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This paper is concerned with the design of an extended Luenberger-type observer to deal with the ob-
servation problem for a class of semilinear time fractional diffusion systems, which are usually used to
well describe those sub-diffusion processes, such as water moving through grounds, or proteins diffus-
ing across cell membranes etc. Mittag-Leffler stability for both the linearized and semilinear observer

error systems are explored by using a backstepping-based technique. Moreover, a simulation example is
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provided to confirm the effectiveness of our results.
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1. Introduction

In control theory, it is important to know the states of system.
However, it usually fails to see full information of the states due
to the fact that not all of the variables are measurable. Therefore,
the study of state estimation problem is necessary, especially for
those feedback control processes, which often rely on the availabil-
ity of complete system state and provide the basis of many prac-
tical applications. Note that for linear lumped parameter systems
(LPSs), there exists a well known state estimator called the Luen-
berger observer [1,2]. It is shown in [3-5] that Luenberger observer
has been extended to study the exponential stability of linear dis-
tributed parameter systems (DPSs) and in [6-8] that it has been
used to discuss the exponential stability of semilinear DPSs.

In addition, it is confirmed that the past decades have wit-
nessed intense activity and progress in the study of time frac-
tional diffusion system due to the great advantages they bring
in describing those sub-diffusion processes [9-11], such as trans-
port in groundwater flow [12], proteins diffusing across cell mem-
branes [13], or pest or disease spreading process in agriculture
lands [14,15], etc. What's more, for time fractional diffusion sys-
tem, since its solution is usually characterized by Mittag-Leffler
functions (see Lemma 2.1 below), together with the power-law de-
cay property of Mittag-Leffler function, researchers are glad to con-
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sider their Mittag-Leffler stability/stabilization, which was first in-
troduced in [16] by using fractional Lyapunov direct method. In ad-
dition, to the best of our knowledge, no results are available on the
design of extended Luenberger observer and the analysis of Mittag-
Leffler stabilization for semilinear time fractional diffusion systems.
Here we try to fill up this gap.

In the following, similar to the LPSs setting [2] and DPSs setting
[6], we first consider the Mittag-Leffler stability for the lineariza-
tion of observer error systems by using a backstepping-based tech-
niques. Based on the design of an invertible coordinate transform,
the linearized observer error system is converted into a Mittag-
Leffler stability system. In this case, to discuss the stabilisation
problem of the studied system is transformed to explore the exis-
tence of the solution to a linear hyperbolic type partial differential
equation. With this, Mittag-Leffler stabilizations of the observer er-
ror dynamics for the systems under consideration are presented.

The rest of this paper is organized as follows: the problem and
its observer design are formulated in the next section. In Section 3,
we shall explore the Mittag-Leffler stability for the linearization
systems of system under consideration by using a backstepping-
based techniques. Moreover, the Mittag-Leffler stabilizations for
the semilinear cases is then analyzed in Section 4. This is illus-
trated in Section 5, where simulation results confirm our main re-
sults.
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2. Problem statement and observer design

Let I2[0, 1] be the usual Lebesgue integrable function space
endowed with the inner product (.-) and the norm ||,
respectively.

The system under study is described by a class of semilinear
time fractional diffusion systems as follows

EDy(x,t) = Ay(x,t) + f(x, t,y(x,t)) in [0,1] x [0, c0),
¥x(0,t) = yx(1,t) =0 in [0, 00),
y(x,0) =yo(x) in[0,1],
where « € (0, 1], yo € L2[0, 1] and A is the Laplace opera-
tor defined as A = % By [17], let Ap = n2m2, &(x) = cos(nmx),
n=1,2..-, we get that —A, is the eigenvalue of A, &, is the
eigenfunction corresponding to —A, and {&;,n=1,2,.-.} form a
orthonormal basis in L2[0, 1]. This is, for any ¢ ¢ L2[0, 1], it can
be expressed as ¢ = Y 5>, (¢, £n)&n. In addition, here ng‘ given by
[18,19]

1)

Olgia%y('st)v a e (Os ])#

DEy(.t)=1 4 t 1 (2.2)
ay(ﬂ )v o=
is the Caputo fractional order derivative on t and
t (t _ S)Ol*]
Iy(.,t) = ~ 7 y(,8)d 2.
olfy(-. 1) /0 o) y(.,s)ds, a >0 (2.3)

denotes the Riemann-Liouville fractional order integral on t.

Moreover, f: [0, 1] x [0, c0) x L%([0, 1] x [0, o)) — L2([0, 1] x
[0, 00)) is a continuous function and for any given T > 0, constant r,
two positive constants C=C(r,T) and M = M(r, T) are found such
that

If(x. t,y1) — f(x. t.y2) | <Clly1 —y2.

te[0,T], y; [0, 1], |lyill <1, i=1,2 (2.4)
and
sup sup |3, f(x,t,y)| <M, y € I?[0, 1], respectively. (2.5)

xeQ |lyll<r

The measurement is assumed subsequently to be given as
follows

z(t) =Cy(x,t) :=y(0,¢t). (2.6)

This means that the measurements are obtained from a point sen-
sor at x =0 [20,21].

Based on the properties of Laplace transform, we then see the
following basic lemma.

Lemma 2.1. Given yg € L%[0, 1], y(x, t) is said to be a solution of
(2.1) on [0, 1] x [0, oo) if it satisfies

yx.t) = ZEOt (=Ant®) Vo, En)én (%)

n=1

o [ Ego(=An(t —1)%)
+;/0 (tff)l—ar (f&x, T, y(x, 1)), &)dTén (%),

2.7)

where E, g(t) :=3"32 r(#kﬂs) Re(w) >0, teC

the Mittag-Leffler function in two parameter (when B =1, write
Eq1(t) = Eq (t) for short).

is known as

Proof. Since

L{§Dy} (. s) =Ly} (. 5) —=s* 'y Dlimo, @ € (0, 1], (28)

taking Laplace transform on time t for both sides of system (2.1),
it then follows that

SYL{Y}(.s) —s¥yo = AL{Y}(. 8) + L{f}(s). (2.9)

Hence

o—1
LG, s) = S Yo+ EUSHS)

e (2.10)

Moreover, since —A,, &, are respectively, the eigenvalue and
the corresponding eigenfunction of operator A and the sequence
{§n}n > 1 form a orthonormal basis in 12[0, 1], similar to the argu-
ment in [17,22], from

B
[,{tﬂflEa,ﬁ(i)uta)} _ SZ ., Re(s) > |A|V® (2.11)

FA
and the properties of Laplace transform, we get the result and then
finish the proof. O

Remark 2.1. Based on the properties of Mittag-Leffler functions, an
equivalence is derived in [23] between Lemma 2.1 and the results
in [24-27], where the solution of studied system is given in terms
of some probability densities.

Definition 2.1. [16] The solution of system (2.1) is said to be
Mittag-Leffler stable if there exist constants C > 0, A > 0, b > 0
such that

Iz, )]l < ClEa(~2t))llzoll, t =0, 2z €[2[0, 1].

(2.12)

Next, we design a semilinear distributed parameter Luenberger
type observer as follows:

ODEY(x. t) = AP(x, t) + f(x, £, (X, 1))
+ KX, t)(z(t) — 2(t)) in [0, 1] x [0, 00),

yx(oa t) fo(ly t) = O in [O, OO),
y(x.0) =yo(x) in [0,1],

where Z(t) = Cy(-,t) :=y(0,t). Let e(x,t) :=y(x,t) — J(x,t) be the
observer error. Here K(x, t) is called to be the output feedback
weight. Let eg(x) :=yo(x) —yo(x) in Q. It then follows directly
from systems (2.1) and (2.13) that e(x, t) satisfies the following sys-
tem

(213)

ED¥e(x,t) = Ae(x,t) + f(x.t,e(x,t) + Y(x,t)) — f(x, t,Y(x,t))
— K(x,t)e(0,t) in [0, 1] x [0, 00),
ex(0,t) =ex(1,t) =0 in [0, c0),
e(x,0) =eg(x) in [0, 1].
(2.14)

For convenience, based on properties (2.4) and (2.5), let A(x) =
max Ay f (%, ¥)|y—y(x.)» we first consider the linearization system of

(2.14):
CD%e(x,t) = Ae(x,t) + A(x)e(x, t) — K(x,t)e(0,t),
ex(0,t) =ex(1,t) =0 in [0, 00),
e(x,0) =ep(x) in Q.

(2.15)

According to [2,6], the observer system (2.13) with output feedback
weight K(x, t) determined by system (2.15) is subsequently called
an extended Luenberger observer for the semilinear time fractional
diffusion system (2.1). In the following section, we shall consider
the backstepping-based technique, which was first introduced in
[28] and then extended to time fractional diffusion system cases
in [10], to compute K(x, t) to guarantee the Mittag-Leffler stability
of system (2.14).

3. Stability analysis of the linearized observer error systems

The purpose of this section is to determine the output feedback
weight K(x, t) to guarantee the Mittag-Leffler stability of observer
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error systems (2.14). For this, we first consider
ED¢w(x,t) = Aw(x, t) — pow(x, t) in [0, 1] x [0, 00),
wx(0,t) = wx(1,t) =0 in [0, c0), (3.1)
w(x,0) = wo(x) in [0, 00),

where p is a given constant. By Lemma 2.1, we get that the solu-
tion of (3.1) is given by

o, t) = ZEof[(_}‘n — 1Yo, E)En(x). (3.2)

n=1

So if Ay +u >¢& > 0 for some & > 0, since Mittag-Leffler function
Ey (—t%*) is a completely monotone for € (0, 1] and t > 0 (see
[29,30]), i.e.,

%Ea(—t"‘) <0, t>0, ae(0,1). (3.3)

It then follows from (Ap 4+ )% > (A + w)V/* > el/@ > 0, a € (0,
1, n=1,2,--- that

loC Ol = | D Eal=((hn + 1)) (w0, En)&n

n=1

D Eal= (k1 + )V )* 1o, £n)én

n=1

< Eo[—et*]llwoll. (34)

=

which means that systems (3.1) is Mittag-Leffler stable in space
I2(RQ).

3.1. Backstepping-based transform

To transform the observer error system (2.14) into (3.1), let us
consider the following transformation

X
w(x.1) = e(x.t) + fo gx. £)e(&. )dE. (35)
Before exploring the existence of g(x, &), denote gy(x,x) =

28 )i L) =gk +gxx) and g (x.x) =
%g(x, &)|g—x- it then follows that

wx(X. 1) = ex(x, ) + g(x. X)e(x. t) + /Oxgx(x, §e(5.0dg,  (3.6)

D, 1) = (X, ) + g6 X)e(x,0) + 8% ey, 1)

+ a0 + [ gl £)e(E 0 (3.7)
and
D0 = §Dre.n) + [ gx £)5Dre(E. e

= §Decen + [ “gx.6)

x [egg (§.8) +A(§)e(§,t) —K(§,t)e(0,t)]ds
= SD%e(x, t) + g(x, X)ex(x, t)
— 8(x,0)ex(0,t) — gg (x, x)e(x. t)

+ g 0e.0+ [ g (% E)e(E. D)dE
+ [ T, )M E)e(E. 1) — K(E. D)e(0,0)]dE. (3.8)

Hence,

ED¥w(x,t) — W (X, t) + (X, t)
=SD%(x, t) + g(x, X)ex(x, t) — g(x,0)ex (0, t)
— g (X, x)e(x, t) + g¢ (x,0)e(0,t)

+ /0 ggg(x,@e(s,t)dm/o g(x. &)
x [A(&E)e(€.t) —K(§,0)e(0,1)]dE — exx(x, 1)
- :—Xg(x, x)e(x, t) —gx, x)ex(x, t) — gx(x, x)e(x, t)

~ [ gatx £re(e. 01
+ M(e(x,t) + [Xg(X,S)e(fy t)d‘f)
0
= (M +A(X) — 8 (%, %) — 8 (x,X) — %g(x, X)>e(x, t)

- 5x. 0)6.(0.0)+ N(gee (X 6) — g%, E)
+ [+ A)]gx. §)}e(€, t)dé
+ <gg(x, 0) — K(x,t) — /0 xg(x,é)l((é,t)df)e(o,t). (3.9)

Suppose that the output feedback weight K(x, t) is determined ac-
cording to

g (x.0)—Keeo - [ "g(x, £)K(E. )dE = 0.

To make sure that the right-hand side of (3.9) to be zero for all e,
we get that the following three conditions have to be satisfied

Bux(X,8) —gee (., 6) = (W +1(§))g(x,6), 0<&<x=<1,
g(x,0)=0, 0<x<1,

(3.10)

8x(X, %) + 8¢ (x,X) + %g(x,x) =u+Arkx), 0<x<1.
(3.11)

It is not difficult to see that system (3.11) is compatible and forms
a well-posed partial differential equation of hyperbolic type and
besides, based on [28] (see also [10]), we obtain that

Lemma 3.1. [10, 28] For any 0 < & < x < 1, if A e C'[0, 1], then
systems (3.11) has a unique solution.

Lemma 3.2. [10, 28] Let G: %[0, 1] — L2[0, 1] be the linear bounded
operator defined as

W) = (Go) () i=e(x. ) + [ “g(x. £)e(&. )dE.

If g(x, &) solves problem (3.11), then G converts the system (2.1) into
(3.1) and besides, the inverse G=! :12[0,1] — L2[0, 1] exists and is
bounded.

(3.12)

3.2. Mittag-Leffler stability of system (2.15)

Now we give the following lemma, which plays a key role to
obtain our main results.

Lemma 3.3. [31] For any given t > 0, we see

%ng‘xz(t) <x(t)§D¥x(t), Va e (0,1], te[0,00)

provided that x is continuous and differentiable.

(3.13)

Theorem 3.1. Let A < C'[0, 1], w(-, t) be continuous and differen-
tiable on [0, oo) and the Laplace transform of (-, t)* exists. If K(x, t)
satisfies (3.10), then the following estimation

e O)1I* < v2lleoll*Ea (=2ut®), t [0, 00) (3.14)
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holds for some v > 0.

Proof. Based on the argument above, if K(x, t) satisfies (3.10), then
the system (2.1) is transformed into (3.1). Moreover, it follows from
Lemma 3.2 that

le(-Oll = IG 0. O < viw¢ O, llwoll < veoll (3.15)
holds for some v > 0.
Let W(t) = %fol w(x, t)2dx. By Lemma 3.3,
1
DUW (1) < fo o(x, )SDEw (x, t)dx
1 1
_ / W, D (%, £)dX — / w(x, )2dx
0 0
1 1
= —/ Wy (X, t)zdx—M/ w(x, t)%dx
0 0
< 2uW(t). (3.16)
Moreover, let
M(t) = —2uW (t) — SDEW (¢). (3.17)

Obviously, M(t) > 0 on [0, o). Since the Laplace transform of w(-,
t)? exists, applying the Laplace transform on (3.17), one has

M(s) = —2uW (s) — sSW (s) + s*~'W(0), (3.18)

where  W(0) = 1 Jil wp(x)2dx = L[lwgll2, W(s) = [° e W (t)dt

and M(s) = [5° e~S'M(t)dt. Hence,

s*1W(0) — M(s)
S¥4+20 '

It then follows from the nonnegativity of M(t), Eq.o (—2At%) and

the uniqueness, existence theorem in [18] that the unique solution

of (3.17) is

W (t) = Eq (=2ut*)W (0) — M(t) * [t* ' Eq o (—24t%)]

< Eo (=2ut*)W(0),

W(s) = (3.19)

(3.20)

where * denotes the convolution operator. Finally, from (3.15), we
have

lleC.O)NI* < vlwollEe (—21at®) < v?|leq|*Eq (—242t*) (3.21)
and finish the proof. O

Remark 3.1. Since (3.14) is equivalent to

lleC Ol = v{Ea (~2u*)}leoll, € € [0, o), (3.22)

then if u > ¢ > 0 for some ¢ > 0, system (2.15) is Mittag-Leffler
stable.

4. Stability analysis of the semilinear observer error systems

As shown in Theorem 3.1, the presented design with K(x, t) de-
termined by (3.10) implies the Mittag-Leffler stability of system
(2.15). In the following, we shall consider the semilinear system
(2.14).
4.1. Backstepping-based transform

Similarly, consider the transformation

wXx.t) = e(x.t) +/:m(x, £)e(&, t)dE (41)

and denote  my(X,X) = Zm(X. §)|g_y.g (X.X) = %m(x,§)|gzx,
%m(x, x) = mx(x, x) + mg (x, x), it then follows that

e (X, 1) = ex(x, £) + m(x, x)e(x, t) + /Ox me(x, £)e(E, HdE, (42)

(1) = ea(i.1) + LM VL 1) + M V(. 1)
Fmxern+ [ ma e 0d  (43)
and
D0 = e + [ mix £)5DFe(e. Dde
= §Drecx.0)+ [ mex §)ece (€.0de

; /0 mex E)[f(E. e(€.0) + 5. 1)

- f(&.9(§,0)) —K(&.t)e(0,t)]d§
= SD%e(x, t) + m(x, x)ey(x, t)
— m(x, 0)ex(0,t) — mg (x, X)e(x, t)

+ mg (x,0)e(0,t) + /Ox mee (x, §)e(§, t)d§

+ [ mE 6 e.0 +5.0)
Hence,

ED¥w(x,t) — W (X, t) + (X, t)
=SD%e(x, t) + m(x, X)ex(x, t)
— m(x, 0)ex(0,t) — mg (x, x)e(x, t)

+ mg (x,0)e(0,t) + /OX mge (x,§)e(&, t)dé

; /0 mex E)[fE. e(E.0) + 9. 1)
— fE.J(&.t)) —K(&,t)e(0,t)]dE — exx(x, 1)

- %m(x, x)e(x, t) —m(x, x)ex(x, t) — my(x,x)e(x,t)

- | (X, £)e(E, t)dE
+ M(e(x,t)+/0Xm(xw‘§)e(§,f)d§>

= fx.ex.t) +y(x.1)) — f(x. 9(x. 1)) —m(x, 0)ex(0, t)

+ (u — My (X, X) — Mg (X, %) — %m(x, x))e(x, t)

+ [ (Mg (6. 8) — My (. £) + pm(x, &) Je (€. 0)dE
+ [ . ©)FE. 6.0+ 9(E.0) — FEFE.0)]dE

4 [mé (x,0) —K(x,t) — /:m(x, EK(E, t)d§:|e(0, 0.

Moreover, let

(p(x’ [ E(X, t), yA(Xv t))
= f(xv t, e(X7 t) +}7(Xa t)) - f(xv t’}?(xv t)) - )"(X)e(xv t)

n /0 M E[fE. t.eE 1) + F(E.0)
~FELIE.D) — A(E)e(E. 0)dE. (45)

Defining K(x, t) as follows

K(x.t) = mg (x,0) — fo " m(x. E)K(E. £)dE. (4.6)
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Fig. 1. Simulation results for system (2.1). (a) Solution e(x, t) without control. (b) L?*—norm of observer error e(x, t) without control. (c) Solution e(x, t) with control.

(d) L>—norm of observer error |le(-, t)|| with control. (e)

where m(x, &) satisfies (3.11), the time fracti
(2.14) is equivalent to

CD¢w(x,t) — Aw(X, t) + pw(X, t) = @(x,t
in [0, 1] x [0, c0),

wx(0,t) = wx(1,t) =0 in [0, 00),

w(x,0) =wo(x) in [0, c0).

Weights K(x, t).

onal diffusion system
below.

ce(x, 1), J(x.1))

In order to Mittag-Leffler stabilize (4.7), consider first the lemma

Lemma 4.1. Suppose that f(x, t, y) is continuous and satisfies

(2.4) and (2.5). Given t > 0, r > 0, then we can find a constant C*

satisfying

1
@) [ e&0Dektern.9600)dx <ClloG0lleC 0Ol (48)
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Proof. Consider function ¢ (x,t,e(x,t),y(x,t)) in Eq. (4.5), let

1
A(t) = /0 o D[ e(x.t) + J(.1))

— fx,7(x,t)) — A(x)e(x, t)]dx, (4.9)

1 X
B(t)=f0 w(x,t)/o m(x. £)[f(&. e(&.0) +P(E. 1)

- f(£.9(&. 1) —A(6)e(§, t)]dEdx.
Form (24) and (2.5), let A" =supyqo)r(X)
SUPy gcjo,1] M (%, &), it then follows that

A(t) < JA(E)]
1
< /0 o DI e(x.t) + 9(x. 1)

- fxJ(x, 1)) — A(x)e(x, t)|dx
s loGOlNAfC et o) +3(,0)
= fFEIEO+ IR Ge 01D
= C+) ¢ Ollle¢ Ol
and similarly,
B(t) < m*loC, O f(. e, 6) +9( 1))
= fCICEEDIN+IACGe D
m*(C+ Al Olllle¢. O

where C=C(r,T) is introduced in Eq. (2.4).
(1 +m*)(C + A*), we then finish the proof. O

(4.10)

and m* =

(4.11)

A

IA

Taking C* =

Theorem 4.1. Suppose that all conditions of Theorem 3.1 and Lemma
4.1 hold. Then the solutions of (2.14) with K(x, t) satisfying (3.10) such
that

”e(" t)”z = U2”60||ZEC((_2(/“L _C*(rv T)v)ta)7 te [07 OO)

for some positive constant v.

(4.12)
Proof. Let W (t) = 1 [ w(x,t)2dx. By Lemma 3.3, we have
1
DUW(t) < /O o(x, OSDYw(x, t)dx
1 1
=/ (X, t)wxx (X, t)dx—,u/ w(x, t)%dx
0 0
1
+ [ o Dp@ et + 300
0
1 1
= —/ wy (X, t)zdx—u/ w(x, t)%dx
0 0

1
+ / o (.t e(x.t), §(x. 1))dx.
0

It then from Lemma 4.1 and Eq. (3.15) that

SDEW(t) < —2uW(t) +/01 wx, e text), J(x, t))dx
< =22uW (@) +C (. Dl HlleC. )l
< 2uW () +C (. Tvlw(, t)?

(4.13)

=2(u = C*(r, THv)W(t).

Moreover, similar to the proof of Theorem 3.1, we get that
lleC. 11> < v2lleollEa(=2(p — C*(r, THV)EY), t € [0, 00). (4.14)
The proof is finished. O

Remark 4.1. Assume that u — C*(r, T)v > ¢ for some ¢ > 0 with v
> 0 satisfying (3.15). Then we get that system (2.14) with K(x, t)
satisfying (3.10) is Mittag-Leffler stable.

Remark 4.2. In particular, when o =1, we refer the readers to
[6] and those references cited therein.

5. Numerical simulation

In this section, a simulate example is worked out to confirm
our results.

In system (2.1), take o = 0.5, yg(x) = 10x(1 —x) +2, x<[0,1]
and

fx, t,y) =10y(y + 2sin(t))e*. (5.1)

We get that the properties (2.4) and (2.5) hold. Moreover, let
Yo(x) =0. We have eg(x) =yo(x) =10x(1 —x)+2, xe[0,1]. As
seen from Fig. 1 (a) and (b), the solution of system (2.14) with K =
0 is unstable.

Let 4 =1 in target system (3.1). By using the coordinate trans-
formation (3.5), (c) and (d) of Fig. 1 imply that system (2.14) with
the output feedback weight K(x, t) defined by (3.10) converges
smoothly. Moreover, the corresponding output feedback weight
K(x, t) is shown in (e) of Fig. 1 with g(x, £) determined by system
(3.11). The simulation results show that the extended Luenberger-
type observer designed by us yields satisfactory performance in
dealing with semilinear time fractional diffusion systems.

6. Conclusion

In this paper, we present an extended Luenberger state ob-
server for a class of semilinear time fractional diffusion systems.
The Mittag-Leffler stability of both the linearized and semilinear
observer error systems are guaranteed based on a backstepping-
based technique. Moreover, the results studied here can also be ex-
tended to complex fractional distributed parameter systems (DPSs)
and various open questions are still under consideration. For in-
stance, the Mittag-Leffler stabilization of nonlinear fractional DPSs
as well as their controller configurations are of great interest.
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