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Abstract Fractional-order flight control has a history
of nearly 10years. Fractional-order controllers (FOCs)
have been proved to be better in rising time, overshoot
and robustness against plant variation. However, there
are still not many real applications of FOC in industry.
More case studies need to be carried out to accelerate
thematuration of FOC.Quadrotor vision-based control
often has a large and time-varying sampling period due
to drone’s resource limitation. Therefore, our research
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has been focused on a specific case for drone vision-
based control to investigate the benefits of FOC. In
this paper, FOC has been first discovered to be able
to tolerate larger sampling period than integer-order
controllers. This fact has been proved both theoreti-
cally and numerically. First of all, the speed model was
identified from real flight tests. Then an integral-order
proportional, integral and derivative (IOPID) controller
and a fractional-order proportional–derivative (FOPD)
controller were designed. After that, a stability crite-
ria, optimization method, graphic method and parallel
computing techniques were employed to theoretically
prove that the largest sampling period of the designed
FOC (0.933s) is much larger than that of the designed
integral-order controller (0.546s). Later, Simulink sim-
ulation with identified linear model proved that the
FOC can tolerate larger sampling period. Finally, flight
tests showed that the designed FOC has a nearly 20%
better precision on drone vision-based hovering than
the IOC.

Keywords Fractional-order flight control · Robust
control · Sampling period · Vision-based control

1 Introduction

Fractional-order flight control (FOFC) was introduced
by Dr. Chen about 10years ago [1]. Over these years,
FOFC has been proved to have a better performance
on step response rising time, overshoot and robustness
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against plant gain variation [2]. Intuitively, fractional-
order controller (FOC) canfit a plant better than integer-
order controller (IOC). Therefore, it should have a
boost of usage over these years. However, FOFC is
still not widely adopted by the industry.

The FOC has been proved from mathematics point
of view and tested for some applications. However,
the road to industry still needs to be improved. More
researchers and case studies are needed to get it mature.
Therefore, we need to drawmore attention from control
researchers by proving that FOC have enough benefits
that we are worth spending more time and effort to
make it more accessible to the industry.

This paper is based on two conference papers [2,3].
A case study on drone vision-based precision hovering
is investigated. Plantmodel has been identified for posi-
tion control.An IOCand anFOChavebeendesigned.A
stability criteria, two optimizationmethods and parallel
computing techniques have been used to estimate the
largest sampling period for the two controllers which
proves the FOC can tolerate larger sampling period
(our code: [4]). Then a linear model simulation has
been done with different sampling periods. Simula-
tion results show that FOC can tolerate larger sampling
period, too. Flight tests show that the designed FOC
hovers the drone more precisely.

The contributions of this paper are:

– A fractional-order controller (FOC) has been
designed for vision-based control of a custom-made
quadrotor.

– FOC has been first proved to be able to tolerate
larger sampling period theoretically and numeri-
cally.

– Optimization method, graphic method and parallel
computing techniques have been used to finish the
estimation of the system’s largest sampling period.

– A fractional-order proportional–derivative (FOPD)
controller tuner has been provided to the research
community.

2 Preliminaries

2.1 Fractional-order differentiation definition

There are several commonly used fractional differen-
tiation definitions [5–7]. For FOC designing, we use

Caputo definition:

aD
α
t = 1

�(n − α)

∫ t

a

f n(τ )

(t − τ)(α−n+1)
dτ. (1)

2.2 Proportional and fractional-order derivative (PDλ)
controller designing specifications

This paper uses the phase-flat rule for FOC designing.
To clarify, P(s) represents the plant’s transfer function
(TF) andC(s) represents the controller’s TF.Therefore,
G(s) = C(s)P(s) is the open-loop transfer function.
If we have expected gain crossover frequency ωc and
phase margin φm, the three specifications for phase-flat
rule are as described in the literature [8,9].

1. Phase margin specification

Arg[G( jωc)] = Arg[C( jωc)P( jωc)]
= −π + φm. (2)

2. Robustness to variation in the gain of plant

d(Arg[C( jω)P( jω)])
dω

|ω=ωc = 0, (3)

with the condition that the phase derivative w.r.t.
the frequency is zero, which means that the system
is more robust to gain changes and the overshoots
of the responses are almost the same.

3. Gain crossover frequency specification

|G( jωc)|dB = |C( jωc)P( jωc)|dB = 0. (4)

2.3 Criteria used for estimation of the largest
sampling period

As mentioned in our previous research [3], the second
theorem in [10] has been used to build the optimization
model for estimating the largest sampling period.

3 System identification of the quadrotor speed loop

3.1 System description of the quadrotor UAS

As shown in Fig. 1, the quadrotor system is based on a
3DRDIYplatform.AnOdroidXU-3 has beenmounted
on the tail of the platform. The airframe’s Pixhawk
flight controller has been connected to Odroid with a
UART to USB converter. A web camera and a Wi-Fi
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Fig. 1 Architecture of drone visual servoing system

Fig. 2 System software
architecture

dongle have been connected to Odroid via USB inter-
face. A portable Wi-Fi hotspot has been involved to
provide network coverage.A ground control station has
been used to monitor the drone’s behavior and send
commands. Our drone code [11] is based on Randy
Mackay’s open-source project ardupilot-balloon-finder
[12]. The framework has been upgraded to DroneKit
2.0 to enable commands to send the drone’s velocity set

point. An online HSV threshold tuner has been devel-
oped based on HTTP protocol.

3.2 Software architecture

As shown in Fig. 2, the system software includes two
parts: drone side andGCS (ground control station) side.
Thedrone include thePX4autopilot and anOdroid con-
nected to the autopilot. TheOdroid has anUbuntu oper-
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Fig. 3 HSV threshold tuner application graphical user interface

Fig. 4 HSV threshold tuner
workflow

ation system which runs DroneKit. The DroneKit pro-
vides a Python interface for interacting with the drone
autopilot. We use a Windows computer as the ground
control station.After usingPutty to connect to the drone
via Wi-Fi and SSH protocol, we launch “Screen” and
run the Python script. The “Screen” software ensures
that the Python script keeps running even if the Wi-Fi
connection breaks. When the Python script is running,
we can open a web browser and visit http://192.168.0.
100:8081 to access the HSV threshold tuner as shown
in Fig. 3. The HSV threshold tuning process is done by
using mouse to select the red spot and manually refine
the threshold as shown in Fig. 4.

3.3 System identification of the drone’s speed loop

In this paper, we focus on the drone’s position control.
Therefore, we have treated the speed loop as a black
box. The control loop has been established as shown in
Fig. 5.

To identify the drone’s speed loop transfer function,
a step function input has been employed. The drone’s
actual speed has been logged as system output. MAT-
LAB System Identification Toolbox has been used to
process the data. Finally, we got the speed model like
this:

P(s) = 1.03

0.71s + 1

1

s
. (5)
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Fig. 5 Diagram of quadrotor position control
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Fig. 6 System identification of the quadrotor’s speed model

As shown in Fig. 6, the identified model approxi-
mates the measured data. However, noise and unmod-
eled dynamics exist.

4 Controller designing for quadrotor position
control

Since we already know some information of the plant
model, model-based controllers have been considered
to make use of the model information. Model-free
controllers [13–15] are not considered in this article
because they do not use model information in control.

4.1 IOPID controller designing

A MATLAB function called pidtune [16] has been
used to design the IOPID controller with a good bal-
ance between performance and robustness [17]. The
pidtune function is from MATLAB Control System

Toolbox.When using this tool, crossover frequency has
been set to 1.2 rad/s and phase margin has been set to
83.9◦. Then we got the tuned PID parameters as fol-
lows: Kp = 2.9, Ki = 1, Kd = 1.8.

Therefore, the tuned integer-order PID controller’s
transfer function is:

CIOPID(s) = 2.9 + 1.0

s
+ 1.8s. (6)

4.2 PDλ controller designing

Based on the flat-phase rule [8,9], a PDλ tuner (https://
github.com/cnpcshangbo/FOPD-tuner) has
been made for tuning PDλ controllers.

4.2.1 Frequency-domain model of the PDλ controller

The transfer function of PDλ controller is:

C(s) = Kp(1 + Kds
λ). (7)

By substituting s with jω, PDλ controller can be
described as:

C( jω) = Kp(1 + Kd( jω)λ). (8)

According to the definition of fractional-order cal-
culus, we have:

( jω)λ = ωλ cos
πλ

2
+ jωλ sin

πλ

2
. (9)

Therefore, the transfer function of PDλ controller
can be written as:

C( jω) = Kp

[(
1 + Kdω

λ cos
πλ

2

)

+ j Kdω
λ sin

πλ

2

]
. (10)

The phase and gain are as follows:

Arg[C( jω)] = arctan
Kdω

λ sin πλ
2

1 + Kdωλ cos πλ
2

, (11)

|C( jω)| = Kp J (ω), (12)

where

J (ω) =
√(

1 + Kdωλ cos
πλ

2

)2

+
(
Kdωλ sin

πλ

2

)2

.

(13)
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4.2.2 Frequency-domain model of the plant

The transfer function of the plant is:

P(s) = k

s(τ s + 1)
. (14)

After substituting s with jω, the plant can be described
as:

P( jω) = − k(τω + j)

ω(τ 2ω2 + 1)
. (15)

The phase and gain are as follows:

Arg[P( jω)] = arctan
1

τω
, (16)

|P( jω)| = k

ω(τ 2ω2 + 1)

√
τ 2ω2 + 1. (17)

4.2.3 Frequency-domain response of the open-loop
transfer function

The open-loop transfer function is G(s) = C(s)P(s).
From (11) and (16), the phase of G(s) is as follows:

Arg[G( jω)] = arctan
Kdω

λ sin πλ
2

1 + Kdωλ cos πλ
2

+ arctan
1

τω
. (18)

The gain of G(s) is:

|G( jω)| = Kp J (ω)
k

ω(τ 2ω2 + 1)

√
τ 2ω2 + 1. (19)

4.2.4 Tuning of PDλ controller

According to the performance index specifications in
(2) and (3), the parameters of Kd and λ should satisfy
Eqs. (20) and (21) simultaneously when ω is set to the
gain crossover frequency ωc.

Kd = tan(arctan 1
τω

− φm)

−ωλ sin πλ
2 − ωλ cos πλ

2 tan(arctan 1
τω

− φm)
.

(20)

A1K
2
d + A2Kd + A3 = 0, (21)

where

A1 = τω2λ, (22)

A2 = 2τωλ cos
πλ

2
− sin

πλ

2
ωλ−1λ(1 + λ2ω2),

(23)

A3 = τ. (24)

Therefore, the parameter Kd should satisfy Eq. (25).

Kd =
−A2 ±

√
A2
2 − 4A1A3

2A1
. (25)

Furthermore, the parameter of Kp should satisfy Eq.
(26).

|G( jω)| = Kp J (ω)
k

ω
√

τ 2ω2 + 1
= 1. (26)

4.2.5 Tuned PDλ controller parameters

We set the sameωc and φm for FOPD controller. λ is set
to be between 0 and 2. Then we could use the graphical
method to solve Eqs. (20) and (25). We have got the
solution:

λ = 0.9855, (27)

Kd = 0.2431. (28)

By using (26), we can calculate that Kp = 4.2393.
Therefore, the transfer function of the fractional-order
controller is:

CFOPD(s) = 0.6192s0.9694 + 2.6992. (29)

4.3 Bode plot analysis and step response analysis for
the two designed controllers

We drew the Bode diagrams of the two controllers in
one axis (as shown in Fig. 7). The magnitude plots
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Fig. 7 Bode plots of PDλ controller and integer-order PID con-
troller
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Fig. 8 Step responses comparison between FOPD and IOPID

of the two controllers are similar. However, the phase
plots of the two controllers are quite different. In order
to make the FOPD controller more robust when the
plant changes, our configurationof theFOPDcontroller
makes the derivative of the phase plot to be zero at
crossover frequency. In this way, the phase value varia-
tion would be less when the plant crossover frequency
changes due to the plant variation.

Step response of the two controllers is displayed in
Fig. 8. The designed FOC rises fast and stops growing
when the speed reaches the set point value. However,
the IOPID controller rises slower and does not stop
growing until more than 20% overshoot.

5 Estimating the largest sampling periods of the
two controllers

The largest samplingperiods of the twocontrollers have
been estimated as optimization problems, which have
been solvedwith graphicmethod. A 32-coreMATLAB
server and parallel computing techniques have been
used to get the solution within a short period of time.

5.1 Solving the optimization problem

In our previous research [3], we proposed to use an
embedded optimization method to deal with the non-
linear function. The inner optimization was imple-
mented with MATLAB Global Optimization Toolbox.
The outer optimization was manually solved by using
graphicmethod. In that research, we drew 8 points each
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1024
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Fig. 9 Relationship between f (h) andh for the IOPIDcontroller

time and then changed the range according to the place
where the curve crosses the x axis. However, it is hard
to tell whether the solution is a local minimum.

Luckily, we have got access to a 32-core MAT-
LAB server which can help us calculate more points
within a short period of time. SSH (Secure Socket
Shell) has been used to configure the server environ-
ment.VNC (VirtualNetworkComputing, https://www.
realvnc.com/en/) has been used to remotely control the
Ubuntu server graphically from a MacBook Pro laptop
which enables MATLAB scripts to continuously run
even after Internet disconnects unexpectedly. GitHub
(https://github.com/), SFTP (SSH File Transfer Pro-
tocol) and Mountain Duck (https://mountainduck.io/)
have been used to transfer code, data, figures, etc.

5.2 Solution of the optimization problem

In this section, each controller uses three figures to find
the largest sampling period.

5.2.1 Largest sampling period of the IOPID controller

Figure 9 is a 512-point plot to reflect the relation-
ship between f (h) and h. We got Fig. 10 by zooming
Fig. 9 vertically. It proves that the curve has only one
crossover point that is between0 and2,whichmeanswe
have got a global minimum rather than local minimum.
Then we zoom out Fig. 10 a little to get Fig. 11, which
shows us the estimation of the largest sampling period
of IOPID controller is 0.546 (as shown in Table 1).
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Fig. 10 Relationship between f (h) and h for the IOPID con-
troller (zoomed for positioning global solution)
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Fig. 11 Relationship between f (h) and h for the IOPID con-
troller (zoomed for getting the global solution)

Table 1 Solution and time cost for estimating the largest sam-
pling period

FOPD
controller

IOPID
controller

Largest sampling period (s) 0.933 0.546

Computational time (s) 2282 2982

Parallel computational time (s) 248 269

5.2.2 Largest sampling period of the FOPD controller

For the FOPD controller, we also have three figures to
show the overview (Fig. 12), the position of the global
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Fig. 12 Relationship between f (h) and h for the FOPD con-
troller
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Fig. 13 Relationship between f (h) and h for the FOPD con-
troller (zoomed for positioning the global solution)

solution (Fig. 13) and the estimation of the solution
(Fig. 14). The results are given in Table 1.

The MATLAB Parallel Computing Toolbox has
been used to reduce computational time. Sixteen work-
ers have been used for the two processes. About 90%
of time has been saved with parallel computing in this
case (as shown in Table 1).

6 Linear plant model simulation with different
sampling periods

A Simulink simulation has been done with the identi-
fied plant for the two controllers. Four sampling periods
have been selected for discretization process.
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Fig. 14 Relationship between f (h) and h for the FOPD con-
troller (zoomed for getting the global solution)

0 1 2 3 4 5 6 7 8 9 10
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
FOPD
IOPID

Fig. 15 Step response comparison between the PDλ controller
and the integer-order PID controller when sampling period is
0.58 s

6.1 Step response for different sampling periods

Figures 15, 16, 17 and 18 show the step responses of
the two controllers under different sampling periods.
When the sampling period is short, the performance
of the two controllers is very similar; however, as the
sampling period gets larger and larger, the IOPID con-
troller performance downgrades faster than the FOPD
controller. This result shows that the PDλ controller
deals with larger sampling period situations better than
the integer-order PID controller.
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Fig. 16 Step response comparison between the PDλ controller
and the integer-order PID controller when sampling period is
0.33 s
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Fig. 17 Step response comparison between the PDλ controller
and the integer-order PID controller when sampling period is
0.29 s

6.2 ITAE index for different sampling periods

ITAE (Integrated Time Absolute Error [18]) has been
used to compare the integer-order PIDcontroller (Eq. 6)
and PDλ (Eq. 29) controller. A Simulink library [19]
has been used to calculated the ITAE values.

Figure 19 is the Simulink model used to estimate
the ITAE index for the two control systems. Results
show that the error index of the PDλ controller grows
slower than that of the IOPID controller (Figs. 20, 21).
The error index of the integer-order PID controller
decreases after 1.2 s. The simulation time is fixed to
10s. If sampling period is 1 s, the ITAE is a sum of 10
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Fig. 18 Step response comparison between the PDλ controller
and the integer-order PID controller when sampling period is
0.058s

numbers; if sampling period is 2 s, the ITAE is only
a sum of 5 numbers. So, it does not mean the perfor-
mance gets better after 1.2 s in Fig. 20. Also, we note
that the ITAE index of the IOPID controller is more
than ten times larger than that of the FOPD controller.
Therefore, from the performance index, the robustness
of the FOPD controller against large sampling period
is significantly better than that of the IOPID controller.

7 Flight tests

A set of drone flight tests have been done when there is
nearly no wind. The drone was first flown to 10m high
manually. Then we switched the drone to automatic
mode and ran the controller script. The drone’s position
has been logged for one minute for each controller.
Then we used a circle to cover all the dots as shown in
Figs. 22, 23. The dots from PDλ controller are within
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Fig. 20 ITAE index for different sampling periods (s) (IOPID)
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Fig. 21 ITAE index for different sampling periods (s) (FOPD)

a smaller circle (radius=58 pixels) than that from the
IOPID controller system (radius=68 pixels). In this
way, we can see the PDλ controller has a nearly 20%
better performance compared to the IOPID controller

Fig. 19 Computing ITAE
index with Simulink
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Fig. 22 Quadrotor positions logged in the flight test with the
FOPD controller
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Fig. 23 Quadrotor positions logged in the flight test with the
IOPID controller

in flight tests. A sample flight test video can be accessed
from https://youtu.be/yNwVlw9zY3k.

8 Conclusion and future works

In this paper, a specific case of fractional-order flight
control has been investigated. Plant model has been
identified with MATLAB System Identification Tool-
box. An integer-order PID controller and a PDλ con-
troller have been designed with the same crossover fre-
quency and phase margin. Step response analysis and
Bode plot analysis of the two controllers show that the
PDλ controller has advantages in rising time, overshoot
and robustness against plant variation. A stability crite-
ria, optimization method, graphic method and parallel

computing technique have been used to estimate the
two controllers’ largest sampling period, which proves
that the FOC can tolerate largest sampling period than
the integral-order controller (IOC). Linear model sim-
ulation supports the same conclusion. Flight tests show
that the FOC hovers the drone more precisely than the
IOC. Future works include improving the FOC tuning
rule and discretization methods.
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