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Optimizing Energy Consumption for Lighting
Control System via Multivariate Extremum

Seeking Control With Diminishing
Dither Signal
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Abstract— Because that the light-energy consumption (LC) is
growing quite dramatically over the past decades, the light-energy
efficiency is regarded as a key component of the modern energy
system in major cities. In this paper, a novel and sophisticated
algorism of lighting control is presented to improve light-energy
efficiency and cut down energy consumption, when considering
the lighting system with multilighting equipment. In this paper,
a multivariate extremum seeking controller is used to manipulate,
respectively, the luminance of multilighting equipment, in order
to track the minimal LC efficiently. Meanwhile, a proportional–
integral–differential (PID) approach is adopted to achieve the
required level of illumination. The proposed extremum seeking
control (ESC) is designed to ensure the amplitude of the dither
signal converge exponentially to zero, by making the amplitudes
change with the extremum estimation error. The presented frame
helps to improve search speed for the minimal LC value and
remove the steady-state oscillations. The comparative experi-
ments reveal that, compared with the convergence velocity of
the Newton- and gradient-based ESCs, the developed method
for the track of the minimal LC can have higher accuracy and
faster speed.

Note to Practitioners—In a modern large commercial building,
the exorbitant LC is an important problem for the engineering
technicians and managers, and the hybrid lighting system which
combines artificial light with natural light offers a solution
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to this problem. However, the minimum light-energy optimal
control is a very key problem in manipulating multigroup lighting
equipment, since the required level of illumination usually varies
according to the exterior lighting environment. This paper
contributes to a useful multivariate extremum seeking controller
to solve these light-energy control problems for multiple-input
single-output hybrid lighting system, whereas the PID controller
is also designed to maintain the required level of illumination
simultaneously. This paper discusses how to seek the minimal
energy necessary for the required levels of illumination by
separately regulating different light equipment. The research
results of this paper will be beneficial for a practical application
of extremum seeking control method in enhancing the lighting
energy efficiency of lighting system.

Index Terms— Diminishing dither signal, light-energy con-
sumption (LC), lighting control, multivariate extremum seeking
control. I. INTRODUCTION

AT THE present time, the search for the promising solu-
tions of energy problems has increasingly attracted much

attentions around economic and industrial society. Moreover,
there have been escalating attentions toward the enhancement
of energy efficiency (see [1]–[4]). Currently, light-energy con-
sumption (LC) is a major division of the building energy
consumption, especially for some large commercial buildings
(i.e., airport, hotel, office town, school, supermarket, railway
station, etc.) [5], [6]. As reported from the U.S. Department of
Energy, the 14% of the whole electric consumption in business
buildings was attributable to the lighting consumption [7].
Recently, various types of techniques are attempted to reduce
the lighting electric energy while realizing optimal lighting
environments (see [8]–[12]), such as electricity saving lamp,
energy harvesting system, optimizing control strategy, and
efficient distribution design. Hybrid lighting is thought to be an
environmentally friendly and energy conservation method to
cut down the lighting electric energy by combining natural and
artificial light efficiently [13]. Because that the external nature
lighting circumstances are always varying, the adjustment of
artificial light can guarantee the actualization of the required
level of illumination. Meanwhile, there should be a real-time
optimal technique to realize the track of the minimal LC of
artificial lighting by regulating multilighting equipment. Thus,
the track of the minimal LC can be deemed to be the extremum
seeking control (ESC) situation.

1545-5955 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

Authorized licensed use limited to: Univ of Calif Merced. Downloaded on July 27,2022 at 07:13:54 UTC from IEEE Xplore.  Restrictions apply. 

https://orcid.org/0000-0002-2852-6982
https://orcid.org/0000-0002-0334-6117


YIN et al.: OPTIMIZING ENERGY CONSUMPTION FOR LIGHTING CONTROL SYSTEM 1849

ESC as a famous real-time optimal algorithm has a high
probability of realizing the track of a varying optimal point
by regulating the control input (see [14]–[19]). Ashley and
Andersson [20] applied ESC for 3-D diffusing sources. In pre-
vious research studies, sliding-mode-based ESC (SM-ESC)
in [21] and [22] was implemented to maximize the elec-
tric energy saving of two-group lighting equipment. How-
ever, the ESCs mentioned earlier were just employed in the
single-input single-output (SISO) environments. Furthermore,
it should be noted that they could not be implemented in
the investigation of the general hybrid lighting involving
multilighting equipment. Therefore, it is necessary to develop
a multivariate ESC to realize the minimal LC tracking for
multilighting equipment, when maintaining the required level
of illumination. On the other hand, it should be empha-
sized that there exist few investigations and research studies
(see [23]–[26]) of extremum seeking framing for multiinputs
circumstances. Moreover, there are also few reports about mul-
tivariate ESCs applications for multilighting equipment. Both
of Newton- and gradient-based ESCs can be thought as the
feasible methods for minimal LC tracking problems of multi-
lighting equipment. In [27], the Newton method was applied
for Multi-input Single output (MISO) lighting systems. Yin
et al. [28] adopted the fractional-order (FO) gradient-based
ESC to realize the track of minimal LC. However, the methods
mentioned earlier (see [27] and [28]) have a possibility to
bring about the unwelcome oscillations due to the changeless
amplitudes of the dither signal, since that these amplitudes
are the primary parameters that determine both oscillations
and track efficiency. In addition, they could cause inferior
performance in real applications. This requires a tradeoff
between oscillations and track efficiency. Hence, it is important
to improve the control performance of multivariate ESC. It also
needs to propose an enhanced multivariate ESC for lighting
systems involving multilighting equipment, to not only realize
the track of the minimal LC but also promote the seeking
efficiency.

In this paper, a real-time optimal control strategy, including
a novel multivariate ESC, is developed for hybrid lighting
with multilighting equipment, to enhance energy-saving effi-
ciency. The multivariate ESC with diminishing dither signal
is designed to enhance the search rate and get rid of the
steady-state oscillations, to guarantee effectively the mini-
mal LC tracking. The proposed ESC can also guarantee the
amplitudes of the dither signal exponentially converge to zero,
by making the amplitudes vary with the extremum estimation
error. Experiment results verify that the designed ESC is
better than the corresponding Newton- and gradient-based
ESCs while realizing the required level of illumination via
proportional–integral–differential (PID).

II. LIGHTING SYSTEM

A. Problem Formulation

Hybrid lighting can be deemed to be an effective
energy-conservation and lower cost lighting technology which
unites natural light and artificial light efficiently. It attributes a
lot to energy-saving and delightful interior light-environments

Fig. 1. Real-time optimal control strategy schematic.

of architectures. Considering the changing external nature
lighting circumstances, the hybrid lighting system can main-
tain the appropriate interior lighting condition by adjusting
multilighting equipment, according to the illumination signal
from photometric sensor. However, at the same time, it is
obvious that LC in the hybrid lighting system could be further
reduced through the dynamic regulation of the groups of
artificial lighting equipment.

That is, manipulating the groups of lighting equipment can
maintain the required level of illumination, but LC will be
changed accordingly for various energy allocation. Hence,
as shown in Fig. 1, a real-time optimal control algorithm is
designed to reduce unnecessary electric energy consumption
and improve illumination efficiency while maintaining the
appropriate interior lighting condition.

B. System Description

To illustrate the above-mentioned detail, a minihouse based
on Arduino module is built like the following: the program-
mable prototyping platform of Arduino2560 is applied as a
center component of this minihouse, which serves as the
data-gathering board for MATLAB/Simulink with the help
of Instrument Control Toolbox. The size of the minihouse is
measured as 60 cm in length, 40 cm in width, and 90 cm in
height, in which the storey height is 30 cm. Next, the lighting
experiments were conducted on the ground floor of minihouse.
As depicted in Fig. 2, the ground floor includes 11 LEDs and
a GY-30 light sensor. I2C bus interface helps bringing out
the connection between GY-30 light sensor and Arduino2560.
In order to further demonstrates how the proposed system
works, the 11 LEDs on the ceiling were cut into n groups.
It should be mentioned that there are 15 pulsewidth modula-
tion (PWM) ports offered 8-bits PWM output in Arduino2560.
Subsequently, the luminance of each-group LEDs can be
operated by the PWM signal. That is to say, each-group
luminance can be manipulated via the corresponding PWM
signal’s duty cycle.

Remark 1: The experiment applies the PWM output signal
to the minihouse’s current input, to adjust the luminance of
n group lighting equipment. We send the control value υ
in the Simulink model to Arduino2560 through the PWM
output ports. Since the PWM ports in Arduino2560 are 8-bits
PWM output, the range of υ is required from 0 to 255
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Fig. 2. First floor of the Arduino-based minihouse.

TABLE I

CORRESPONDING CURRENT VERSUS WITH THE CHANGING

PWM VALUES IN LIGHTING SYSTEM

(i.e., 255 = 28 − 1). After Arduino receives υ, the corre-
sponding PWM value for each-group lighting equipment is
derived through 0 ≤ PW M = υ/255 ≤ 1. To investigate
clearly the minimal LC tracking, υ, PW M , and the current’s
measured values (i.e., I measured by the multimeter) are given
in Table I. Obviously, the fit formula Î = 0.1944 υ − 0.2054
can be acquired from Table I. It should be noted that Î denotes
the fit value of the current. Since the PWM value (i.e., duty
ratio) is PW M = υ/255 and the output reference voltage of
PWM is 5 V , the effective voltage value can be derived as
Vol_Effect= 5(PW M)1/2. By fitting the relationship between
Vol_Effect and I , the Vol_Effect (unit: V) is linear with I
(unit: mA) when I > 10 mA passes through the LED. Hence,
the power can be approximated by P = k × (0.1944 υ −
0.2054)2, where k represents a constant. Since the actually
electricity consumption (W ) refers to the energy consumption
in a certain period of time, electricity consumption can be
derived by W = ∫ t

0 P(t)dt . It is obvious that the power will
be maintained at the point when finding the minimum power
point, so that the electricity consumption in the same time can
keep relatively low. To easily show the minimizing electricity
consumption, we call the power as LC. Hence, the track of
the minimal power point is considered to reduce the electricity
consumption.

In this paper, the main purpose is to achieve the minimal
LC tracking by controlling the luminance of multigroup light-
ing equipment (i.e., n group), respectively, while the indoor
illumination track correctly the required level of illumination.
As depicted in Fig. 1, the considered optimal method should
contains two loops: 1) the required level of illumination
control loop is to achieve the required level of illumination

and 2) minimal LC tracking loop is to ensure the track of
the minimal LC. In the control method, υw means the total
PWM signal that guarantees the required level of illumination.
In addition, υw is cut into n groups υi , i = 1, . . . , n, to adjust
n group lighting equipment, respectively. The PWM signal
υi is employed in i group lighting equipment. Based on
Remark 1, the fit formula Îi = 0.1944 υi − 0.2054 is applied
for approximating the current value Ii , which is offered for
the corresponding i group lighting equipment. Hence, LC E
is summarized as

E ≈ Î 2
1 + Î 2

2 + · · · + Î 2
n

Îi = 0.1944υi − 0.2054, i = 1, . . . , n (1)

in which υw = ∑n
i=1 υi and 0 ≤ υi ≤ υw. E in (1) is

defined as an objective function in this paper. Although there
is no definite physical meanings for this objective function,
it should be easily analyzed how to realize the energy-saving
via the proposed method. Furthermore, let us define υi =
ωiυw, (i = 1, . . . , n − 1), υn = (1 − ∑n−1

i=1 ωi )υw, where
ωi , i = 1, . . . , n − 1 denote the proportional parameters
satisfying 1 ≥ 1−∑n−1

i=1 ωi ≥ 0 and 1 ≥ ωi ≥ 0. Furthermore,
E can be displayed by

E =
n−1∑
i=1

(0.1944ωiυw − 0.2054)2

+
{

0.1944

(
1 −

n−1∑
i=1

ωi

)
υw − 0.2054

}2

. (2)

Apparently, the minimal LC tracking problem exists in (2),
which could be solved by regulating ωi , respectively. In the
meanwhile, the required level of illumination can be ensured
by controlling υw . Hence, the main goal is to pull E toward
the minimal LC E�, and then lock it into the small area of E�.

To investigate the main problem, the 11 LEDs can be split
into three group lighting equipment, without loss of generality,
where the first group consists of the sixth LED; the second
group contains the fourth LED, the fifth LED, the seventh
LED, and the eighth LED; and the third-group involves the
rest of LEDs, as shown in Fig. 2. There are ωi , (i = 1, 2)
satisfying 1 ≥ 1−∑2

i=1 ωi ≥ 0 and 1 ≥ ωi ≥ 0, which can be
adjusted separately to cut down E . Next, the real-time optimal
control method is designed to guarantee the actualization of
the required level of illumination and the track of minimal LC.

To verify the application effect of the proposed control
algorism, the first step is to illustrate that the required level of
illumination control loop should guarantee the actualization
of the required level of illumination. Next, the illuminance
value of 60 lx is selected as the required level of illumination
in the following example. As displayed in Fig. 3, the indoor
illumination under PID does maintain 60 lx as predicted.
In the meanwhile, E versus ωi , (i = 1, 2) characteristics are
depicted in Fig. 4, whereas the required level of illumination
is guaranteed. Furthermore, the corresponding variety in the
ω1 −ω2 plane is displayed in Fig. 5. As shown in Figs. 4
and 5, there is a minimal LC E� = 1.7318 while ω�1, ω

�
2 are

0.5 and 0.3632. It should also be noticed that E� + 5% ≥ E
while ωi , (i = 1, 2) are in the light gray area of Fig. 5
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Fig. 3. Indoor illumination under PID in the Arduino-based minihouse.

Fig. 4. Varying of E versus ωi , (i = 1, 2), while maintaining the required
level of illumination.

(i.e., ω1 ∈ (0.099, 0.55), ω2 ∈ (0.293, 0.63)). Moreover,
E� + 27% ≥ E while ωi , (i = 1, 2) are stuck at this figure’s
purple area [i.e., ω1 ∈ (0, 0.684), ω2 ∈ (0.091, 0.96)].

Actually, the objective of minimal LC tracking loop is to
drive ωi , (i = 1, 2) toward ω�i and stuck around it as well,
to track the minimal LC efficiently. What is more, consid-
ering the general case (i.e., not just for three group lighting
equipment), the proposed second loop is established to achieve
the track of the minimal LC E� while ωi , (i = 1, . . . , n − 1)
can converge to ω�i . Hence, the minimizing LC control loop is
called as a multivariate ESC matter.

Remark 2: In earlier research studies, we designed
SM-ESC for two group lighting equipment to realize the track
of minimal LC [21], [22], so only one ω1 is variable in this
case. In other words, SM-ESC mentioned earlier can just be
employed in the SISO lighting plant. However, considering
the complicated hybrid lighting system with more than two
group lighting equipment, some effective multivariate optimal
algorithms are required to realize the track of minimal LC. In
order to fulfill the purpose, a multivariate ESC will be designed
to achieve the minimal LC as well as the required level of
illumination.

III. MISO EXTREMUM SEEKING SCHEME

Consider the following nonlinear system:
ẋ = ψ(x, θ), y = E(x) (3)

Fig. 5. Varying of E versus ωi , (i = 1, 2) in the ω1 − ω2 plane.

Fig. 6. Block diagram of MISO-ESCDDS.

where x ∈ Rl , y ∈ R, and u ∈ Rn . The function ψ : Rl ×
Rn → Rl and E : Rl → R are smooth. In addition, system (3)
is rewritten as ẋ = ψ(x, φ(x, ω)), when adopting the control
input θ = φ(x, ω), ω ∈ Rn . The aim is to minimize y but
without claiming the related information of either E or ω�.
Next, the following assumptions considered in [23] and [26]
are applied for the above-mentioned system.

Assumption 1: ψ(x, φ(x, ω)) = 0 can be guarantte, if
x = ι(ω) containing the smooth function ι : Rn → Rl .

Assumption 2: The equilibrium point x = ι(ω) of the
system (3) via u = φ(x, ω) is locally exponentially stable.

For y = E(ι(ω)) = Ē(ω), assume that there is a only
minimal point Ē(ω�) at ω� ∈ Rn . This purpose is to minimize
y without claiming the related info of either E, ω� or ι.
Hence, we apply the following assumption in the minimal
point tracking problem.

Assumption 3: There is a only ω� enabling ∂ Ē(ω�)/∂ω = 0
and ∂2 Ē(ω�)/∂ω2 = H > 0, which H T = H .

In the following, we will propose a MISO ESC with dimin-
ishing dither signal (MISO-ESCDDS) to search the minimal
point y� = Ē(ω�). To actualize this purpose, we present the
frame of MISO-ESCDDS (as shown in Fig. 6), which contains

M(s)= diag

{
χ1

s + χ1
,· · · , χn

s + χn

}
, k =diag {k1, . . . , kn}

�= diag {�1, . . . , �n} , �̄=diag
{
�̄1, . . . , �̄n

}
P(t)=

[
2 sin�1t

ε1

2 sin�2t

ε2
· · · 2 sin�nt

εn

]T

Q(t)= [
ε1 sin�1t ε2 sin�2t · · · εn sin�nt

]T (4)
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in which λ, χi , ki , εi ,�i , �̄i > 0 and the frequencies �i >
0, (i = 1, 2, . . . , n). χi ,�i , and �̄i are selected to guarantee
1 − χi�i �̄i > 0. Moreover, we request �l �= �m and �l +
�m �= �n for different l,m, n. From Fig. 6, the system (3)
with MISO-ESCDDS is represented as

dx

dt
= ψ(x, φ(x, ω̂ + ζQ(t))

dω̂

dt
= −kη

dη

dt
= (I − �M̄�̄)−1(�M̄(y − ν)P(t) − M̄η)

dζ

dt
= λ�c(y − ν)− ωcζ

dν

dt
= �h(y − ν) (5)

where �c,�h > 0, and M̄ = diag{χ1, χ2, . . . , χn}. The
parameter λ is selected to guarantee ζ > 0. To analyze the
stability of the scheme, k,�h ,�c,�i , χi , (i = 1, 2, . . . , n)
are chosen as �i = μ�̌i = O(μ),�h = μ�H = μϑ�̌H =
O(μϑ),�c = μ�C = μεϑ�̌C = O(μεϑ), k = μK =
μεϑ Ǩ = O(μεϑ), M̄ = μM̂ = μεϑ M̌ = O(μεϑ), in which
ε, ϑ , and μ mean small positive constants. �̌C and �̌H denote
O(1) positive constants. Ǩ ∈ Rn×n and M̌ ∈ Rn×n represent
diagonal matrices that possess O(1) positive constants. �̌i is
a rational number. One possible selection is shown in [23] as
�̌i /∈ {�̌ j ,

1
2 (�̌ j + �̌k), �̌ j + 2�̌k, �̌ j + �̌k ± �̌l}. Define

ω̄ = ω̂−ω� and ν̃ = ν − Ē(ω�), in the time scale γ=μt , this
system (5) can be further written as

�
dx

dγ
= ψ(x, φ(x, ω� + ω̄ + ζ Q̃(γ ))

d

dγ

⎡
⎢⎢⎣
ω̄
η
ζ
ν̃

⎤
⎥⎥⎦ =ϑ

⎡
⎢⎢⎣

−εǨη
εW−1[�M̌(h(x)− Ē(ω�)−ν̃)P̃(γ )−M̌η]
ε[λ�̌C (h(x)− Ē(ω�)− ν̃)− �̌Cζ ]
�̌H (h(x)− Ē(ω�))− �̌H ν̃

⎤
⎥⎥⎦
(6)

in which Q̃(γ ) = Q(t/μ), P̃(γ ) = P(/t/μ), and W = I −
μεϑ�M̌�̄. Then, we focus on the stability of this system (6).

Theorem 1: For the system (5) via MISO-ESCDDS in the
presence of Assumptions 1–3. ∃ μ�, ε�, ϑ�, α�i > 0, (i =
1, . . . , n) such that ∀μ ∈ (0, μ�),∀ε ∈ (0, ε�),∀ϑ ∈ (0, ϑ�),
and ∀αi ∈ (0, α�i ), ∃ a neighborhood of (x, ω̂, η, ζ, ν) =
(ι(ω�), ω�, 0, 0, Ē(ω�)) such that (x(t), ω̂(t), η(t), ζ(t), ν(t))
exponentially converges to (ι(ω�), ω�, 0, 0, Ē(ω�)). In addi-
tion, y(t) can exponentially converge to Ē(ω�).

Proof: See Appendix B.
Remark 3: For the controlled system (5), the equilibrium

of the corresponding average system is obtained in the proof
of Theorem 1. εiζ, i = 1, . . . , n are the amplitudes of the
dither signal Q(t). From the framework of MISO-ESCDDS
in Fig. 6, we have that ζ could be a large value during the
initial time interval when ω̄ has a large initial value. Compared
with the constant amplitudes in the MISO gradient- and
Newton-based ESC (see [23], [24], and [26]), the amplitudes
of MISO-ESCDDS can be manipulated to enlarge the seeking
region to avoid effectively arriving at the local extrema.

Furthermore, since that ζ is proven to exponentially converge
to the origin, we can conclude that ω̄ exponentially converge to
zero. That is, y must be close to Ē(ω�). Hence, the proposed
MISO-ESCDDS can improve the seeking speed, domain of
accuracy, and attraction of the extremum seeking scheme. The
following experiments are applied to identify the benefits of
the proposed MISO-ESCDDS.

Remark 4: There exist few ESCs’ applications for lighting
systems with multilighting equipment. The Newton method
in [27] has been implemented in MISO lighting systems. The
FO gradient-based ESC in (see [6], [28]) has been to realize
the track of minimal LC. Both of Newton- and gradient-based
ESCs can be thought as the feasible methods for minimal
LC tracking problems, nevertheless, they have a possibility to
bring about the unwelcome oscillations due to the changeless
amplitudes of the dither signal. Actually, these amplitudes
are the primary parameters that determine both oscillations
and track efficiency. Newton- and gradient-based ESCs with
the large amplitudes can reach the minimal LC quickly, but
with large oscillations. However, the small amplitudes can
decrease oscillations but slow down the LC’s convergence
speed. This calls for the tradeoff between oscillations and
track efficiency. Hence, it is important to improve the control
performance of multivariate ESC, this is the motivation of
our paper. Since ζ is proven to exponentially converge to the
origin, the proposed ESC is developed to ensure the amplitude
of the dither signal converge exponentially to zero by making
the amplitudes change with the extremum estimation error.
The proposed frame helps to improve search speed for the
minimal LC and remove the steady-state oscillations.

Remark 5: The frame of MISO-ESCDDS includes
�, �̄,M(s) and a differentiator. From Fig. 6, we have
dω̂/dt = −kη with η = M(s)�(A + �̄η̇). Setting
η = (η1, η2, . . . , ηn)

T and A = (A1, A2, . . . , An)
T ,

we obtain ηi = [(�iχi )/(s + χi )](�̄i η̇i + Ai ) ⇒ η̇i =
(�iχi Ai − χiηi )/(1 −�iχi�̄i ). Thus, we have dω̂/dt = −kη
and dη/dt = (I −�M�̄)−1�M A − (I − �M�̄)−1 Mη for
MISO-ESCDDS. Clearly, k and η should affect the tracking
speed of MISO-ESCDDS. Based on the constant matrix
(I − �M�̄)−1 M , one can conclude that η̇ involves a
proportional-rate item −(I − �M�̄)−1 Mη, which can draw
quickly η to stable point while η(t) is great. It is useful
to raise the convergence speed and without boosting the
oscillations performance.

IV. EXPERIMENTAL RESULTS

As depicted in Fig. 7, the developed MISO-ESCDDS will
be implemented in lighting experiment of minihouse described
in Section II, to guarantee the track of the minimal LC.

Case 1: The 11 LEDs are separated into three group lighting
equipment, which has been illustrated in Section II in detail.
For the case, MISO-ESCDDS is applied for minimizing the
LC E written as

E =
2∑

i=1

(0.1944ωiυw − 0.2054)2

+
{

0.1944

(
1 −

2∑
i=1

ωi

)
υw − 0.2054

}2

(7)
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Fig. 7. Arduino-based minihouse.

Fig. 8. (a) Illumination via PID in the minihouse. (b) E under MISO-
ESCDDS.

Fig. 9. Time responses of ωi , (i = 1, 2) under the proposed MISO-ESCDDS.
The time response of (a) ω1 and (b) ω2.

where 2 ≤ 1 − ∑2
i=1 ωi ≤ 1 and 1 ≥ ωi ≥ 0. It is noted

that ωi , (i = 1, 2) via MISO-ESCDDS will be manipulated to
realize the minimal LC tracking, meanwhile υw via PID will
be controlled to ensure the actualization of the required level
of illumination.

Next, the experiment will employ MISO-ESCDDS with k =
10−4diag{2, 1}, M̄ = diag{0.1, 0.2},� = diag{1, 1.5}, �̄ =
diag{0.1, 0.1}, ω̂(0) = [0, 0]T ,�1 = �2 = 30, ε1 = ε2 =
0.01,�h = 0.0001, λ = 0.01,�c = 0.2. As illustrated
in Fig. 8(a), the indoor illumination reaches the required
level of illumination 60lx , in the presence of PID, with the

Fig. 10. Comparison among E via MISO-ESCDDS, the Newton- and
gradient-based ESCs, while keeping 60lx .

Fig. 11. Comparison among ω1 under MISO-ESCDDS, the Newton- and
gradient-based ESCs.

Fig. 12. Comparison among ω2 under MISO-ESCDDS, the Newton- and
gradient-based ESCs.

parameters cp = 0.3, ci = 2 and cd = 0.1. Meanwhile, LC E
via MISO-ESCDDS can track E� = 1.7318 and then be often
less than E� + 5%, as shown in Fig. 8(b). Fig. 9 displays that
ωi , (i = 1, 2) under MISO-ESCDDS approaches to ω�1, ω

�
2 and

stuck in the domain of E�+5%, as depicted in Fig. 5. Hence,
the proposed method including MISO-ESCDDS can guarantee
the actualization of the required level of illumination and the
track of minimal LC, as shown in Figs. 8 and 9.

To verify the potential benefits of MISO-ESCDDS,
the lighting experiment is repeated for the Newton- and
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Fig. 13. Varying of E versus ωi , (i = 1, 2), when keeping 40lx, 52lx, 64lx , respectively. (a) Varying of E versus ωi , (i = 1, 2), when keeping 40lx .
(b) Varying of E versus ωi , (i = 1, 2), when keeping 52lx . (c) Varying of E versus ωi , (i = 1, 2) in the ω1 −ω2 plane. (d) Varying of E versus ωi , (i = 1, 2)
in the ω1 − ω2 plane. (e) Varying of E versus ωi , (i = 1, 2),when keeping 64lx . (f) Varying of E versus ωi , (i = 1, 2) in the ω1 − ω2 plane.

Gradient-based ESCs in [23]. All common parameters of
the above-mentioned three ESCs are same, excluding the
gain kN of the Newton-based ESC. From [23] and [26], the
gain k is chosen by k = kG = kN�(0), where kG and
kN separately represent here the gains of the corresponding

Newton- and gradient-based ESCs. For the Newton-based
ESC, the other parameters are kN = diag{4, 0.8}, �−1(0) =
104diag{2, 0.8},�r = 0.01. Fig. 10 shows the comparison
of LCs via MISO-ESCDDS, the Newton- and gradient-based
ESCs. Moreover, Figs. 11 and 12 depict the corresponding
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Fig. 14. Illumination under PID of the minihouse.

Fig. 15. E under MISO-ESCDDS, while maintaining the changing required
level of illumination.

ω1, ω2 via MISO-ESCDDS, the Newton- and gradient-based
ESCs. These figures show that E via MISO-ESCDDS can have
higher accuracy and faster speed than that of the multivariate
Newton- and gradient-based ESCs. These results verify the
potential benefits of the developed MISO-ESCDDS.

Case 2: The 11 LEDs are also separated into three group
lighting equipment, which are same as Case 1. The varying
required level of illumination is selected from 40lx to 52lx
to 64lx . The indoor illumination can track the changing
required level of illumination, in the presence of PID with
cp = 0.2, ci = 2, cd = 0.1. At the same time, E versus
ωi , (i = 1, 2) are shown in Fig. 13(a)–(c), respectively. This
figure displays that there is E� = 0.9913 when ω�i , (i = 1, 2)
are 0.2000 and 0.3703 in Fig. 13(a). There is E� = 1.6395
when ω�i , (i = 1, 2) are 0.2000 and 0.5513 in Fig. 13(b), there
is E� = 2.6448 when ω�i , (i = 1, 2) are 0.2000 and 0.5264
in Fig. 13(c). Next, MISO-ESCDDS is employed to guarantee
that E can converge to E� through regulating ωi , (i = 1, 2),
while maintaining the varying required level of illumination
from 40lx to 64lx .

Then, the developed MISO-ESCDDS is adopted with
k = 10−4diag{6, 4}, M̄ = diag{0.2, 0.2}, � = diag{2, 3}, �̄ =
diag{0.1, 0.1}, ω̂(0) = [0, 0]T , ε1 = ε2 = 0.01,�1 = �2 =
30,�h = 0.0002, λ = 0.01,�c = 0.1. Fig. 14 displays that
the indoor illumination tracks the varying required level of
illumination from 40lx to 64lx , in the presence of PID. Fig. 15
shows the corresponding LC E under MISO-ESCDDS. This

Fig. 16. Comparison among E under MISO-ESCDDS, the Newton-
and gradient-based ESCs, while maintaining the changing required level of
illumination.

figure shows that E can track E� = 0.9913 and then mostly
stay in the domain of E� + 5%, whereas the required level of
illumination is 40lx . Then, E continues to track E� = 1.6395
and then mostly stuck in the domain of E� + 5%, while the
required level of illumination is raised to 52lx . Finally, E can
track E� = 2.6448 and then mostly stay in the domain of
E� + 5%, when the required level of illumination is 64lx .

To further verify the potential benefits of MISO-ESCDDS,
the lighting experiment is also repeated for the Newton-
and gradient-based ESCs in [23]. All common parameters of
the above-mentioned three ESCs are same, except for kN .
From [23] and [26], the gain k is chosen by k = kG =
kN�(0). From k = kG = kN�(0) in (see [23] and [26]),
kN = diag{6, 4} and �−1(0) = 104diag{1, 1} are chosen.
Fig. 16 displays the comparison among MISO-ESCDDS, the
Newton- and gradient-based ESCs. This figure shows that E in
the presence of MISO-ESCDDS can have a faster track of the
minimal LC while guaranteeing the control accuracy. These
results verify the potential benefits of MISO-ESCDDS, even
when maintaining the varying required level of illumination.

Remark 6: Hence, for saving more electrical energy cost
on the premise that the required level of illumination of the
target location is achieved. This paper develops a real-time
optimal control method to realize the track of the minimal LC
by independently control the multilighting equipment. Con-
sidering the variability of ambient illumination environment,
an adaptive real-time lighting control method is designed to
track the minimal LC point and achieve the required level of
illumination simultaneously. To have a better understanding
of the proposed MISO-ESCDDS and its stability property,
the structure and function of the MISO hybrid lighting control
systems are carefully described and discussed in this paper.
Moreover, on condition that the target location with designated
lighting equipment is determined, the issue of minimal energy
consumption point tracking is also studied in detail. In the
future, the division of object regions and the distribution of
the corresponding sensors will become the emphasis of our
works.

Remark 7: Since that the minihouse adopts the pure copper
wires with 0.85 mm2 cross section area, the calculated
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direct-current line resistance at 20 ◦C is about 0.0208 �/m
based on basis physical parameters in (see [29]–[32]), which
is similar as manufacturer’s instructions. Because the wire
lengths of each branch are no longer than 0.5 m, the line
electric resistance is usually less than 0.0104 �. Compared
with LED resistance 74 �, the line resistance is very small
and can be ignored in (1). Moreover, we can substitute the
measured line resistance value into the proposed model-less
algorithm, even if the line resistance cannot be ignored in some
applications. Hence, the proposed algorithm is still available
in complex application.

V. CONCLUSION

This paper proposed the real-time optimal control technique
to improve energy-saving efficiency, for the lighting system
with multilighting equipment. The control method contained
MISO-ESCDDS which realizes the actualization of the min-
imal LC tracking by adjusting, respectively, the multilighting
equipment, and PID which is applied to actualize the required
level of illumination. The proposed MISO-ESCDDS can be
useful for increasing the search speed for the minimal LC,
and avoiding the steady-state oscillations for the lighting
system. Experimental results including comparisons with the
Newton- and gradient-based ESC verified the effectiveness and
advantages of the developed MISO-ESCDDS.

APPENDIX A

Lemma 1 [33]: Consider �̇1 = �1�1 + l̄1(�1, �2), �̇2 =
�2�2 + l̄1(�1, �2), where the twice continuously differen-
tiable nonlinear functions l̄1(�1, �2), l̄2(�1, �2) are satisfied
l̄i (0, 0) = 0, [∂ l̄i/∂�1](0, 0) = 0, [∂ l̄i/∂�2](0, 0) = 0 for
i = 1, 2. If all eigenvalues of �1 and �2 possess separately
zero real parts and negative real parts, ∃ a continuously
differentiable function p(�1) and ρ > 0, such that �2 = p(�1)
become a center manifold, defined for all ρ > ‖�1‖.

Lemma 2 [33]: If there exists a function φ̄(�1) that
is continuously differentiable and satisfies φ̄(0) = 0 and
[∂φ̄/∂�1](0) = 0, such that N(φ̄(�1)) = O(‖�1‖ı ) for some
ı > 1, then one can obtain that p(�1) = φ̄(�1) + O(‖�1‖ı )
for small enough ‖�1‖, and the reduced system is expressed
by �̇1 = �1�1 + l̄1(�1, φ̄(�1))+ O(‖�1‖ı+1).

Lemma 3 [33]: In the presence of the conditions in
Lemma 1, the systems �̇1 = �1�1 + l̄1(�1, �2), �̇2 = �2�2 +
l̄1(�1, �2) are exponentially stable, if the reduced system in
Lemma 2 is exponentially stable.

APPENDIX B
PROOF OF THEOREM 1

The proof of Theorem 1 will be given as follows.
First of all, x in (6) is fixed at x = ι(ω� + ω̄ + ζ Q̃(γ )).

Then, the reduced system can be gained

d

dγ

⎡
⎢⎢⎣
ω̄r

ηr

ζr
ν̃r

⎤
⎥⎥⎦=ϑ

⎡
⎢⎢⎣

−εǨηr ,

εW−1[�M̌(v(ω̄r +ζr Q̃(γ ))−ν̃r)P̃(γ )−M̌ηr ]
ε[λ�̌C (v(ω̄r +ζr Q̃(γ ))−ν̃r )−�̌Cζr ]
�̌H (v(ω̄r +ζr Q̃(γ )))−�̌H ν̃r

⎤
⎥⎥⎦

(8)

in which v(z)=Ē(ω� + z) − Ē(ω�) with z = ω̄r + ζr Q̃(γ ).
One can acquire from Assumption 3

v(0)=0,
∂v(0)

∂z
= 0,

∂2v(0)

∂z2 = H > 0. (9)

Next, to apply averaging method, we select � = 2π ×
LC M{1/�̌i }, i ∈ {1, · · · , n} with the least common multiple
LC M as the mutual period of �i , similar to the definition of
the period in [23]. The average model of the reduced system
can be acquired

d

dγ

⎡
⎢⎢⎣
ω̄a

r
ηa

r
ζ a

r
ν̃a

r

⎤
⎥⎥⎦

=ϑ

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−εμǨηa
r

εμW−1

[
�M̌

�

∫ �

0
v(ω̄a

r +ζ a
r Q(ς))P(ς)dς−M̌ηa

r

]

λεμ�̌C
∫ �

0 v(ω̄
a
r +ζ a

r Q(ς))dς

�
−λεμ�̌C ν̃

a
r −εμ�̌Cζ

a
r

−μ�̌H ν̃
a
r +μ�̌H

�

∫ �

0
v(ω̄a

r +ζ a
r Q(ς))dς

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(10)

In addition, let the average equilibrium point
(ω̄a,e

r , ηa,e
r , ζ a,e

r , ν̃a,e
r ) satisfy the following condition:

ηa,e
r = 0n×1 (11)

1

�

∫ �

0
v(ω̄a,e

r + ζ a,e
r Q(ς))P(ς)dς = 0n×1 (12)

λ

�

∫ �

0
v(ω̄a,e

r + ζ a,e
r Q(ς))dς = ζ a,e

r + λν̃a,e
r (13)

1

�

∫ �

0
v(ω̃a,e

r + ζ a,e
r Q(ς))dς = ν̃a,e

r . (14)

Based on the singular perturbation theory and center mani-
fold methods in [33], the equivalent form of the system (10)
can be derived

dω̄a
r

dγ
= −ϑεμǨηa

r

dηa
r

dγ
=ϑεμW−1

[
�M̌

�

∫ �

0
v(ω̄a

r +ζ a
r Q(ς))P(ς)dς−M̌ηa

r

]

dζ a
r

dtγ
=ϑλεμ�̌C

∫ �
0 v(ω̄

a
r +ζ a

r Q(ς))dς

�
−ϑεμ�̌C (λν̃

a
r −ζ a

r )

d ν̃a
r

dγ
=ϑ μ�̌H

�

∫ �

0
v(ω̄a

r + ζ a
r Q(ς))dς − ϑμ�̌H ν̃

a
r

dε

dγ
= 0. (15)

In addition, the system (12) can be expressed as

�̇1 = d

dγ

⎡
⎢⎢⎣
ω̄a

r
ηa

r
ζ a

r
ε

⎤
⎥⎥⎦ = �1�1 + l̄1(�1, �2) (16)

�̇2 = dm̃a
r

dγ
= �2�2 + l̄2(�1, �2) (17)
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where

�1 =

⎡
⎢⎢⎣
ω̄a

r
ηa

r
ζ a

r
ε

⎤
⎥⎥⎦ , �2 = ν̃a

r , �1 = 0(2n+2)×(2n+2)

l̄1(�1, �2)

= ϑ

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−ϑεǨηa
r

ϑεμW−1

[
�M̌

∫ �
0 v(ω̄

a
r +ζ a

r Q(ς))P(ς)dς

�
−M̌ηa

r

]

ϑεμ

[
λ�̌C

∫ �
0 v(ω̄

a
r +ζ a

r Q(ς))dς

�
−λ�̌C ν̃

a
r −�̌Cζ

a
r

]

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

�2 = −ϑμ�̌H , l̄2(�1, �2)=ϑ μ�̌H

�

∫ �

0
v(ω̄a

r +ζ a
r Q(ς))dς.

One has that l̄1(�1, �2), l̄2(�1, �2) are twice continuously
differentiable and l̄i (0, 0) = 0, [∂ l̄i/∂�1](0, 0) =
0, [∂ l̄i/∂�2](0, 0) = 0, i = 1, 2. Hence, from Lemma 1,
∃ is a continuously differentiable function p̄(�1) and
ρ̄ > 0, such that �2 = p̄(�1) is a center manifold
for (16), (17), defined for all ρ̄ > ‖�1‖. Moreover,
the function meets p̄(0) = 0, [d p̄/d�1](0) = 0. To investigate
the stability of (15), we should obtain the approximation of
�2 = φ̄(�1). Let N(φ̄(�1)) = (∂φ̄/∂ω̄a

r1)(dω̄
a
r1/dt) + · · ·

+ (∂φ̄/∂ω̄a
rn)(dω̄

a
rn/dt) + (∂φ̄/∂ηa

r1)(dη
a
r1/dt) +

· · · + (∂φ̄/∂ηa
rn)(dη

a
rn/dt) + (∂φ̄/∂ζ a

r )(dζ
a
r /dt) +

ϑμ�̌H φ̄(�1) − [(ϑμ�̌H )/�] ∫ �0 v(ω̄a
r + ζ a

r Q(ς))dς.
From Taylor’s expansion of v(ω̄a

r + ζ a
r Q(ς)),

one has (1/�)
∫ �

0 v(ω̄
a
r + ζ a

r Q(ς))dς =
(1/2)

∑n
j=1

∑n
i=1 Hij ω̄

a
ri ω̄

a
rj + (1/4)

∑n
i=1 Hii (ζ

a
r )

2ε2
i .

If φ̄(�1) = (1/2)
∑n
j=1

∑n
i=1 Hij ω̄

a
ri ω̄

a
rj +

(1/4)
∑n

i=1 Hii (ζ
a
r )

2ε2
i , one gets N(φ̄(�1)) =

O(
∑n

i=1 |ω̄a
ri |3 + ∑n

i=1 |ηa
ri |3+|ζ a

r |3 + |ε|3).
From Lemma 2, one acquires �2 = p̄(�1) =
1
2

∑n
j=1

∑n
i=1 Hij ω̄

a
ri ω̄

a
rj + (1/4)

∑n
i=1 Hii (ζ

a
r )

2ε2
i +

O(
∑n

i=1 |ω̄a
ri |3 + ∑n

i=1 |ηa
ri |3+|ζ a

r |3 + |ε|3). According to
Lemma 3, the “reduced” system can be obtained

dω̄a
r

dγ
= −ϑμεǨηa

r (18)

dηa
r

dγ
= ϑμεW−1

[
�M̌

�

∫ �

0
v(ω̄a

r+ζ a
r Q(ς))P(ς)dς−M̌ηa

r

]

(19)
d ν̃a

r

dγ
= ϑ μ�̌H

�

∫ �

0
v(ω̄a

r + ζ a
r Q(ς))dς − μ�̌H ν̃

a
r (20)

dζ a
r

dγ
= λϑμε�̌C O

(
n∑

i=1

|ω̄a
ri |3+

n∑
i=1

|ηa
ri |3+|ζ a

r |3+|ε|3
)

−ϑμε�̌Cζ
a
r . (21)

For (21), due to ϑμε�̌C > 0, one has that (21) is locally
exponentially stable at the origin. Next, we will consider the
stability analysis of the systems (18)–(20). Let

ω̄a,e
ri =

n∑
κ=1

bi
κεκ +

n∑
h=1

n∑
l=1

ci
hlεhεl + O(|ε|3) (22)

in which bi
κ , c

i
hl are the real numbers. Furthermore, define

v(z) = 1

3!
n∑

i=1

n∑
j=1

n∑
k=1

∂3 v(0)

∂zi∂zj ∂zk
zi zj zk

+1

2

n∑
i=1

n∑
j=1

∂2 v(0)

∂zi∂zj
zi zj + O(|z|3). (23)

From (1/�)
∫�

0 sin2�i tdt = (1/2), (1/�)
∫ �

0 sin2�i

t sin2� j tdt = (1/4), and (1/�)
∫�

0 sin4�i tdt = (3/8), one
can further obtain

0

= ζ a,e
r

n∑
j=1
j �=p

∂2 v(0)

∂zj ∂z p

(
n∑
κ=1

bjκεκ +
n∑

h=1

n∑
l=1

cjhlεhεl + O(|ε|3)
)

+ζ a,e
r

(
n∑
κ=1

b p
κ εκ +

n∑
h=1

n∑
l=1

c p
hlεhεl + O(|ε|3)

)

×

⎛
⎜⎜⎝

n∑
j=1
j �=p

∂3 v(0)

∂zj ∂2 z p

(
n∑
κ=1

bjκεκ+
n∑

h=1

n∑
l=1

cjhlεhεl +O(|ε|3)
)⎞⎟⎟⎠

+
n∑
j=1
j �=p

∂3 v(0)

∂2 zj ∂z p

×
⎛
⎝1

2
ζ a,e

r

(
n∑
κ=1

bjκεκ+
n∑

h=1

n∑
l=1

cjhlεhεl +O(|ε|3)
)2

+ 1

4
(ζ a,e

r )3ε2
j

⎞
⎠+ ζ a,e

r
1

2

n∑
j=1
j �=p

n∑
k=1
k �=p
j �=k

∂3 v(0)

∂zj ∂zk∂z p

×
(

n∑
κ=1

bjκεκ+
n∑

h=1

n∑
l=1

cjhlεhεl + O(|ε|3)
)

×
(

n∑
κ=1

bk
κεκ + O(|ε|3)+

n∑
h=1

n∑
l=1

ck
hlεhεl

)

+ ∂3v

∂3z p
(0)

×
⎛
⎝1

2
ζ a,e

r

(
n∑
κ=1

b p
κ εκ +

n∑
h=1

n∑
l=1

c p
hlεhεl + O(|ε|3)

)2

+ 1

8
(ζ a,e

r )3ε2
p

⎞
⎠+ O(|ε|3).

Matching εκ , (κ = 1, . . . , n) in the
above-mentioned equation, one can obtain
[(∂2v(0))/(∂z1∂z p)b1

1 + · · · + (∂2v(0))/(∂zn∂z p)bn
1 ]ε1+· · ·+

[(∂2 v(0))/(∂z1∂z p)b1
n + · · · + (∂2 v(0))/(∂zn∂z p)bn

n]εn =
0, for p = 1, . . . , n. From εκ > 0, one can derive
[(∂2 v(0))/(∂z1∂z p), · · · , . .(∂2 v(0))/(∂zn∂z p)]�κ = 0
in which �κ = [b1

κ · · · bn
κ ]T . From (9), one can conclude

that bi
κ = 0, (κ = 1, · · · , n; i = 1, · · · , n), due to

(∂2v(0))/(∂z2) = H . Next, matching εhεl , (h �= l), one
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can acquire (c1
12ε1ε2 + · · · + c1

1nε1εn + c1
21ε2ε1 + · · · +

c1
nn−1εnεn−1)(∂

2 v(0))/(∂z1∂z p) + · · · + (cn
12ε1ε2 + · · · +

cn
1nε1εn + · · · + cn

nn−1εnεn−1)(∂
2 v(0))/(∂zn∂z p) = 0,

by further substituting bi
κ = 0, for p = 1, . . . , n.

Since εhεl > 0, (h �= l), one can obtain
[(∂2 v(0))/(∂z1∂z p), . . . , (∂

2 v(0))/(∂zn∂z p)]�̄hl = 0
in which �̄hl = [c1

hl, . . . , c
n
hl ]T . From (9), one has

that ci
hl = 0, (i, h, l = 1, . . . , n; h �= l), due to

(∂2v(0))/(∂z2) = H . Then, matching ε2
h , (h = 1, . . . , n),

similarly, one has

⎡
⎢⎢⎢⎢⎢⎢⎣

c1
hh
...

ch
hh
...

cn
hh

⎤
⎥⎥⎥⎥⎥⎥⎦

=−1

4
(ea,e

r )3 H −1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂3v(0)

∂z2
h∂z1
...

1

2

∂3v(0)

∂z3
h
...

∂3v(0)

∂z2
h∂zn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, h = 1, . . . , n. (24)

Thus, one can derive

ω̄a,e
ri =

n∑
h=1

ci
hhε

2
h + O(|ε|3). (25)

Moreover, according to (14) and (23), one has

ν̃a,e
r = 1

2

n∑
i=1

n∑
j=1

∂2 v(0)

∂zi∂zj

(
ω̄a,e

ri ω̄
a,e
rj + 1

2
(ζ a,e

r )2ε2
i

)

+ 1

3!
n∑

i=1

n∑
j=1

n∑
k=1

∂3 v(0)

∂zi∂zj ∂zk
ω̄a,e

ri ω̄
a,e
rj ω̄

a,e
rk

+1

4

∂2v(0)

∂zi∂z2
j

(ζ a,e
r )2ε2

j ω̄
a,e
ri + O(|ε|3). (26)

Substituting (25) into (26), one has ν̃a,e
r =

(1/4)(ζ a,e
r )2

∑n
i=1 Hiiε

2
i + O(|ε|3). Thus, the Jacobian

of (18)–(20) at (ω̄a,e
r , ηa,e

r , ν̃a,e
r ) can be obtained in the

following:

J r
a =

[
A2n×2n B2n×1
C1×2n D1×1

]
(27)

with

A =
⎡
⎣ 0n×n −ϑμεǨ I

ϑμε(I −μεϑ�M̌d)−1�M̌

�
 −ϑμε(I −μεϑ�M̌d)−1M̌

⎤
⎦

(28)

C =
[
ϑμ�̌H

�

∫ �

0

∂

∂ω̄
(v(ω̄a,e

r + ζ a,e
r Q(ς)))dς 01×n

]
B = 02n×1

D = −ϑμ�̌H (29)

with  = ∫ �
0 (∂/∂ω̄)[v(ω̄a,e

r + ζ a,e
r Q(ς))P(ς)]dς . One

has that (1/�)
∫�

0 P(ς)(∂/∂ω̄)v(ω̄a,e
r + ζ a,e

r Q(ς))dς =
(1/�)

∫�
0 ζ

a,e
r H dς + O(|ε|)1×n . Since H > 0, ζ a,e

r > 0, one
can conclude that A21 > 0. Due to small positive constants
μ, ε, and ϑ , J a

r can be proven to be Hurwitz. Then, the origin
of the systems (18)–(20) is asymptotically stable.
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