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Abstract Non-solid aluminum electrolytic capaci-
tors are one type of reliability-critical components,
and they are widely adopted in power electronic con-
verters. The capacitance and equivalent series resis-
tance of these components have significant effects on
the performance and reliability of power electronic
systems. In this work, by exploring the electrochem-
ical principles of aluminum electrolytic capacitors,
the fractional-order (FO) characteristics of the capac-
itors are revealed, according to which the frequency-
dependent parameters of this kind of components are
expressed by FO models, while the parameters of the
models are estimated by amulti-objective optimization
algorithm. Under the same conditions such as the num-
ber of arguments supplied and optimization algorithm,
the proposed models perform better. Additionally, to
show further applications of fractional techniques, a
brief example on the output ripple analysis of DC–
DC converters is offered, in which one of the proposed
FO models of the capacitor is adopted. The effective-
ness and superiority of the techniques for predicting the
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states of the converters are confirmed by comparison
with traditional models.
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1 Introduction

For many power electronic applications, such as power
supplies, filter applications, and snubber circuits, the
performance and reliability have always been impor-
tant issues [1–3]. In these applications, electrolytic
capacitors, metallized polypropylene film capacitors,
andmultilayer ceramic capacitors are generally used as
filtering or energy storage components, but aluminum
electrolytic capacitors with non-solid electrolyte gain
wider adoptions because of its superiority in capaci-
tance per unit volume and cost performance [4].

As shown inFig. 1,when anon-solid aluminumelec-
trolytic capacitor is in charging or discharging state, a
typical internal structure appears.

As depicted in Fig. 1, the anode electrode of an alu-
minum electrolytic capacitor is made of an aluminum
foil, the surface of which is etched by optical and elec-
trical procedures, and an infinite self-similar structure
is formed then. This layer of anodization acts as the
dielectric and plays an important role in determining
the lifetime, permissible voltage, and capacitance of
the capacitor [5]. The electrolyte, in this work it is non-
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Fig. 1 Internal structure of non-solid aluminum electrolytic
capacitor

solid, fills every available space inside the capacitor,
serving as the cathode of the capacitor, while a sec-
ond aluminum foil, which is usually called as cathode
foil, is separated with the anode foil by a paper spacer
and is used to collect charges of the cathode. On the
surface of the cathode foil, there is a thick air- based
oxide layer of aluminum [6].Generally, the capacitance
of electrolytic capacitors is depended on the applied
potential between electrodes and the ionic concentra-
tion of electrolytes [7]. As a result, the variation in the
applied potential and the vaporization of electrolytes
will always lead to the value drift of the capacitors.
Actually,many factors have short- or long-term impacts
on these parameters [8]; thus, the electrolytic capacitor
is one of the weakest links in power electronic circuits
[9], the failures of which will further affect the perfor-
mances of the circuits [10]. Accordingly, monitoring
and predicting the conditions of this kind of compo-
nents can provide guidance for the reliability design
and analysis of power electronic systems [11], and a
large number of scientific works have been published
on these issues in the past few years [12].

In this work, to provide more accurate responses
for the reliability design and characteristic analysis
of power electronic systems, the concept of fractional
impedance is introduced, which is utilized to con-
struct the connection between electrical characteristics
and electrochemical characteristics of non-solid alu-

minum electrolytic capacitors, while new fractional-
order equivalent models are proposed, by which the
frequency-related ESR and capacitance of the capaci-
tors can be predicted. Additionally, to estimate the sub-
space parameters of the models, a multi-objective opti-
mization scheme based on differential evolution algo-
rithm is adopted. The practicability of the techniques
is manifested in the voltage ripple analysis of DC–DC
Boost converters.

The rest of the work is organized as follows: In
Sect. 2, the electrochemical principles of aluminum
electrolytic capacitors are presented, following which
some traditional models for describing and specifying
the capacitors are introduced, and the fractional-order
equivalent models of the capacitors are constructed.
Then, in Sect. 3, an implementation scenario for esti-
mating the subspace parameters of the proposed mod-
els is offered. Moreover, comparisons of the predict-
ing capacitance and ESR values between traditional
models and the proposed models are presented in this
section. Section 4 discusses the output voltage ripple
of a DC–DC Boost converter based on the fractional-
order model of non-solid aluminum electrolytic capac-
itor, in which the capacitor is usually used for fil-
tering purpose. Finally, conclusions are outlined in
Sect. 5.

2 Electrochemical principles and capacitor
modeling

Ideal capacitor can be simply regarded as being com-
posed of two metal sheets separated by a dielectric
material.When an electric potential is applied, charge is
transported through the electrodes by the movement of
ions; therefore, an internal electric field is constructed,
and mathematically, its behavior can be governed by:

C = q

E
, (1)

in which C is the capacitance, q is charge stored (in
coulombs), and E is the potential (in volts).

On the other hand, the two electrodeswith rough sur-
face can be considered as two parallel plates of surface
area S; thus, by Hermann von Helmholtz’s definition
of plate capacitors, the capacitance can be expressed
by:

C = εr S

4πkd
, (2)
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where εr is the permittivity of electrolyte, k is Boltz-
mann constant, and d is the thickness of the aforemen-
tioned aluminum oxide layer.

The above two equations describe the ideal situa-
tion; however, the electrode surface is not that smooth,
and complex reactions appear in the electrolyte, which
influence the electric field distribution and further affect
the capacitance. Consequently, the above two models
fail to deal with actual situations, and more precise
model is required to better depict the characteristics of
the capacitor.

2.1 Electrochemical principles and the double-layer
model

When an aluminum electrolytic capacitor is in charging
or discharging process, a typical double-layer structure
appears in the capacitor. Specifically speaking, a com-
pact layer or “Helmholtz layer” of ions is formed on
the rough electrode surface, while an outer layer or
“diffuse layer” of ions is formed in the electrolyte [7].
Under the joint effects of these two layers of ions, the
capacitance of the capacitor can be governed by the
following formula:

1

C
= 4πkd

εr S
+ 2GT

FQT
sinh−1

(
QT

εr Av

√
8GT εr c

)

= 1

CHelmholtz
+ 1

Cdiffusion
,

(3)

in which G is the ideal gas constant per molecule, QT

is the charge quantity, Av is Avogadro’s number, F is
the Faraday constant, T is the temperature (in Kelvin),
and c is the molar concentration of electrolyte.

This kind of double-layer structure is the result of
the variation in electric potential near a surface, which
can be regarded as two capacitors in series with each
other. The model was developed by Louis Georges
Gouy, David Leonard Chapman, and Otto Stern in the
early 1900s [13], so it is also called asGouy–Chapman–
Stern model. According to its definition, the inner layer
includes those specifically adsorbed ions, while the
outer diffuse layer represents those solvated ones, or
nonspecifically adsorbed ions. Many factors, such as
heterogeneous mass transfer in electrolytes, inhomo-
geneous distribution of potential caused by different
pore structures on electrode surface, and the variation
in ionic concentration, will bring effects to the char-
acteristics of double-layer structure. Consequently, the

equivalent resistance and capacitance of the double-
layer structure are not invariable, and they are both
functions of operating frequency and working temper-
ature [9]. Indeed, many electrochemical elements, such
as ultracapacitors, batteries, and pseudocapacitors, are
involved with these phenomena.

With the advancement of electrochemical testing
technologies, fundamental works on the interaction
behaviors of ions and different electrodematerials have
been emerging at a rate that has not been seen before
in recent years [14–17]. As a consequence, the under-
standing about the double-layer structure is promoted
and the electrochemical model is also being perfected.
However, because of their complex forms and an invis-
ible link to circuit elements, one can hardly find that
electrochemicalmodels are applied in themodeling and
analyzing processes of circuit systems; instead, elec-
tronic and electrical engineers try to settle these issues
in their own ways.

2.2 Equivalent impedance models

Usually, to streamline their normally cumbersomeprin-
ciples, the nominal value of a non-solid aluminum elec-
trolytic capacitor is obtained by the manufacturers at
100/120 Hz and 20◦C, to IEC 60384-4 standard [18].
However, circuit systems, such as power electronic reg-
ulators, can be designed to operate in a wide frequency
band, so the nominal value may not give an accurate
description on characteristics; the predicting errors will
be inevitably brought in the process of design [19,20]
and further result in the reduction in performances of
the designed circuit systems [21]. Accordingly, a wide
variety of equivalent circuit models are developed in
academia and industry; Fig. 2 lists some typical ones:

Let us recall Fig. 1, in a non-solid electrolytic alu-
minum capacitor, metal materials are used as the termi-
nal leads of electrodes, which always have finite elec-
trical resistance and are connected in series with the
double-layer structure, so that the simple R–C series
model is adopted in many applications to reflect the
ESR of the capacitor [14]. However, the R–C series
model fails to reflect some characteristics of capaci-
tors, so some more complex models are proposed then.
In technical manuals provided bymanufacturers Ruby-
con and TDK [6,18], the self-resonance phenomenon
of capacitors under high operating frequency is con-
sidered, and an equivalent series inductance is added,
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Fig. 2 Typical equivalent models of aluminum electrolytic
capacitors: a R–C series model, b R–C–L series model, c
Nichicon model, d leakage current model, e KEMET model,
f Cornell Dubilier model, g Ladder network

but this model does not consider the effect of leak-
age current. Therefore, in the technical manual of the
manufacturer Nichicon [5], the resistor Rp is added to
the R–C–L model. For the same purpose, the authors
of reference [22] use RpC and RpL to represent the
effect of leakage current. These models of considering
leakage current are adopted in the modeling and char-
acteristic analysis of some circuit systems [23–25]. But
beyond that, other factors which have effects on capaci-
tor characteristics, such as the dielectric absorption and
molecular polarization effects, cannot be neglected. In
KEMET’s model [26], a polarization resistor Rp, an
absorption capacitor Cd , and a resistor Rd are parallel
with the R–C–L model. Besides, to reflect the reverse
voltage characteristic,CornellDublier’s technicalman-
ual holds that Zener diodes need to be added to the
equivalent circuit model [27]. In addition, some stud-
ies found that more complex ladder network models
can be used to describe electrolytic capacitors, since
the self-similar fractal structure of the electrode surface
can be approximated by the series parallel impedance
network [28].

One can see from the developing process of equiva-
lent circuit models that the major objective of building
a circuit model is to embody the actual electrical char-
acteristics of capacitors. More numbers of elements in
the model will bring a higher predicting precision, but
a complex structure will cause inconvenience to the
modeling and analysis of circuit systems.

2.3 Derivation of fractional-order impedance models

In recent years, the concept of fractional calculus
arouses the interest ofmany scholars, although it is not a
new topic inmathematics [29].But it isworthwhile now
to consider and study how to enrich the physical mean-
ing and extend the application of fractional calculus.
Indeed, many explorations on these issues have been
presented in electronic and electrical engineering field
[30–33], and in regards to the capacitors, in 1994, it was
pointed out in reference [34] that the capacitor “remem-
bers” voltages it has been subjected to earlier, which
is evident from the definition of the fractional deriva-
tive. As a result, the concept of fractional impedance,
or constant phase element (CPE), is introduced in the
aforementioned works. The impedance of this kind of
elements can be governed by the following equation:

Z = 1

( jω)αC

=
cos

απ

2
ωαC

− j
sin

απ

2
ωαC

,

(4)

in which ω = 2π f is the operating angular frequency
and the order α corresponds to the relative dielectric
permittivity of different materials and is relevant to the
losses of the capacitor.

One can find that the impedance of the capacitor is
divided into the real part and imaginary part, just like a
resistor and a conventional capacitorwhich are in series
with each other. Moreover, the above model shows that
the impedance is a function of frequency, which can
be associated with dielectric absorption. However, this
model fails to accommodate the influence from man-
ufacturing processes, as mentioned in its appendix, so
themodelwould lead to inaccurate resultswhendealing
with the actual situation. In reference [9], the authors
suggest that the capacitor’s fractional behaviors are
mainly caused by the electrochemicalmaterials of elec-
trolyte, but not the terminal capacitor, and their model
is shown in Fig. 3.
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Fig. 3 AFOmodel of non-solid aluminum electrolytic capacitor
in reference [9]

In the above model, the resistors R0 and R1 are used
to represent the total resistance of electrolyte, foil, tabs,
and terminal leads.C1 is the terminal capacitance, R2 is
the dielectric loss of resistance, and C2 is the dielectric
loss capacitance, which has an order α. The impedance
of the above FO equivalent circuit is:

Z = 1

jωC1
+ R0 + R1 + Rp//

1

( jω)αC2

= 1

jωC1
+ R0 + R1

+
Rp

(
1 + ωαRpC2 cos

απ

2

)

1 + ω2αR2
pC

2
2 + 2ωαRpC2 cos

απ

2

−
jω2R2

pC2 sin
απ

2

1 + ω2αR2
pC

2
2 + 2ωαRpC2 cos

απ

2

.

(5)

In Eq. (5), the symbol “//” is used to represent the paral-
lel connection between Rp andCα

2 . By Eq. (5), one can
deduce the expressions for the equivalent capacitance,

1

Ceq
= 1

C1
+

ω1+αR2
pC2 sin

απ

2

1 + ω2αR2
pC

2
2 + 2ωαRpC2 cos

απ

2
(6)

and

ESR = R0 + R1

+
Rp

(
1 + ωαRpC2 cos

απ

2

)

1 + ω2αR2
pC

2
2 + 2ωαRpC2 cos

απ

2

,
(7)

respectively.
The above two FO models, especially the first one,

are mainly based on Curie’s empirical law about the
current through a capacitor and an approximation of
the impedance. In fact, to describe the electrochemical
reactions on the surface of electrodes, scholars have
developed the technique of electrochemical impedance
spectroscopy (EIS) [35], which has been used to built

Fig. 4 Dual FOE model of
non-solid aluminum
electrolytic capacitor

the equivalent circuit models of batteries and ultraca-
pacitors [36–41], and the concept of CPE, or fractional-
order impedance, is widely adopted in equivalent cir-
cuit models obtained by EIS technique.

For the subject investigated in this work, non-solid
aluminum electrolytic capacitor, the authors suggest
that the equivalent model should consider not only the
dielectric absorption of electrolyte but also the infinite
self-similar structure of electrode surface, since it has
an obvious effect on the surface area and arrangement
of ions. Moreover, according to the distribution, most
ions are located in theHelmholtz layer, so the character-
istics of an electrolytic capacitor are dominated by the
characteristics of this layer. Besides, the self-resonance
phenomenon of electrolytic capacitors usually appears
in frequency band that is higher than 1 MHz, in which
the capacitance significantly reduces and the capaci-
tors outlive their energy storage or filtering purposes.
Therefore, a new equivalent model with two fractional-
order elements (FOE) is proposed (Fig. 4).

The impedance of the above model is:

Z = 1

( jω)αC
+ RΩ//

1

( jω)βC1

=
cos

απ

2
− j sin

απ

2
ωαC

+
RΩ + ωβ R2

ΩC1 cos
βπ

2

1 + ω2β R2
ΩC2

1 + 2ωβ RΩC1 cos
βπ

2

− j
ωβ R2

ΩC1 sin
βπ

2

1 + ω2β R2
ΩC2

1 + 2ωβ RΩC1 cos
βπ

2

.

(8)

By the above model, one can deduce the expression for
the equivalent capacitance,

1

Ceq
=

sin
απ

2
ωα−1C

+
ω1+β R2

ΩC1 sin
βπ

2

1 + ω2β R2
ΩC2

1 + 2ωβ RΩC1 cos
βπ

2

,

(9)
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Fig. 5 A simplified FO
equivalent model of
non-solid aluminum
electrolytic capacitor

and ESR,

ESR =
cos

απ

2
ωαC

+
RΩ + ωβ R2

ΩC1 sin
βπ

2

1 + ω2β R2
ΩC2

1 + 2ωβ RΩC1 cos
βπ

2

,

(10)

respectively.
The surface of electrodes has an infinite self-similar

fractal structure, the variations in current and electric
potential have dispersion effects of time constant, and
the constant phase element (CPE), or a fractional-order
capacitor Cα , can be employed to describe this kind
of effects [35]. At the same time, the influences of
ions in electrolyte can be represented by a fractional-
order capacitor Cβ

1 and a resistor RΩ , like those in [9].
Note that there is a close correspondence between the
proposed model (9) and the double-layer model (3).
More specifically, the two models have a similar form,
the first term of Eq. (9) corresponds to the Helmholtz
capacitor, while the second term is related to the diffuse
capacitor. The two parts of double-layermodel (3) have
the term εr , which is intrinsically related to the operat-
ing angular frequency ω. This trait can be reflected by
the proposed model (9) in functions of ω.

The proposed dual FOE model constructs an invisi-
ble link between electrochemical principles and circuit
elements; nevertheless, the authors hold that a simpler
structure is preferred, since it would bring convenience
to the modeling and analyzing processes of circuit sys-
tems. Accordingly, a simplified equivalent model is
brought forward (Fig. 5).

The impedance of the above model is:

Z = 1

( jω)αC
+ RΩ

=
⎛
⎜⎝RΩ +

cos
απ

2
ωαC

⎞
⎟⎠ − j

sin
απ

2
ωαC

.

(11)

Then, one can deduce the expression for the equivalent
capacitance,

Ceq = ωα−1C

sin
απ

2

, (12)

and ESR,

ESR = RΩ +
cos

απ

2
ωαC

,
(13)

respectively.
One can find that all the FO equivalent models show

the frequency-related characteristic of the capacitor;
additionally, the expressions for capacitance of the
model in [9] and the proposed dual FOE model have a
similar form with electrochemical double-layer model.
To assess the predicting performance of these models,
the subspace parameter estimating issue emerges.

3 Subspace parameter estimation

In traditional works for subspace parameters and state-
of-charge (SOC) estimation of electrochemical ele-
ments, such as ultracapacitors [42], the recursive least
squares (RLS)-based techniques are preferred. How-
ever, as to the optimization problem for FO models
of this work, RLS-based techniques are not that effec-
tive, since the expressions for these objects cannot be
expressed into the linear iteration form of parameter
vector multiplies state variables, even without consid-
ering the influences of stochastic perturbation. As a
result, a different approach should be developed; actu-
ally, this issue has aroused concerns in recent publi-
cations [43,44], but in these works, they are dealing
with single objective problems. For the models in this
work, just predicting the impedance or capacitance is
not enough. Accordingly, a multi-objective estimating
scheme is offered in the following subsection.

3.1 Implementation scenario of parameter estimation

On the basis of data obtained by an impedance ana-
lyzer (Wayne Kerr WK65120B), the problem of esti-
mating the parameters of FO models is transformed
into the problem of searching for global minimum of
errors between measured data and predicting results
of the models. The mean square error (MSE) between
measured data and predicting results is adopted to
describe the problem. Additionally, as it is known that
the impedance consists of real and imaginary part, just
like a capacitor which is in series with a resistor. This
means that if any two of the impedance, capacitance,
and ESR are determined, the rest one can be obtained at
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the same time. Thus, the parameters estimated should
guarantee that the MSE of impedance,

MSE1 =
∑N

k=1[|Z(ωk)| − |Zo(ωk)|]2
N

, (14)

and the MSE of ESR

MSE2 =
∑N

k=1[E(ωk) − Eo(ωk)]2
N

, (15)

will have global minimum values at the same time,
where the terms Eo(ωk) and |Zo(ωk)| stand for the
objective ESR and modules of impedance at the kth

operating angular frequency point, respectively. Con-
sequently, onewould face a optimization problem in the
following work, and the objects are models mentioned
in Sect. 2.

To minimize the values of Eqs. 14 and 15 simulta-
neously, the model parameters θ and the latent weight
variable λ = [λ1, ..., λi ] are jointly learned by mini-
mizing:

min
ω,θ

E(ω1...N , θ) =
2∑

i=1

λiMSEi (ω1...N , θ). (16)

As it shows, the above optimization problem is
characterized by nonlinear, partially non-differentiable
function; one should find a set of parameters which
minimize the value of the above equation in the param-
eter space θ , which is constrained. In this subsection,
different evolutionary (DE) algorithm is applied; it is
a derivative-free optimization method, which was first
used to solve Chebyshev’s polynomial problem, and
extended to solve optimization problems of complex
systems [45]. This algorithm shows strong robustness
and good convergence in dealing with multi-objective
optimization problem [46]. The procedures of applying
DE algorithm to FO models are shown in Fig. 6. Con-
sidering the number of elements in the parameter space
to be predicted, the population size of the algorithm is
selected to be 10 times of the number of parameters.
The scaling factor of mutation operation and probabil-
ity of crossover operation are selected as 0.85 and 0.8,
respectively. Meanwhile, the DE/rand-to-best/1 strat-
egy is selected. The latent weight variable λ is set to be
[0.5, 0.5] since the two factors of Eq. (16) are of equal
importance. Moreover, to prevent the parameter vec-
tors from jumping out of the predetermined parameter
space in the steps of mutation and crossover, a parame-
ter restriction measure based on Bounce Back Strategy
[47] is added in all steps.

3.2 Comparison between different models

In the work, the 50-V 10-µF Rubycon PX series capac-
itors are selected as the object to do technical verifica-
tion. Moreover, to provide a reference, the KEMET
model without equivalent series inductance is adopted;
its impedance is:

Z = RΩ + 1

jωC
//Rp//

(
1

jωCd
+ Rd

)

= RΩ

+ Rp(1 − ω2RdCdCRp)

(1 − ω2RdCdCRp)2 + ω2(RpC + RpCd + RdCd )2

+ ω2RdCd Rp
(
RpC + RpCd + RdCd

)
(1 − ω2RdCdCRp)2 + ω2(RpC + RpCd + RdCd )2

+ jωRdCd Rp(1 − ω2RdCdCRp)

(1 − ω2RdCdCRp)2 + ω2(RpC + RpCd + RdCd )2

− jωRp(RpC + RpCd + RdCd )

(1 − ω2RdCdCRp)2 + ω2(RpC + RpCd + RdCd )2
.

(17)

Therefore, the subspace parameters of the four mod-
els awaiting identification are : θ1 = [α, RΩ ], θ2 =
[α, RΩ, β,C1], θ3 = [Cd , Rd , RΩ, Rp], and θ4 =
[α,C1, Rp, R0 + R1], respectively.

According to the above principles, and on the
basis of a fixed nominal value of capacitance 10 µF,
one can obtain that the subspace parameters of the
above four models are: θ1 = [0.985, 0.9629 
],
θ2 = [0.9883, 1.2430 
, 0.2808, 5 mF], θ3 =
[1 µF, 5.8041 k
, 1.2543 
, 1.2173 M
], and θ4 =
[0.7494, 4.5 mF, 6.0298 
, 0.9491 
], respectively.
Then, one can draw the impedance values of the four
models together in Fig. 7, and curves obtained by dif-
ferent models are enlarged in four different frequency
ranges.

From Fig. 7, one can find out that all curves appear
in exponential decline trend, and all these equivalent
models can reflect the tendency of impedance with
operating frequency. In frequency ranges of 100 Hz to
10 KHz, the differences between different curves are
so small that it is hard to distinguish one another apart.
However, along with the increase in frequency, the pre-
dicting error of integer-order KEMET model is rising.
Additionally, themeasured capacitance andESRvalues
are put together with those obtained by different equiv-
alent models in Fig. 8. According to the results, one can
find out that all these models can reflect the downward
tendency of equivalent series resistance, especially in
the frequency band larger than 1 kHz, which is themain
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Fig. 6 Flowchart for offline parameter estimation of non-solid aluminum electrolytic capacitor based on DE

working band of modern power electronic equipments.
Note that KEMET model can hardly reflect the vari-
ation in capacitance with working frequency, whereas
threeFOequivalent circuitmodels can reflect the down-
ward trend of capacitance along with the increase in
operating frequency, especially the dual FOE model.

Further, the relative errors �ex between measure-
ments x and inferred results xi are compared in Fig. 9,
which is defined by

�ex = δex
x

× 100%, (18)

where δex is the absolute value between measurements
and inferred values and the percentage error is 100%
times the relative error.

One can find out that, in a wide frequency range, the
proposed dual FOEmodel has the lowest relative errors
of total impedance and capacitance, and in 0 Hz to

100 kHz, relative errors of impedance, ESR, and capac-
itance of the proposed dual FOE model are no more
than 20%. Accordingly, the proposed dual FOE model
can more closely reflect the frequency-related charac-
teristics of non-solid aluminum electrolytic capacitors.

4 Output ripple analysis of DC–DC converters
based on fractional-order models

As mentioned in introduction part, an inaccurate esti-
mation for the capacitance and ESR of electrolytic
capacitorswill lead to an unreasonable design of the cir-
cuit system. For example, in DC–DC converters, elec-
trolytic capacitors are always adopted to filter high-
frequency components of the output voltage ripple;
the capacitance and ESR are intrinsically related to
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Fig. 7 Comparison between measured modules of impedance and predicting data obtained by different models
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Fig. 8 Comparison between measured data and predicting data
obtained by different models: a ESR, b capacitance

the shape of the ripple. It is certainly worth predicting
the capacitance and ESR at a high precision; a concise
description for the circuit topology is also necessary in
the design and analyzing processes. Thus, one should
seek balance between the above two aspects of demand.

4.1 Numerical simulation and experiments

Usually, non-solid aluminumelectrolytic capacitors are
applied in switching power supplies that are operated
in [10 kHz, 100 kHz] frequency band. In Fig. 8, one
can find that the predicting errors of the simplified FO
model are no more than 20% for both capacitance and

Fig. 9 Relative errors between measurements and different pre-
dicted results: a impedance, b ESR, c capacitance
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ESR, so this model is adopted in a DC–DC Boost con-
verter as an example like follows:

In the above Boost converter, the DC input voltage is
set to be Vin = 12 V; the integrated shielding inductance
L = 100 µH is selected, which usually has a DC series
resistance RLS. The power switch ST has a conduction
resistance Rgs = RT , and the switch-on duty ratio is
0.25. The power diode SD has an instantaneous forward
voltage VD. A 10-µF non-solid aluminum capacitor is
adopted as output filtering capacitor, and the resistance
load ZL = Ro is about 10 
. Additionally, to sense the
inductor current, a sensing resistance Rsense = 20m
 is
adopted in the topology. The above parameters ensure
the converter operates in continuous conduction mode
(CCM) [48].

Taking the inductor current iL and fractional capac-
itor voltage vC as state variables, the state of the con-
verter can be governed by the following equation when
the switch ST is on:
diL
dt

= Vin
L

− RLS + RT + Rsense

L
iL (19a)

dαvC

dtα
= − vC

(Ro + RΩ)C
(19b)

vo = RovC

Ro + RΩ

. (19c)

Otherwise, the state of the converter canbedescribed
by:

diL
dt

= Vin − VD

L
− RLS + Rsense

L
iL

− RoRΩ iL
(Ro + RΩ)L

− RovC

(Ro + RΩ)L
(20a)

dαvC

dtα
= RoiL

(Ro + RΩ)C
− vC

(Ro + RΩ)C
(20b)

vo = RovC

Ro + RΩ

+ RoRΩ iL
Ro + RΩ

. (20c)

The converter flips forth and back between the above
two states with the on and off actions of ST , so it
is a piecewise smooth fractional-order system. Thus,
an Adams–Bashforth–Moulton (ABM) type numerical
method can be applied to obtain its solutions [49], like
those simulation works in reference [33]. Then, a com-
parison of the simplified FO model, conventional R–C
series model, and ideal capacitor model under differ-
ent switching frequencies can be performed. In simula-
tions, the nominal capacitance is used in all three mod-
els to simplify the analysis process, since engineers
usually measure capacitance with multimeter, which
uses NE555 circuit to generate sinusoidal signals of

about 80–800 Hz; in this frequency range, the capaci-
tance does not deviate from nominal value very much.
ESR value of the R–C series model is set according to
the dissipation factor in manuals, that is:

ESR = tan δ

2π f C
, (21)

so that ESR can be calculated according to impedance
angle, operating frequency, and capacitance, but both
ESR and capacitance are constant in R–C seriesmodel.
Moreover, the order α = 0.985 is adopted in the sim-
plified fractional-order model.

When the switching frequency is 20 kHz, 50 kHz,
and 100 kHz, respectively, one can see the compari-
son results in Fig. 11, where black solid lines repre-
sent PSIM simulation with ideal capacitors, blue dash–
dot lines come from PSIM simulation with R–C series
models of capacitors, and those red dash–dot lines are
from numerical simulation with simplified FO model
of capacitors.

In these figures, one can find an obvious differ-
ence betweenwaveforms obtained by different models.
There are minute differences between those with ideal
capacitors and R–C series models, especially those
with ideal capacitors, the shape of output voltage just
like classical descriptions in textbooks. However, there
are obvious distortions in waveforms with simplified
FO model of capacitors; specifically, at the moments
of switch-on events, there are rapid changes in output
voltage (Fig. 10).

From Fig. 11, one can see that the differences of
output voltage grow with the increase in switching
frequency. These differences are awaiting to be fur-
ther distinguished, so experimental works are consid-
ered. In experiments, the type of power switch ST is
STP80NF70, which has a maximum conduction resis-
tance Rgs = RT = 10 m
, and is driven by a piece of
Si8271 isolator. The power diode SD is MUR1620, the
maximum instantaneous forward voltage VD of which

Fig. 10 DC–DCBoost converterwith fractional capacitormodel
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Fig. 11 Comparison of output voltage under different operating
frequencies: a steady-state output voltage at 20 kHz, b ripples of
output voltage �vo at 20 kHz, c steady-state output voltage at

50 kHz, d ripples of output voltage�vo at 50 kHz, e steady-state
output voltage at 100 kHz, f ripples of output voltage �vo at
100 kHz
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Fig. 12 Photograph of test bench

is no more than 1.05V . The inductor L has a maximum
DCseries resistance RLS = 4m
 according tomanuals.
A C = 10-µF Rubycon PX 50-V series non-solid alu-
minum capacitors is adopted to smooth the output volt-
age, which has a dissipation factor of tan δ = 0.12 [50].
Then, a test bench is constructed as follows (Fig. 12).

By adopting the above test bench, driving signals
and output voltage are captured by an oscilloscope, as
shown in Fig. 13. In all subfigures, steady-state output
voltage vo, ripples of the voltage �vo, and MOSFET
driving signals (orange solid lines) from a signal gen-
erator are captured. From this figure, one can find that
there are also rapid changes in output voltage at the
switch-on time in experiments. Moreover, the magni-
tudes of voltage ripples decrease with the operating
frequency, just like the numerical simulation shows.
Furthermore, the peak-to-peak values of output volt-
age from both experiments and numerical simulation
based on ABM method are listed in Table 1.

Considering parasitic parameters, such as parasitic
resistance of the circuit, the maximum instantaneous
forward voltage of the MOSTFET, and the maximum
conduction impedance of the diode, the errors between
experimental results and numerical simulations based
on simplified FO models of non-solid aluminum elec-
trolytic capacitors are almost the same, yet there is a
great error in those with traditional models. The com-
parisons confirm the superiority of applying FO tech-
niques in ripple analysis of DC–DC converters.

4.2 Discussion

One can find in Sect. 4.1 the shapes of the mod-
eled output voltage waveforms (Fig. 11) differ signif-

icantly from those experimental waveforms (Fig. 13),
especially with high switching frequencies. One may
wonder that this phenomenon is caused by Miller
effect or other similar phenomena of power MOSFET;
these phenomena will lead to distortions of waveforms
between gate and source of power MOSFET. In the
process of making PCB boards, we considered the pos-
sible existence of Miller effect and tried to eliminate
the impacts as much as possible, where we selected
a type STP80NF70 power MOSFET as power switch,
the gate charge Qg of which is very low, which is about
70 nC. Moreover, the driving IC is placed as close as
possible to the gate pin of power MOSFET. Thus, in
experiments, we can hardly find Miller plateau dur-
ing switch-on processes of the MOSFET. Moreover,
we tried to build yet another two PCB boards to do
comparison by adopting two different MOSFET power
switches, IRF640B and FQPF5N60C, the gate charge
Qg of which is 64 nC and 15 nC on datasheets, respec-
tively. By comparison, we find that the experimental
results are almost the same, the duty ratio of exper-
imental voltage between drain and source of switch
transistor is 25%, which equals to the driving signal.
Thus, it can be confirmed that Miller effect is not the
main reasons that cause the differences between volt-
age waveforms of Figs. 11 and 13.

Then, it is found out that the reverse recovery charac-
teristics of power diodes have obvious impacts on the
experimental waveforms (Fig. 13). In different PCB
boards, ultrafast diode MUR1620CT and hyperfast
diode RHRH3060 are adopted, the maximum reverse
recovery time of which is 60 ns and 40 ns in datasheets,
respectively. However, experimental results show that
the electrical characteristics of power diodes are not
that ideal, and switching-on actions of these diodes are
not as fast as those listed in datasheets. Some typi-
cal waveforms obtained in experiments are attached as
shown in Fig. 14, where green curves represent voltage
between cathode and anode of power diode, blue curves
are those of voltage between gate and source of power
MOSFET, and orange curves belong to the output volt-
age of Boost converter. One can see that, at the falling
edge time of power MOSFET, the power diode is not
fully conducted, power diode voltage climbs slowly,
thus the electrolytic capacitor is still in discharging
state, and the output voltage of the converter keeps
falling in this period of time,which is about 2 to 4µs, as
the experimental waveforms reflected. After the above
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Fig. 13 Waveforms obtained in experiments: a steady-state out-
put voltage at 20 kHz, b ripples of output voltage�vo at 20 kHz,
c steady-state output voltage at 50 kHz, d ripples of output volt-

age �vo at 50 kHz, e steady-state output voltage at 100 kHz, f
ripples of output voltage �vo at 100 kHz

process, the power diode is fully conducted, with about
1 volt forward voltage.

According to the analysis above, an equivalent cir-
cuit of the Boost converter with considering parasitic
parameters of power diode can be adopted to represent
this period of time, as shown in Fig. 15, and like that

of [51], the dash lines represent that these branches are
not conducted, and a junction capacitor CD is added to
the equivalent circuit. According to sneak circuits of
the converter, the junction capacitorCD hinders a rapid
voltage change between cathode and anode of power
diode.As a result, there is a periodof time, duringwhich
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Table 1 Comparison of peak-to-peak ripples �vo obtained by
numerical simulations and experiments

20 kHz 50 kHz 100 kHz

Experiments 3.57 2.20 1.81

With ideal capacitor 1.95 0.74 0.37

With R–C series model 2.11 0.80 0.41

With simplified FO model 3.26 2.09 1.76

Fig. 14 Enlarged experimental waveforms: a f = 20 kHz, b
f = 50 kHz, c f = 100 kHz

Fig. 15 DC–DC Boost converter considering parasitic parame-
ters of power diode

the output filtering capacitor is still in discharging state,
and there is a continuing decline in the output voltage.
It is thus clear that the unsatisfactory reverse recov-
ery characteristics of power diodes lead to the differ-
ence between the modeled output voltage waveforms
in Fig. 11 and the experimental waveforms in Fig. 13.
Accordingly, frequency-dependent phenomena in both
active and passive devices, influences of parasitic ele-
ments, are issues worthy of in-depth exploration in fur-
ther works.

5 Conclusions

The performance and reliability of power electronic
equipments attract high concerns in applications,which
have a lot to do with the parameter condition of compo-
nents such as capacitors. In this work, the frequency-
dependent parameter shift of non-solid aluminum
electrolytic capacitors is studied, two fractional-order
equivalent circuit models are proposed, and an error
optimization scheme based on differential evolution
algorithm is presented for parameter identification of
the two proposed models. Comparisons show that the
two proposed fractional-order models can reflect the
frequency-dependent characteristics of both impedance
and ESR in high accuracy in a wide operating fre-
quency range, and they can predict the downward trend
of capacitance along with the increase in operating
frequency, where the proposed dual FOE model has
the highest predicting accuracy, since the dual FOE
structure corresponds to the double-layer structure of
electrolytic capacitors. Moreover, one of the proposed
fractional equivalent models, the simplified fractional-
order model, is adopted in the output voltage ripple
analysis of an open-looped DC–DC boost converter,
in which a non-solid aluminum electrolytic capacitor
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is employed as the output filtering capacitor. Numeri-
cal calculating results and experiments show that the-
oretical analysis results of those obtained by the pro-
posed fractional-order model have a higher accuracy
than those with traditional ideal capacitor model and
the R-C series model. Therefore, utilizing fractional-
order models and techniques will help to provide more
effective guidance for real circuit design and perfor-
mance assessment.
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