,8) with ¢° =0,¢? =0.2,¢* = 0.4,¢° = 0.6, ¢® = 0.8, when s/(0) = 1. (c) The solutions tyeqen of fy** T-9ek7dt = 12009 where ¢ =0,0.1,...,0.9,

respectively. (d) The solutions s of §/ = —s/ —1.3D% (sgn(s’)) with ¢° = 0,¢2 = 0.2,q* = 0.4,¢° = 0.6, ¢® = 0.8, when s/ (0) = 1.5.

Remark 3.2. The FO exponential rate switching law ugy(t) is firstly introduced in the manuscript. Comparing with the
traditional 10 switching law ujg_g, = —Kcsgn(s(t)), K = diag(keq, ..., ken) with k; >0, (i=1,...,n) adopted in [13-16,19-
21,23,26,27], usw(t) contains the proportional rate term —HDfsgn(s(t)) and the FO sign function Dfisgn(si),qi €[0,1),i=
1,2,...,n. The terms —HD?sgn(s(t)) could push the state to converge to the switching manifold faster when s(t) is large.



C. Yin et al./Applied Mathematical Modelling 44 (2017) 705-726 709

Table 1
Calculation formulae of reaching time.
Switching law Reaching time tyeqq, (S € R) Reaching time t,eqq (S € R")
. 1, h+k|s(0)| 1 hi+klsi(O)] .
10 version X In B max & In h; Ji=1,..., n
treach — Lead i —qi)
FO version / " -aektdy = w* max {/ " r-Giektdr — ‘SI(O)”I;M* i=1,..., nl
0 0 i

* treach under the FO exponential rate switching law can be obtained from this equation by applying the intermediate
value theorem.

Z W\NM

Time(sec)

Fig. 3. Time responses of the FO n-scroll attractor (26) without the controller and the uncertainty.

Moreover, for |Dfisgn(si)|, it is more likely to choose a series of g; € [0, 1) such that |Dfi sgn(s;)| is bigger than 1 during the
initial time interval, and |Df"sgn(si)| <1 during the next time interval, as analyzed in [6]. So, the proposed FO switching
type control law ugy(t) could increase the reaching speed when the state is far away from the switching manifold. Further-
more, it reduces the rate when the state is near the switching manifold. The result can be expected to be fast with a low
chattering reaching mode. For the traditional 10 switching control law u;g_,, it constrains the state to reach s(t) at a con-
stant rate K. If K. is too small, the reaching time will be too long. Otherwise, a very large K. will result in high chattering.
Hence, u;o_s, cannot improve the control performance by reducing reaching time and chattering simultaneously, while, the
the control structure of ug,(t) could be expected to improve the control performance of sliding mode method.

4. Reachability analysis

The reachability analysis will be considered.

Theorem 4.1. Consider the FO system (1), the state trajectories under the controller (8) with the FO exponential rate switching
law (7) can achieve s(t) = 0 in finite time.

Proof. Considering V(t) = s7 (t)s(t), one has
V = [C8t)x —wy — Ks]Ts +sT[C;8(t)x — wq — Ks].
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Fig. 4. Time responses of the FO n-scroll attractor (26) under the controller (28); (b) the time response of the sliding surface (29); (c) the time response
of the FO SMC (28).

Since ||G(t)|| < 1, one has

v

IA

Q+ QT — (sTHD!sgn(s) + (HDIsgn(s))"s + 2s"Ks)
—(sTHDIsgn(s) + (HDJsgn(s))"s + 2s"Ks), (9)

IA

where Q = sTC;8(t)x — sT||C;W||||Nx||sgn(s). From Lemma 2.1, one has V < 0. Thus, the controlled system can reach the
switching surface in finite time. The proof is completed. O

Next, the calculation formula of reaching time will be discussed and computed.

First, we consider s(t) € R. Then, we have 0.5V =ss < —hsD?sgn(s) —ks2 <0, in which 0 < q < 1 and h, k are positive
constants. Let s§ = —hsD{sgn(s) — ks? < 0.

Before deriving t,.,, under the FO exponential rate switching law, ty.; under the 10 exponential rate switching law
usw = —hsgn(s) — ks will be calculated. For the 10 exponential rate switching law, one has ss = —h|s| — ks? < 0. There are
two cases: 1) When s(0) > 0, one has

$(t) = —ks — h = $(t) + ks = —h. (10)

Since (s(t)ek)’ = ek (s(t) + ks) = —hek’, one obtains s(t)ek —s(0) = I — ek,

Thus, one can conclude s(t) = (s(0) +%)e*k‘ — 1. Since $(tyeqch) = 0, one has

1. s(O+% 1 ks©)+h
treachzﬁlnszﬁln%w. (11)

k
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Fig. 5. Time responses of the states x;, X,, x3 under the proposed controller (28), the states Xjo1, Xj02, Xj03 under ujo.

2) When s(0) < 0, one has s(t)=—ks+h=s$(t)+ks=h. Similarly, one has s(t)ek —s(0)=f¢k— 1. Hence, it can be obtained that s(t) =
(s(0) =)k 4+ At t = troqen. S(treqen) = 0. Thus,

1. 50 1 —ks(0
troach = Eln " El % > 0. (12)
k

According to the above analysis from cases 1)-2), one can obtain t,,y under the 10 exponential rate switching law as
follows

1, h+kis@ _

treach = 7, | B 0. (13)

Similarly, t,.qc, under the FO exponential rate switching law will be calculated as follows:
3) When s(0) > 0, one has s¢t)=-ks—hDsgn(s) where Dqsgn(s) s —F d gt Sg(;‘“f))dz Hence, one has s(t)=—ks(t)—
dr. Furthermore, one has

F(l qQ) dr fO (t— r)q

Ikt hekt d gt 1
(s(t)e) = e (s(t) + ks) = T 7q)afo (tfr)th' (14)

Hence, s(t)eX = $(0) — fpy j§ T-9ek7dr. Due t0 $(treqcy) = 0, One has 5(treqen)eMreach = $(0) — s foreoch r-dekrdr=0.

So, the solution of s(0) = fips j§ v-9ek7dr iS trgep. Let D (1) = fér*qe"fdr =sOr0-a)o. Obviously, 9(t), t € [0, c0) is an
increasmg*functlon, ¥ (0) =0 and ¥ (c0) = co. Based on the intermediate value theorem, there exists t* > 0 such that
() = fo T9%ekdT =OT1-9 Hence, we can use numerical approximation to obtain t,,q, = t*.

4) When s(0) < 0, one has s(t) = —ks—thsgn(s) Hence, one has s(t) = —ks(t)—m" q)g[fg ﬁdr. Similar to 3),

k
(s(t)ek) = ek (s(6) + ks) = rr(l1edq) & ho (= r)q de. One has S(treach)ektre“h =s(0) +l"(1 fmm 79k dr=0.
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Fig. 6. Time responses of the sliding functions sq, s, s3 (29) under the proposed controller (28), Sio1, Si02, Sio3 under uyg.

Let 9 (t) = fé T 9ekTdr =3OI-9) o, Since (t), t € [0, oo) is an increasing function, ¥(0) =0 and 1 (c0) = co. Based on
the intermediate value theorem again, there exists t* > 0 such that @ (t*) ==@I'0-9) So, the reaching time 4y, = t* can
be found by numerical approximation.

From the analysis in cases 3)-4), t..p of the FO exponential rate switching law can be obtained from ¥ (t) =
Jo T9ekTdr =LQICd-a),

Remark 4.1. From the calculation formulae, the parameters s(0), h, k and g have impact on .. For s(t) € R, the above
analysis can also be used to derive a shorter t,.q, by adjusting g, such as the following cases (I-II). Let k = 1.

(I) When |s(0)| = h =1, the solutions ;e of /;“’“C" 779kt dr =BOIL0-0 are depicted in Part (a) of Fig. 2, where g =
0,0.1,..., 0.9, respectively. It can be seen that t,, under g = 0.8 is the smallest in this case.

Meanwhile, the solutions of §/ = —s/ — D?J (sgn(s/)) are shown in Part (b) of Fig. 2, in which s(0) =1 and ¢° =0, ¢ =
0.2,q* =0.4,q° = 0.6,¢® = 0.8, respectively. It shows that ty,e of s® is the shortest. Furthermore, the reaching times of
s/,j=0,2,4,6,8 in Part (b) are the same as t,,, in Part (a) of Fig. 2.

(II) When |s(0)| = 1.5 and h = 1.3, Part (e) of Fig. 2 shows the solutions ¢, of f(;”““ T 9ekTdr =w,‘ where q =
0,0.1,...,0.9. It shows that t,e, under g = 0.6 is the smallest in this case. The solutions ' of s/ = —s/ — 1.3D¥ sgn(s/) are

depicted in Part (f) of Fig. 2, when s(0) = 1.5 and q° = 0,42 = 0.2,¢q* = 0.4, q® = 0.6, q® = 0.8. It can verify the accuracy of
the above result.

Next, for s = [s;(t).52(t).....sn()]T e R". £,
be obtained from this equation

tieac i - i
/ h r-Gigktdr — |51(0)|1;1(1 qi) (15)
0 i

of s;(t), (i=1,2,...,n) under the FO exponential rate switching law can
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by using numerical approximation, as same as the analysis in 3)-4). Hence, one obtains t,.z, = max{tieach, i=1,2,...,n}.
The calculation formulae of t.,;, under the FO and IO exponential rate switching law are listed in Table 1.
Remark 4.2. Clearly, sgn(s) is a special case of D?(sgn(s)), 0<gj<1,(i=1,...,n), since
1 d [!sgn(si(€)) .
DYsgn(s;(t)) = —/ D22 de = sgn(s;(t)), ,i=1,2,...,n
Psan(si0) = cr—gy a |t ey 4 = SENEHD)

Hence, usy with Df(sgn(s)),Osqi <1 can be considered as an FO/IO controller synthesis (i.e. I0 law —Hsgn(s) —Ks
with sgn(s) and FO law —HDfsgn(s) — Ks, with D?"sgn(s,-(t)),o <qi<1,(i=1,2,...,n)). In the other words, the 10 law
—Hsgn(s) — Ks is equal to the above FO exponential rate switching law sgn(s) and FO law fHD?sgn(s) —Ks when q; =
0,(i=1,2,...,n). Therefore, the overall FO exponential rate switching law with Db (sgn(s(t))),0 < B < 1 could be expected
to improve the system performance, when just considering —Hsgn(s) — Ks applied in [17,18,22,24,25]. Nonetheless, choosing

qgi=0,(i=12,..., n) for some special systems could result in a better performance. However, there would be no contradic-
tion, since the switching type control law —Hsgn(s) — Ks is the special case of the proposed FO exponential rate switching
law —HDfsgn(s) —Ks,0<q;<1,(i=1,2,...,n). The following simulations results will show the potential advantage of the

proposed method.

Remark 4.3. From the equivalent control concept, SMC has this form u = ueq + usw, in which ueq and usy represent the
equivalent control law and the switching law, respectively. In this paper, the FO sliding surface is considered to develop
direct systematic methods for designing SMC for FO nonlinear systems. The FO exponential rate switching law based on
D?sgn(s) is proposed and the corresponding calculation formulae in Table 1 is deduced by utilizing the property of Dfsgn(s).
From the property of Dfsgn(s) and the calculation formulae in Table 1, a shorter reaching time can be derived by choosing
the parameters q;, h;, k;, s;(0). Although the choice of g;, h;, k;, s;(0) has the influence on the control performance, it is a
bit difficult to analyze how g; affects the control performance (i.e. reaching time and chattering) when comparing the other
parameters h;, k;, s;(0). However, the calculation formulae in Table 1 of the manuscript could be helpful to built a tuning
mechanism for the controller parameters including g;. Our technique are suitable for solving this issue and this is a topic of
our future research.
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Fig. 8. Time responses of the sliding functions s, s,, s3 under the proposed FO exponential rate switching law us, = —HD{sgn(s) — Ks with g = 0.26, 0.14, 0.

5. Stability analysis

Next, the stability analysis of the sliding mode dynamics will be investigated. First, the following proposition is given.

Proposition 5.1. The FO system ng =Ac,¢(0) = ¢o.0 < B <1 is asymptotically stable if the 10 system D¢ = Ac, ¢(0) = ¢
is asymptotically stable.

Proof. For the IO systems D¢ = Ac, it is well-known that the stability condition of the 10 systems is

Re(j(A)) <0,j=1,2,...,n, (16)
where A; (A) is the jth eigenvalue of A. Furthermore, the above condition is equivalent to the following:

larg(A;(A)| > /2, j=1,2,...,n, (17)
where arg represents the argument of A; (A). In other words, the stability condition can be concluded that

IsI— A = (s = 2 (A) (s — A2(A)) -+ (s — An(A)) =0
— Re(2j(A)) <0,j=1,2,....n. (18)

Since A;(A) = rj(cos¢; +ising;) =r;e?s where r;=|r;j(A)|,$; = arg(r;(A))),
= |¢jl =arg(h;(A)| > 7/2,j=1,2,....n. (19)
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Fig. 9. Time responses of X, X, x3 under the proposed FO exponential rate switching law ug, = —HD{sgn(s) — Ks with q = 0.26, 0.14, 0.

Now back to the fractional order case. According to [1,2], for the FO system Df’g =Ac¢,c(0) = ¢p,0 < B <1, the system

is asymptotically stable if and only if |arg(Aj(A))| > B /2. Clearly, due to 0 < 8 < 1 and (19), it is straight forward to
obtain
= 0<B<1 = .
|p;l = |arg(A;(A))| > /2 :ﬁ> larg(A;(A)| > Br/2, j=1,2,....n (20)

Hence, it is demonstrated that ng =Ac,¢(0) = ¢p.0 < B < 1 is asymptotically stable if the 10 system D¢ = Ac, ¢ (0) = ¢
is asymptotically stable. This completes the proof. O

Remark 5.1. The matrix A is the same in both the 10 system Dx = Ax and the FO system ng =Ac,0 < B < 1. Since that
the stability condition of the 10 system is Re(A;(A)) <0, j=1,2,...,n, one concludes that the real part of all eigenvalues
Aj(A) in the FO system are negative. Following the stability theorem of FO systems [1,2], the stability region SR of the
FO system with 0 < 8 < 1 contains the stability region SR,y of the IO system, i.e. SRppDSRjo. Hence, one can conclude
that A;(A) € SRpp when X;(A) € SRjo. That is, due to SRrp O SRy, all the eigenvalues of ng =Ac,0< B <1 lie in SRg
because they belong to SRjo. Meanwhile, the stability condition |arg(A;(A))| > /2 of the 10 system can guarantee the
stability condition |arg(kj(f_\))| > /2 > B /2 of the FO system with 0 < 8 < 1. So, the FO system Df’g =Ac,0<B<1is
asymptotically stable if the 10 system D¢ = A¢ is asymptotically stable.

From (1) and (8), the sliding mode dynamics is obtained
dfx(t)

dth
Hence, the following theorem can ensure the robust stabilization of the system (21).

= (—=CIGR — 1+ 8(0)x(t),  y(t) = Wx(t). (21)
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Fig. 10. Time responses of the FO Chua’s circuit (31) without the controller and the uncertainty.

Theorem 5.1. The sliding mode dynamics (21) is asymptotically stable if there exist a real symmetric positive matrix P and
positive scalars €, &, satisfying the following LMI

®; 0 NT 0 PW
E— 0 PW 0
* * —(e1D)1 0 0 <0, (22)
* * * —&5l 0
* * * * —&5l

where ®1; = PE + (PE)T + &;NTN.E = —~C;'GK — 1.

Proof. For the FO sliding mode dynamic (21), the corresponding IO system can be derived % = (fc;lczk —I+68(t)x(t).
Define p(t) = G(t)q(t) = G(t)Nx(t). Then, the 10 system can be rewritten by % = Ex(t) + Wp(t), where E = —C;1C21? -1
Define £(t) = [xT(t) pT(t)]". Construct the Lyapunov function V(x(t)) = x'Px, where P > 0. The derivative of V can be
obtained as

. orf[® 0 PS(t) + (PS(t)T 0O
v=¢ <[o o|* 0 0| )5 (23)
where ® = PE + (PE)T. For the uncertainty, there exists £, > 0 satisfying by Lemma 2.3,
PWG()N) + WGe)N)™P o _ 1[0 PW|[ 0 W'P N N'N 0 (24)
0 0| & |PW 0 [|[WP O o o

On the other hand, the following inequality can be obtained p’ (t)p(t) < &7 (t)NTNE(t), where N =[N 0]. Using the
S-procedure [34], suppose there exists €1 > 0 satisfying

PE+ (PE)T 0O N'IN 0 0 o0 rogw, L[ o Pwl|l o wTp
[ 0 o|*%l o o|t|o —eg|TNENTSIw o |lwh o |=© (25)
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Fig. 11. Time responses of the Chua’s circuit (31) under the controller (35); (b) the time response of the sliding surface (36); (c) the time response of the
FO SMC (35).

then, one has V < 0. By Lemma 2.4, (25) is satisfied if (22) holds. Hence, it guarantees the 10 system asymptotic stability.
From Proposition 5.1, LMI (22) holds, the sliding mode dynamics (21) is asymptotically stable. O

Remark 5.2. We remark that the FO exponential switching method with the FO sign function is not just limited for the FO
nonlinear system (1). The FO exponential switching method with the FO sign function may be proposed for more general
or more complex nonlinear systems. This will complicate the reachability analysis and stability analysis, including the cal-
culation formula of reaching time since it appears to need to combine more generic or more intricate condition with the
FO exponential rate switching law. We will further investigate the rule about how to select the fractional order g; € [0, 1)
of the FO exponential rate switching law in different systems, so as to obtain the better performance.

Remark 5.3. It should be mentioned that the linear matrix inequality (LMI) method has been widely developed to solve
the problem of the stability of I0 systems, including IO linear systems. Now, from Proposition 5.1, some interesting method
based on LMI can be directly utilized to deal with the problem of the FO linear systems.

6. Numerical simulation

This section is utilized to show the advantages of the proposed control method.
Example 1. Consider the FO n-scroll attractor with uncertainty

—amy, a 0 1 0 O][f(x1) 1 0 1
Dfx = 1 -1 1|+8®x+|0 1 off 0 |+]|0 1 1]|u@®), (26)
0 b 0 0 0 1 0 0 0 1
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Fig. 12. Time responses of the states x;, x,, x3 under the proposed controller (35), the states Xjo1, Xj02, Xj03 under ujo.

where 8 = 0.87, the uncertainty is

0

0.15cos(0.2t)
a(t) = |:
0

21

And f(x;)=0.5 Y (m; —mq)(|x; +¢| —|x; —¢|), ¢=3. Here, the parameters are c=[1,2.15,3.6,6.2,9], m=
i=1

[0.9/7,-3/7,3.5/7,-2.7/7,6/7, —2.4/7] and a = 9, b = 14.28. The uncertainty §(t) = WG(t)N with

0 0
0.15cos(0.2t) 0 .
0 0.15cos(0.2t)

1 0 O v 0 O
W=N=|0 1 0, G®)=[(0 v 0],
0 0 1 0 0 v

in which v =0.15cos(0.2t). Let

0 0

0.315 0
H= 0 0.315

0 0

0.7813 0 0 1 0 O 2.5
G =- 0 0.7813 0 , G=(0 1 0], K={|0

0.7813 0 0 1

0
0o |
0.315

35

In the absence of the uncertainty, the time responses of the system (26) without the controller is depicted in Fig. 3.
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Fig. 13. Time responses of the sliding functions sy, s, s3 (36) under the proposed controller (35), Sjo1, Sio2, Sio3 under ujo.

By using Theorem 5.1, a feasible solution of the symmetric matrices and scalars is found using LMI Control Toolbox:
) 3.5194 0 0 ) 0.7941 0.2892 -0.2141
K=- 0 2.6478 0 , P=|02892 0.8687 0.1646 |,
0 0 1.5362 —0.2141 0.1646  0.9745
&1 = 0.1789, &, = 0.2934. (27)
From (8), we can obtain the following SMC:
—8.5903 -23.2800 2.9662 1 0 -1 o 0 —p
u=|-1.0000 -17.6690 19662 (x— |0 1 -1|f(x,t)+|[0 o -o]1, (28)
0 14.2800 —2.9662 0o 0 1 0 0 o

in which o = 1.2799, i = 0.7813]||Nx||sgn(s) — Dg_ﬂs + HDYsgn(s) + Ks with g = 0.12. By Theorem 4.1, the system (26) under
the controller (28) reaches the sliding surface

s=CD;%2x + Gz, z=Kx-D>*z. (29)

[¥1(0), %3(0), x3(0)]T =[—1.51, —2.39, —3.77]" is the initial condition. The fractional integration operator is approximated
via Carlson method in frequency range (0.01,100) rad/s by using MATLAB toolbox called Ninteger. Parts (a), (b) and (c) of
Fig. 4 separately show the time responses of the states xq, x5, x3, s in (29) and u in (28). It shows that u in (28) stabilizes
the FO n-scroll attractor. Next, to demonstrate the better control performance of the proposed FO switching technique, some



720 C. Yin et al./Applied Mathematical Modelling 44 (2017) 705-726

60
Ug
40 ' ' U2
Yy
20
O L SRR dEmEL L g e 1 uf
_20 -
—40|-
—60 | | | | | | |
0 5 10 15 20 25 30 35
Time(sec)
60
Y03
40} Y02
Y01
20+

—60 L I I I I I 1 ]
0 5 10 15 20 25 30 35

Time(sec)

Fig. 14. Time responses of u and ujo.

comparisons are provided. First, from the traditional 10 switching law in [11,13], ujo_g, is given by

0.685 0 0
Uo_sw=—| O 0.875 0 [sgn(s). (30)
0 0 1.415

The sliding surface in the corresponding FO SMC u;o with ujg_g, is same as (29). To make this a fair comparison, the other
parameters are remain the same in both of u and ujg. Part (a) of Fig. 5 shows the comparison between x; under u and xj9;
under ujg. Meanwhile, Parts (b) and (c) of Fig. 5 separately show the comparisons between x, under u and xj9, under ujg,
x3 under u and x;o3 under u;o. The comparisons between the sliding surfaces s under u and s;o under u;q are presented in
Fig. 6. Specifically, it can be seen that the reaching times of the sliding surfaces s, s, and s3 under the proposed controller
(28) are separately 3.9154, 3.3262 and 1.4732 in Fig. 6. Meanwhile, it can be found that the reaching times of the sliding
surfaces s1, S, and s3 under the corresponding FO SMC u;g with ujg_y, are separately 4.7421, 3.5148 and 1.8357 in Fig. 6.
It is clear that the reaching times under the FO exponential rate switching law are smaller than the reaching times under
Ujo_sw iN (30). Furthermore, the oscillating regions of s;, s, and s; under the proposed controller (28) are approximately
maintaining at (—1.5 x 1073,2 x 1073), (-1.2 x 1073,2 x 1073) and (-2 x 1073,2 x 1073), respectively. In the meantime,
the oscillating regions of sy, s; and s3 under the corresponding FO SMC u;o with u;g_g, are approximately maintained at
(=2x1073,3x1073), (-2.1 x 1073,2.5 x 1073) and (—2.5 x 1073, 4 x 10~3), respectively. It is obvious that the oscillations
of s1, s, and s3 under the FO exponential rate switching law are decreased, when comparing with the oscillations of sq, s,
and s3 under uyg_g, in (30). The time responses of u, u;o are drawn in Fig. 7. They show that the proposed FO SMC under
the FO exponential rate switching law owns a faster and lower chattering performance.

Furthermore, in order to illustrate the potential benefits in adjusting the fractional-order g, the simulations are performed
while the q is changed. The sliding functions s = [s;, s, s3]7 under the proposed FO exponential rate switching law ugy =
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Fig. 15. Time responses of the sliding functions s, s, s3 under the proposed FO exponential rate switching law ug, = —HD{sgn(s) — Ks with q=
0.23,0.11, 0.

—HD{sgn(s) — Ks with g = 0.26,0.14, 0 are depicted in Fig. 8, when the other parameters of the SMC u are the same as (28).
It can be seen that the reaching times of sy, s, s3 under usy, with g = 0.26,0.14 are smaller than the reaching times of s,
Sy, s3 under ug, with g = 0. Meanwhile, the chattering phenomena of sq, s, s3 under ug, with g =0.26,0.14 are smaller
than the chattering of sq, s,, s3 under ug, with g = 0. Meanwhile, Fig. 9 shows the comparisons of x = [x1, X5, x3]T under usy
with g = 0.26,0.14, 0. According to Figs. 8-9, the FO switching type control law us, can have better tracking performance
including faster convergence speed and lower chattering performance by adjusting the fractional-order q.

Example 2. Consider the following FO Chua’s circuit

18/7 +0.15 cos(0.2t) 9 0
Dfx = 1 —1+0.15cos(0.2t) 1 X
0 -14.78 0.15 cos(0.2t)
1 0 O][f(x1) 1 0 1
+]lo 1 ol o |+]0 1 1]|u@, (31)
o 0o 1|l o 0 0 1

with nonlinear characteristic f(x;) = 0.5(mg — my)(|xq +c| — |x; — c|) and parameters c =1,mg = —-1/7,m; =2/7, = 0.98.
The uncertainty §(t) = WU (t)N with

1.0 0 0.15sin(0.2¢) 0 0
sz:{o 1 Oi|,U(t)=|: 0 0.15sin(0.2t) 0 } (32)

0 0 1 0 0 0.1sin(0.2¢)
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Fig. 16. Time responses of x;, X, X3 under the proposed FO exponential rate switching law us, = —HD{sgn(s) — Ks with q = 0.23,0.11,0.

Let

—0.5137 0 0 1 0 O
G = 0 —0.5137 0 , G=(0 1 0f,

0 0 —-0.5137 0 0 1
23 0 0 0.414 0 0
K=|10 43 0|, H=| O 0.414 0o | (33)
0 0 13 0 0 0.414

In the absence of the uncertainty, the time responses of the system (31) without the controller are depicted in Fig. 10.

By using Theorem 5.1 to the system (31), a feasible solution of the symmetric matrices and scalars is found using MATLAB
LMI Control Toolbox:

) -2.2940 0 0 0.5102 -0.1775 -0.0486
K = 0 —1.4758 0 ,P=1|-0.1775 0.0777 0.0375 |,
0 0 —0.4512 —0.0486  0.0375 1.2298
&1 = 8.5956, &5 = 5.0217. (34)
By using (8), we can obtain the following SMC law:
-8.0371 -23.7800 1.8783 1 0 -1 o 0 —p
u=|-1.0000 -176529 08783 [x—|0 1 -—-1|fx.t)+|0 o -o]|u, (35)
0 14.7800 —-1.8783 0o 0 1 0 0 o

in which ¢ = 1.9467 and i = 0.5137||Nx||sgn(s) — Dt]_ﬂs + HRIDIsgn(s) + Ks with g = 0.1.
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Fig. 18. Simulink/RTW model used in the SMC real time experiment using RTW Windows Target.

Speed

By Theorem 4.1, the system (31) under the controller (35), designed with the above parameters, converges to the sliding

surface:

s=CD;%%%x + Gz, z=Kx—DX%z

(36)

[x1(0), x5(0), x3(0)]T = [—9.9848, 3.1414, —4.6052]" is the initial condition. Parts (a),(b) and (c) of Fig. 11 separately show the
time responses of the states xq, x5, x3, s in (36) and u in (35). It shows that u in (35) stabilizes the FO Chua’s circuit. Next,
in order to show the better control performance of the proposed FO switching technique, some comparisons are provided.
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Fig. 19. Position tracking under the FO exponential rate switching law with g = 0.1.

First, from the traditional 10 switching law in [11,13], ujg_s is given by

0.914 0 0
Uo_sw=—| O 1.015 0 [sgn(s). (37)
0 0 0.914

The sliding surface in the corresponding FO SMC ujg with ujg_g, is same as (36). Moreover, the other parameters are same
in both of u and uy, so as to do the fair comparison. Part (a) of Fig. 12 shows the comparison between x; under u and
Xj01 under u;o. Meanwhile, Parts (b) and (c) of Fig. 12 separately show the comparisons between x, under u and x;9, under
Ujo, X3 under u and x;p3 under u;. The comparisons between the sliding surfaces s under u and s;p under u;o are presented
in Fig. 13. Specifically, it can be seen that the reaching times of the sliding surfaces s;, s, and s3 under the proposed
controller (35) are separately 5.6427, 3.785 and 3.7514 in Fig. 6. Meanwhile, it can be found that the reaching times of the
sliding surfaces sq, s, and s3 under the corresponding FO SMC u;y with ujg_g, are separately 8.9735, 4.2109 and 3.9023
in Fig. 6. It is clear that the reaching times under the FO exponential rate switching law are smaller than the reaching
times under u;9_g, in (37). Furthermore, the oscillating regions of s;, s, and s; under the proposed controller (35) are
approximately maintained at (=1 x 1073, 1.4 x 1073), (-0.5 x 1073,0.5 x 10~3) and (—0.3 x 10~3,0.5 x 10-3), respectively.
In the meantime, the oscillating regions of sq, s, and s3 under the corresponding FO SMC u;o with u;g_g, are approximately
maintaining at (—1.5 x 1073,2.5 x 1073), (=1.1 x 103, 1.6 x 10-3) and (1.1 x 1073, 1.3 x 1073), respectively. It is obvious
that the oscillations of sq, s, and s; under the FO exponential rate switching law are reduced, when comparing with the
oscillations of sq, s, and s3 under ujg_g, in (30). The time responses of u and uyy are drawn in Fig. 14. They show that the
proposed FO SMC under the FO exponential rate switching law owns a faster and lower chattering performance.

Moreover, the simulations are performed while g is changed, in order to show potential benefits in adjusting gq.
The sliding functions s = [s1, s, s3]7 under the proposed FO exponential rate switching law ug, = —HDfsgn(s) — Ks with
q =0.23,0.11, 0 are depicted in Fig. 15, when the other parameters of the SMC u are the same as (35). It can be seen that
the reaching times of sq, s, S3 under usy, with ¢ = 0.23,0.11 are smaller than the reaching times of s, s, s3 under ug, with
q = 0. Meanwhile, the chattering phenomena of sq, s, $3 under ug, with ¢ = 0.23,0.11 are smaller than the chattering of sy,
S5, s3 under ug, with g = 0. Meanwhile, Fig. 16 shows the comparisons of x = [x1, x,, x3]T under ug, with g =0.23,0.11,0.
According to Figs. 15-16, the FO switching type control law us, can have better tracking performance including faster con-
vergence speed and lower chattering performance by adjusting the fractional-order q.

Remark 6.1. Examples 1-2 verify the effectiveness and advantages of the proposed control method with the FO exponential
switching technique for the FO nonlinear system (1). In addition, as mentioned in Remark 5.2, the proposed FO exponential
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Fig. 20. The corresponding error signal and the controller u under the FO exponential rate switching law with g = 0.1.

switching technique is not just limited for the FO nonlinear system (1). Next, the proposed FO exponential rate switching
law will be applied for the real nonlinear system, to show the practicality of the FO exponential switching technique. That
is, the proposed FO exponential rate switching law is implemented into a fractional horsepower dynamometer position
servo system shown in Fig. 17. The dynamometer mainly involves a DC motor, a hysteresis brake, an optical encoder and a
tachometer. It is also linked to a Quanser Q4 terminal board for the system control through the Matlab/Simulink Real-Time
Workshop (RTW) software. The servo control system can be modeled by x = v, 7 = Bu + p(t, v) where x, v and p(t, v) denote
the position state, the velocity and the disturbance. u represents the control input with the gain coefficient B. In [6,35,36],
the DC motor of dynamometer is identified by Gu(s) = 1g227.

To demonstrate the practicality of the FO exponential switching technique, a position tracking control will be performed
through SMC with the FO exponential rate switching law. In the following, we will utilize the brake to carry out the position
tracking experiment. Let the reference signal r(t) = 4sin((27 /40)t). The FO exponential rate switching law and sliding sur-
face are chosen by ugy, = —0.85D%1sgn(s) — s and s = e + é where e = r — x. Fig. 18 displays the Simulink model implemented
in the experiment. Figs. 19 and 20 show the tracking results. As depicted in Fig. 18, the disturbance 0.1sin(t) is append to
the Magtrol Hysteresis Brake, to verify the robust property of the FO exponential rate switching law. The experimental result
shows the practicality of the proposed FO exponential switching technique.

7. Conclusion

This paper has introduced the FO SMC with the FO exponential rate switching law and the FO PI sliding surface for un-
certain FO nonlinear systems. The FO sign function D{sgn(s),0 < q < 1 has been developed to construct the FO exponential
rate switching law. The FO exponential rate switching law has been proven to guarantee the reaching phase in finite time.
The reaching time t,,, has been analytically derived, for the first time. The reachability analysis has been illustrated and
visualized to disclose how the control performance is improved. The stability condition of the FO sliding mode dynamics
has been derived based on the stable region analysis and the Lyapunov stability method. Finally, simulation results have
been given to show the advantages of the designed control scheme. Future work will focus on built a tuning mechanism in
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its full generality for the controller parameters including g;. The rule about how to select g; € [0, 1) of the FO exponential
rate switching law in different systems will be investigated, in order to obtain the better performance.
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