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Weird Things to Me!

For me, these are the barriers between a beginner
and TD, FO, DO.

e STHow can the “s” climb up to e? (9/2011) @f’f
0.5
% = 59> = (jw)>First time in my life heard

about FOC. (10/2011)

—a_S—b
fa s_ada In(s)
In(jw)Complex logarithm. Never heard!

(5/2012)

What is this? (5/2012)
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Key techniques

e Recall Euler's formula
e!® = cos(w) + jsin(w)

e ¢5 = eJ® Now, we can deal with it.

. j —cos( )+]5m( )—ezj
o (j)¥A s ¢2/% = cos (: )-I-]Sln( )(5/2012)

* In(jw) = In(w) + ln(eEj)(5/2012)



Control Engineer’s View

With these basic
techniques, we can
further deal with the
analysis in frequency
domain.

OPID
"OPI%, FO[PI]*
DOPI, DO[PI]*

Board writing by Dr. Y.Q. Chen



Background

Fractional Calculus was born in 1695

What if the T

order will be -

" ltwill lead to a
paradox, from which
one day useful

consequences will be Wl
R \ drawn. R B L
G.F.A. de L'Hépital G.W. Leibniz
(1661-1704) (1646-1716)

Slide from: Dr. Yangquan Chen and Dr. Igor Podlubny.



Fact

e FOC depicts most physical phenomenon more
precisely.

e Superior to Integer order in a lot of cases



Three Common Definitions

e Riemann-Liouville derivative

DoF () = I 0) = o [ (¢ = ) ()

e Grunwald-Letnikov derivative

h—0 14

]ID‘?f(:t:}:limhl 3 (—1}”‘(?31)}“(1:—”1!1}.

O<m<oo

e Caputo fractional derivative

t n) (VT

['n—a t — r)atl-n



Two Important Functions

Gamma function

Here we should mention the most important function used in fractional calculus - Euler’s
gamma function, which is defined as

[(n) = /O 1ot gy,

In Matlab,

This function is a generalization of the factorial in the following form:
y=gamma(x)

I['(n)=(n—-1)!
Mittag-Leffler function

Another function, which plays a very important role in the fractional calculus, was in fact

introduced in 1953. It is a two-parameter function of the Mittag-Leffler type defined as

(Podlubny, 1999):

oo -k
E,g(z) = _— (x >0, B=0). (3)
() ,\;, T(ak + B) p>0)

[e]=mlf(alf bet,c,fi)
f=gml_fun(a,b,c,x,eps0)

Source, “Engineering Education and Research Using MATLAB”, INTECK, editor Ali H. Assi, Chapter10, Ivo Petras, 2011.
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Approximating FO using |10

e Discretization

z-transform

f(t) <77 4 f*(t) o Methods § — 7 conversion

A f(nT) - Zf(nT)z_l Eul a_ [1= 117
%; *i =0 wier §F = ’V T “
5 i —sT *:T = _ -E- Al-Alaowm 5% = i iw
£ f(@e " dt i Zf(nT)e nsT “ T 1+21/7
. | il _ a FI—:“Tjt

I Tustin st | = —2
1 +o0 i T1+z7!
; i —lyp — 1Y

?ZF(S — jnw) eST = » Simpson 5% n {; "Il+_"'4__]; l__‘_z }

FO) "mgsza e ¢ ) zezagr | O )
TRBEEERST 7 R

[#] Y.Q. Chen, Ivo Petr'a”s and D.Y. Xue, “Fractional Order Control - A Tutorial”, ACC, 2009.



Discrete Approximation - PSE

 Generating function

1—2z"

w(z™) =2

14+ 2z~

¥Yiz)

(z

Dia(:}l —

Performing the PSE of the funiction (1 —:."']_a leads
to the formula given by Lubich for the fractional inte-
gral/derivative of order o [37]:

f(nT)= TiaZIE ( )f{{rr—k]lT]l. (30)

Another possibility for the approximation is the use of the
trapezoidal rule, that is, the use of the generating function
and then the PSE

(31)

=77 PSE{(1-2") "} =TP,(= )

(26)

Grunwald-Letnikov method

The forward method is not
suitable for cause problems
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Discrete Approximation - CFE

o The continued fraction expansion (CFE) of

N 1 —1 +o
_ o _ e
(@E)™ = (21+*‘)

dy(x) = f(x)
‘ Yy
Ay (¥) = f . k=012..
k+1 dj;(x)_djr(xk)
Function f'1s approximated by
X—X
f(x)=dy(x,)+ ;—:r
dy(x)+ ' i .
d,(x,)+ :.’—-T
dy(x;)+—=

User and programmer manual, Ninteger v. 2.3 Fractional control toolbox for MatLab.
Universidade Técnica De Lisboa Instituto Superior Técnico, 2005



Discrete Approximation — irid

* Impulse-response invariant discretization
(IRID) method

 The approximated discrete time model
matches the impulse response of the DO
model precisely at every sampling point.



Realization

* FIR, lIR
* e.g.

Figure from [*]

[*] Y.Q. Chen, Ivo Petr'as and D.Y. Xue, “Fractional Order Control - A Tutorial”, ACC, 20009. 15



Distributed Order

e Definition of Distributed Order FO
Integrator/differentiator [*]

e Analytical Solution [**]

L_l jb 1 p B 1 o+ico o s~ _ S—bd
. S® Y= 2mi o io € In(s) S

[*] H. Sheng, Y.Q. Chen, T.S. Qiu, “Fractional Processes and Fractional-order Signal processing”,
Springer, 2012.

[**] FY. Zhou, Y. Zhao, Y. Li, Y.Q. Chen, “An Implementation of Distributed Order Pl Controller and
Its Applications to the Wheeled Service Robot”, ACC13 Submission.



Available Tools in Matlab

Toolbox Names ___ Authors

Ninteger Toolbox
Crone Toolbox
@fotf Toolbox

Irid_doi(), gml_fun, FOCP, nilt (non-
integer order inverse Laplace)
ora_foc(), etc.

mlf(), etc.

dfod1(), dfod1(), dfod1(), DFOC, etc.

fderiv()

etc.

Duarte Valério
CRONE Team
Dr. Dingyu Xue

Dr. Yangquan Chen, Hu Sheng, and
Christophe Tricaud, et al.

Dr. Igor Podlubny
Dr. Ivo Petras
F. M. Bayat

etc.
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Amplitude
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%% ninteger Toolbox 10dB/dec
G_nid = nid(1, 0.5, [1e-3 1e4], 10, 'crone’)

figure(5)

step(G_nid)

figure(6)

bodeFr(G_nid)

Bode diagram
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Amplitude

Demos

%% ora_foc() by Christophe Tricaud

sys=ora_foc(-0.5,3,0.01,100)
figure(3)

step(sys)

figure(4)

bode(sys)

Step Response
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Amplitude
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Demos

%% dfod1() by Dr. Ivo Petras
sys=dfod1(50, 0.001, 1/3, 0.5)
figure(1)

bode(sys)

sys_c=d2c(sys)

figure(2)

step(sys_c)
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Amplitude

Demos

%% dfod1(), Ivo's demo

T=0.1; a=1/3;

z=tf('z',T,'variable','z"-1');

Hz=((1+a)/T)*((1-z7-1)/(1+a*z7-1));
Gz_DCM=0.08/(Hz*(0.05*Hz+1)); % DC modtor plant
Cz=0.625*dfod1(5,T,a,0.5)+12.5*dfod1(5,T,a,-0.5); % controller
Gz_close=(Gz_DCM*Cz)/(1+(Gz_DCM*Cz));

figure(6); step(Gz_close,15);grid;

Gz_open=(Gz_DCM*Cz);

figure(7); bode(Gz_open);

. Bode Diagram
[Gm,Pm] = margin(Gz_open); 50
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Demos

%% mlf(), time domain solution using
Mittag-leffler, Dr.lgor Podlubny

1.4

clear all; close all; .y
a=2; b=1; alpha=1.5; L2 / \\
t=0:0.001:20; % for time step 0.001 and . I I

computational time 20 sec
y=(1/a)*t.~(alpha).*mlf(alpha,alpha+1,((-

0.8

y()

b/a)*t.A(alpha))); 06

figure(S) 0.4 /

plot(t,y); /

xlabel('Time [sec]'); v

ylabe|(|y(t)|)lgrldl % 2 4 6 8 10 122 14 16 18 20

Time [sec]
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%% fotf() Dr.Dingyu Xue
b=[-24];
a=[23.82.62.51.5];
nb =[0.63 0];

na =[3.52.41.81.30];
t=0:0.5:28;

G = fotf(a,na,b,nb)

yi = step(G,t);
figure(6); hold on;
plot(t,yi,'s");

Demos
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Demos

%% FO derivative sine wave, using
fderiv() by Bayat

h=0.01; t=0:h:2*pi;

y=sin(t);

order=0:0.1:1; S
for i=1:length(order)
yd(i,:)=fderiv(order(i),y,h);

end

[X, Y]=meshgrid(t,order);

mesh(X,Y,yd)

xlabel('t'); ylabel('\alpha'); zlabel('y")

24



Demos
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Three-parameter-tunable Controllers

* IOPID C(s) = Ky + =+ Kas
K;
e FOPI C(S):Kp(1+s_a)
K;
* FO[PI] C(s) = (Kp + )"
® DOP' C(s) =K +K-jbida—l( +K-1_S_b
P )y seTT T P In(s)

° DO[P'] C(s)=fpr(1+Ti_S)ada
0 l



Tuning Rules

ldea: given ¢, ., obtain flat phase at w,
£G(jw) = £C(jwc) + £P(jwe) = —Tt + by
|G(jw)| = [C(jw)P(jw,)| = 0dB

d4£G(jw)

=0

do  lp=w,



Procedure

Separate the real and imaginary part of P(jw)
andC(jw), (for each controller C(jw))

— using the techniques on slide 4
Calculate the gain and phase

Solve the 3 equations numerically

— Get Kp, Ki, a

Digital simulation and implementation
— Using the tools on slide 16.



My ECE5320 MAD Report

Introduction:

The heat-flow expenment (HFE) system shovnin figure 1, consists ofa duct equipped with a heaterand a
blower at one end and three temperatire sensorslocated along the duct [1]. The power ofthe heater andthe
speed ofthe fan are controlled using analog signals. Fast settling platimum tetp erature transducers are used to
measure the terrperatire, anda tachometeris used to measure the fan speed

Blower Heater
Sensor 1

Vh

51 52 g3

Figl. Lefi: The heat-flow apparams by Quanser Academic [1];
Right: The (4 terminal board for connecting HFE to computers [2].

The equipment is interfaced with the computer via a Q4 terminal board shownin figure 1.

Control Objectives:

The contrel objective of this aquipment iz to mzke the t=mperatre setfle 2t the reference value f2stand 23 smooth 23
possible by using various P controllers.

29



My ECE5320 MAD Report

System 1) by Pradiction Error estmation (FPEM) 12 carned out to obtam the mteger order model. Smoes tme 13 lmited;
data collection precedure is not performed. The data used here is from the MADHeztFlow ()3 zip file [2], which is
mezsured by the temperzature sensor 1 and plotted i figure 2. Figure 3 shows the comparison of the orignal data with the
simulation datz of the identified medel. The parametric medel slong with its step response is shown in figure 4.

S0

45

=

il B

=5t

o]

15

oL

vl

ot

——— Farmiom hget signa B
—— Tie oSl taTparang = data

Fig2 Response of T1 to random mput VIQ. Note that the
data is collected after running the experiment for 4
minutes i order to remove trends.

Fig3. Comparizon of the original datz with the
simulztion data of the identified model.

28 = dtrendizsl;

ml = pemizel;

g% = HE(Hatart:-Hend ;
g¥ = drrend(zvl ;
figure(l)

compare (=v,ml);

30



My ECE5320 MAD Report

« Fustordermedel by curve fitting

Flxed Flow S HEat 5 4 5 FixmHex SFOWS 45
E0p S0p

==4

o

45+

anf

=L

ol B

a5

Fig3. 2 szmple plots of the step response for different V) with different flow rate voltage.

The experimentzl data m the zip file i3 plotted n figur= 3. From these data the first order model of the heat transfer at
temperature sensor 1 can be zbstracted as [2]:

T 64
Vp 6.95+1
+  First order plus time delay
This meodel tzkes the form below. It can be identified via nonlinear least squares fitting approach, which is presented
m Labl.

- K -Lz
PI:S__I = T-'S—H g

The parameters for the model of temperature sensor 3is presented in [3]as K = 38.86, 1 = 23.43,
L=3x10°%

For the data [ collected, the parameters are estimated to be K= 9.5, T = 3530,L = 12. Thestsp
response of this model is plotted in figure 8.
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My ECE5320 MAD Report

Companson of the model response with the Ew data

80 F
'
:
:
R R e e s Po------- Tommmmeed
Temp sersar data
1% orger model
0 =—*-- 2™ arger madel N
FEctional omer mode |

Tempestie {0
s

T T F----
Sl s Rt Fo
| |
| |
1 1
17/ttt ieleleielielelel il B I S E. T
| |
1 1
| |
-—--- qm—---- r--
| |
nf ‘ VoA
. |
'''' s======r-~
1 1
| |
2 00 L300
g 500 1000 1500 2000 2500 3000

Time [sec)
Figl. Plot of the IO model and FO model response and the raw data

To summanze, the 3 models that we have obtaned are:

—5 +47
Second ordermodel P UEE— (1)
£"2 + 300 + 1
First order+ time delay — i (2)
. 35[]]:57+ 1
Fractional order +time delay [ (3

g
2005 + 1




My ECE5320 MAD Report

B | iferent controllers

With the above technique, selving the equations (4~8) will give the parameters for either mteger order or fractionzl
order contreller. Computation is not performed here m detzil. Instead, controllers with parameters caleulated m [3] are

+

listed below to illustrate the concept. Wote: the given phase margin 2t cross frequency, w, = 0.08 rad_ is ¢ = 50

Integer order PID

Kp =0.3276,Ki = 0.6641,Kd = 52.54

K
C(s) = Kp+;‘+1{ﬂs

Fractional order PI*

Kp =0.8812, Ki = 0.3133, = 1.082

K
ClE) =K(1+ S—;j

Fractional order [PI]=

Kp=0.782, Ki=02927 a= 1.097

K:
Ce) = (K + )

The fractional crder controller tzkes the form i the zbove tzble respectively. The mplementation of the fractional

order PT° and [PI]° contreller m Simulink is provided by CRONE Toolbox as well. The Simulink connection for
experiment i3 shown in figurs 11

JULER
Pulis Latpration
Ganaiaior

@ Blwth Enrgy Cantral
Engr Funedioh

Quange

Quarnser
WG AR

Fain

W aniad] Sweilel
inl T3]

1 . -
" } i M3 AL
FiD
Hesl Command Tamg SarEor

yv

T 'Waddphea

Figll. Simmulink conmection of the HFE controlled by PID controller and FOPI controller
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My ECE5320 MAD Report

B8 Scope - HFE_W _controll -Oj
75 T T T T T T
File Edit Update Axis ‘window
Background Colour | Text Colour | Text Font 70F -
65 E
____________________________________________________________ 60 E
551 1
50 E
45 g
40 H g
35 E
1 FOPI
---------------------------------------------------------------------- 25 1 1 1 1 1 1
0 0.5 1 15 2 2.5 3 3.5
x 10

FO[PI]

25 1 1 1 1
0 0.5 1 1.5 2 2.5

x 10
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My views on the 3 Eq.

* Allowing users to specify the Gain cross-over frequency w, gives the user
too much freedom. Barely using anyone of the above five controllers
cannot always satisfy this strong design constraint.

More specifically, in most cases, for sure there is an w., and there is an wy,
at which the phase plot is flat.

deGw) _

dw
By adjusting the 3 tunable parameters, these two frequencies can be
aligned, meaning that they match each other. However, they cannot be
aligned at arbitrary frequency. As we can see from the Bode plot of the
plant, the time delay pulls down the phase plot too quickly at high
frequency, which gives us less time to regulate the plant. At the
meanwhile, all of the 5 controllers provide limit phase compensation at
high frequency, which is powerless to bring the phase back from —co. This
can be seen clearly from the Bode plot of the controllers. Hence, if the
desired w, is assigned "too late", obtaining a "flat phase" at w, becomes
impossible.




My views on the 3 Eq.

 The above statement has shown that freely defining w,
by user is already a “luxurious service”. In spite of this,
allowing users to specify the phase margin ¢,,, is
another strong requirement.

The point where w, and w, are aligned is not
guaranteed to provide the desired phase margin. The
Bode plot of a given plant is fixed. The shape of the
phase plot of a given controller is also determined. As
an example, let's see fig 1 and fig 2. For 1 € (0~1), the
FOPI is able to prowde —90 phase compensation at
the most. If the ¢,,, is assigned to be 50 at w <

0.01 rad/s, then, it is obvious the demand cannot be
meet, unless using A> 1.



My views on the 3 Eq.

e Either one of the above 2 design specifications
may make the 3 tuning equations unsolvable.
Combining them together, the 3 tuning
equations is possible to become
contradictory.

 For some combinations of plant and
controller, there may not exist a "flat phase".



Proposed Approach

 instead of specifying w., ¢.,, and exactly
solving the 3 equations, we can try to aligh wg,
with w, first, then manually examine the

h margi
p a S e a rg I n ° Loop transfer function with Fop*
150
100 Sy
g
50 = i
\\\
0 F S ——
S0 2 1 0 1 2
10 10 10 10 10 10
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-100
I e i p k
-200 S

-300 2 1 0 1 2
10 10 10 10 10 10



Some Results

FO model of the HFE plant

Figl. The FO plant ol LT | o,
__K _-Is I | T
P(S) - Ts?+1 e ° x2613 | [T

Y:0.04891

K=66.1 6, _25)0'3 107 10" 10° 10"

T=12.73; 0

L =1.93; % time delay 200 s
a=0.5; % alpha 200
-30077 2 -1 0
10 10 10 10 10
FOPI* controller
60
™~
40 PN
'y
. . 20 o
Fig2. FOPI controller with ) L
initially guessed parameters 2
10° 10? 10™ 10° 10!

Kp_fopi=0.8812; ’ ]
Ki_fopi=0.3153; o

lambda = 1.082; |li%g

-100

10° 10° 10" 10° 10'



150

Some Results

Loop transfer function with Fop*

100

50

-50

10

10° 10" 10° 10"

10°

-100

-200

-300

10

10° 10" 10° 10"

These set of parameters are obtained
without specifying phase margin.
Kp=0.2535 Ki=0.3630 A =1.5338
Pm_fopi = 22.9815

10°



Some Results

Loop transfer function with FoP*
100

50 [t

0 \ﬂl‘wﬂ i

505 - - - ,
10 10 10 10 10 10

0

-100 ==t 4

-200

-300 3 2 1 0 1 2
10 10 10 10 10 10

These set of parameters are obtained
withspecifying phase margin to be ¢,, = 50°.
Kp=0.0501 Ki=0.3815 1 =1.0618
Pm_fopi = 50.0000".



Some Results

Loop transfer function with FoP*

100
50 e
1]
0 e
A ] T P ——t
.50
10° 10° 10} 10° 10" 10°
0
1100 |t Y
HEREE _\"\\
AL Nt
-200
-300 -3 -2 a1 0 1 2
10 10 10 10 10 10

These set of parameters are obtained
withspecifying phase margin to be

¢, = 50°. And aligning wc with phase_min.
Kp=0.0241 Ki=0.3821 1 =1.0614
Pm_fopi = 50.0000".



Some Results

without phase
margin constraint




Some Results

Loop transfer function with initial attampted DOPI*

60

|

40 e

20 R SN

20~ - 1 1 2
10 10 10 10 10 10

-100

-200

-300 3 2 1 0 1 2
10 10 10 10 10 10

Bode plot of loop transfer function with an arbitrary guessed DOPI
Kp_dopi=1;
Ki_dopi=0.5;
b_dopi=0.8;



Some Results

Loop transfer function with DOPI
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The tuning fails by using DOPI.

This confirms that for some plant, this
tuning rule has no solution

x_dopi= 0.0075 -0.0180 1.1039
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FO model of the HFE plant
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Some Results

Loop transfer function with IOPID

100
50 st
._\\\\ I IR R RS
0 P \/ =
-0 3 2 1 0 1 2
10 10 10 10 10 10
Phase margin is: 211.1609
100
0 ==
N
AN
-100 i — i
M
-200
-300 3 2 1 0 1 2
10 10 10 10 10 10

Bode plot of loop transfer function with tuned IOPID
x_pid =0.0048 0.0102 0.8440

error = abs(wc-wd(end)) + abs(Pm-50)



Some Results

Tuning PID

Bode plot of loop transfer function with tuned IOPID
x_pid =0.0048 0.0102 0.8440

error = abs(wc-wd(end)) + abs(Pm-50)



Future Work

e Mathematically show for what type of plants
the 3 tuning equations are not applicable

 Implementing the 5 controllers on varieties of
plant models.
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