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This article proposes a novel fractional-order sliding mode control based on the
disturbance observer for a class of noncommensurate fractional-order systems
with mismatched disturbances. Firstly, the noncommensurate fractional-order
system is decomposed into several subsystems with commensurate order. Then
the fractional-order disturbance observers are designed independently to esti-
mate the mismatched disturbances for each subsystems. Based on the designed
disturbance observers, a uniform fractional-order sliding mode control is pro-
posed. The proposed method can deal with the mismatched disturbances and
has better control performance. The simulations on single-link flexible manip-
ulator system demonstrate the effectiveness of the proposed method.
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NOMENCLATURE

A−1 inverse of matrices A
diag(… ) a square diagonal matrix

D𝛼f(t) the fractional derivative of 𝛼 order of f(t)
D−𝛼f(t) the fractional integral of 𝛼 order of f(t)

d̂(t) the estimation of d(t)
Rn the set of n-dimensional real vectors

Rn×m the set of all n ×m real matrices
Γ gamma function||f(t)|| 2-norm of f(t)

1 INTRODUCTION

As an extension of the classical integer calculus, fractional-order calculus has been developed in the field of theoretical
mathematics. It is used to solve complex mathematical processes due to its more special properties. However, in recent
years, fractional-order calculus has been widely applied in other fields, such as system modeling, process control, and
optimization.1-3 Fractional calculus is a powerful method to describe data memory and heredity. For example, it is more
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accurate to utilize the fractional-order calculus for many physical processes in the modeling domain, such as electro-
chemical processes,4 viscoelastic materials,5 and clinical medicine.6 In the control strategy research domain, traditional
integer-order or differential control strategies have been extended by the introduction of the fractional-order calculus.7-9

Various fractional-order controllers, such as the fractional-order PID control,10 fractional-order adaptive control,11 and
fractional-order slidingmode control (FOSMC),12 can be applied directly to the fractional systems and the integer systems.
It is known that the uncertainties and external disturbances are always inevitable in practical systems. Sliding mode

control (SMC) and its improvements, such as adaptive SMC13 and integral SMC,14 are useful tools for the fractional (or
integer) order systems due to its strong robustness for the matched disturbance. Mujumdar et al15 proposed an FOSMC
for a single-link flexible manipulator. The control law of the proposed FOSMC scheme is designed by using Lyapunov
stability analysis approach. However, the common SMC (or FOSMC) has serious chattering problems when dealing the
mismatched disturbances. Then the chattering-free control has been further discussed in order to avoid the serious chat-
tering phenomenon in SMC.16-18 Karami-Mollaee et al19 proposed a new fractional-order dynamic sliding mode control
(FDSMC) for a class of nonlinear systems. An integrator is placed before the input control signal of the plant in order
to remove the chattering. Then, a sliding mode observer is presented to extract an appropriate model for the unknown
disturbances in the system.
In general, disturbance observer (DOB) is a useful strategy to offset mismatched uncertainty and reduce system chat-

tering in the control strategy of an integer-order system.20,21 The DOB can estimate the mismatched disturbances that are
utilized to compensate the real disturbances in the controller. Zhang et al22 proposed a DOB-based integral slide mode
control approach for continuous-time linear systems with mismatched disturbances or uncertainties. The disturbance
estimation can be generated, then it is incorporated into the controller to counteract the disturbances. Li et al23 developed
an SMC approach for systems with mismatched uncertainties via a nonlinear DOB. The DOB-SMC method is developed
to counteract the mismatched disturbances by designing a novel sliding surface based on the disturbance estimation. For
fractional-order systems, Pashaei and Badamchizadeh24 designed a new FOSMC based on an integer nonlinear DOB.
This approach can reject the effect of mismatched disturbances and has fast and robust stability. Wang et al12 proposed
a FOSMC based on fractional-order DOB for the commensurate fractional-order systems with mismatched disturbances.
This method has shown good performance with faster response, lower overshoot, and less chattering effects.
According to the characteristics of the system order, the fractional-order systems can be divided into the commensurate

order system and the noncommensurate order system by whether the order of each state is all the same rational number
(or the multiple of a rational number). Most researches are focusing on the fractional systems with commensurate order.
However, the noncommensurate fractional-order systems show more complicated dynamics than the general commen-
surate fractional-order system. There is little research on the noncommensurate fractional-order system. So the important
issues for noncommensurate fractional-order systems, such as stability analysis and controller design, are less considered.
Jiao and Chen25 analyzed the stability of fractional-order linear time invariant systems with multiple noncommensurate
orders. Mujumdar et al26 investigated an application of fractional theory for control and state estimation for a class of
noncommensurate systems. Belkhatir and Laleg-Kirati27 proposed a two-step algorithm for the joint estimation of param-
eters and fractional differentiation orders of a linear continuous-time fractional system with noncommensurate orders.
This algorithm combines the modulating functions with the first-order Newton methods. Lyapunov stability of linear
noncommensurate fractional-order systems is handled in Trigeassou et al,28 which is based on the concept of fractional
energy stored in inductors and capacitor assemblies. Gao29 focused on a graphical approach to determine the stability
of noncommensurate fractional-order systems with time delay. Sabatier et al30 presented necessary and sufficient condi-
tion based on an algorithm that relies on a recursively defined closed-loop realization of the system. The condition can
evaluate the stability of the non-commensurate fractional-order systems.
Due to the different orders of the noncommensurate fractional-order system with the mismatched external distur-

bances, it is difficult to design a universal controller and a unified observer directly. In this paper, a novel method is
proposed to simplify this problem. (a) First, the noncommensurate fractional-order system is decomposed into several
subsystems with commensurate order. (b) Then, the fractional-order DOBs are independently designed for each subsys-
tem. The novel fractional-order DOBs aim to estimate the mismatched disturbances, and the boundary of the estimation
error is theoretically proved to be limited. (c) Finally, the uniform sliding mode controller with all the estimations from
the DOBs is implemented to control the overall system.
The reminder of the paper is organized as follows. Section 2 is the problem preliminary in which several prepar-

ing issues are discussed, such as the basic definitions and properties of fractional calculus, the model description, and
control structure of second-order underactuated noncommensurate fractional-order system. Section 3 proposes the novel
fractional-order DOBs and the FOSMC based on these FODOBs, and the estimation effectiveness and the closed-loop
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stability are also proven. Section 4 uses the simulations of a single-link flexible manipulator (SLFM) system to verify the
validity of the proposed method. Section 5 draws the conclusions.

2 BASIC KNOWLEDGE AND PROBLEM FORMULATION

2.1 Basic definitions of fractional calculus
Three definitions of the fractional-order derivatives are most commonly used31: the Grünwald-Letnikovs,
Riemann-Liouvilles, and Caputos derivative definitions. The Riemann-Liouville's definitions are given here.

Definition 1 (Monje et al31). The Riemann-Liouville fractional integral of 𝛼 order of a continuous function f(t) is
defined as

RD−𝛼𝑓 (t) = 1
Γ(𝛼) ∫

t

t0
𝑓 (𝜏)(t − 𝜏)𝛼−1d𝜏, t > t0, 𝛼 ∈ R+, (1)

where Γ is the gamma function, which is defined as follows:

Γ(q) = ∫
∞

0
xq−1e−xdx. (2)

It should be noted that the fractional integral of order 𝛼 > 0 is represented by D−𝛼 .

Definition 2 (Monje et al31). The Riemann-Liouville fractional derivative of 𝛼 order of a continuous function f(t) is
defined as

RD𝛼𝑓 (t) = dm
dtm

[
1

Γ (m − 𝛼) ∫
t

t0

𝑓 (𝜏)
(t − 𝜏)𝛼−m+1 d𝜏

]
, (3)

wherem is the largest positive integer number satisfying the following conditionm − 1 < 𝛼 < m.

Property 1. For 𝛼 = n, where n is an integer, the operation D𝛼
t 𝑓 (t) is the same as the integer-order calculus, ie,

Dn
t 𝑓 (t) =

dn

dtn
𝑓 (t), and also, for 𝛼 = 0, we have D0

t 𝑓 (t) =
d0

dt0
𝑓 (t) = 𝑓 (t).

Property 2. The fractional-order integration or differentiation calculus is linear operations, which is similar to the
integer-order calculus,

D𝛼
t (𝜆𝑓 (t) + 𝜇g(t)) = 𝜆D𝛼

t 𝑓 (t) + 𝜇D𝛼
t g(t). (4)

Property 3. For the arbitrary fractional-order, 𝛼 > 0, 𝛽 > 0, 𝛽 ∈ (m − 1,m), n is integer, the following equalities hold
for the hybrid fractional derivative and integral operation,

dn
dtn

(
D𝛽

t 𝑓 (t)
)
= D𝛼+𝛽

t 𝑓 (t), (5)

D𝛼
t

(
D−𝛽
t 𝑓 (t)

)
= D𝛼−𝛽

t 𝑓 (t), (6)

D−𝛼
t

(
D𝛽

t 𝑓 (t)
)
= D−𝛼+𝛽

t 𝑓 (t) −
m∑
𝑗=1

[
D𝛽−𝑗
t 𝑓 (t)

]
t=t0

(t − t0)𝛼−𝑗

Γ (1 + 𝛼 − 𝑗)
. (7)

Lemma 1. For an integrable function f(t), if there is at least one t1 ∈ (0, t) such that 𝑓 (t1) ≠ 0, then there is a positive
constant N such that D−𝛼 |𝑓 (t)| ≥ N.

2.2 Problem formulation
The general noncommensurate fractional-order system can be represented by the following differential equation,33

D𝛼n𝑦(t) + an−1D𝛽(n−1)𝑦(t) + an−2D𝛾(n−2)𝑦(t) + … + a0𝑦𝛿(t)
= bmD𝜇mu(t) + bm−1D𝜈(m−1)u(t) + … + b0u𝜂(t),

(8)
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FIGURE 1 The design diagram of noncommensurate fractional-order system [Colour figure can be viewed at wileyonlinelibrary.com]

where the fractional orders 𝛼, 𝛽, 𝛾, … , 𝛿 are different in the noncommensurate situation.
A fractional-order DOB-based SMCmethod is proposed for a class of noncommensurate fractional-order systems with

mismatched disturbances. The design diagram is described in Figure 1. The specific operations of decomposing into sub-
systems are as follows: the variables with the same fractional calculus in the original system are respectively composed
into one subsystem. For example, if the original systemhas n state variables, x1, … , xn. They have three different orders of
𝛼, 𝛽, and 𝛾 . Then the original system can be decomposed into three subsystems whose order are 𝛼, 𝛽, and 𝛾 , respectively.
In this paper, a noncommensurate fractional-order system with two different orders is considered.

⎧⎪⎨⎪⎩
D𝛽z1 = A11z1 + A12z2 + Bd1d1
D𝛼z2 = A21z1 + A22z2 + B2u + Bd2d2
𝑦 = C1z1,

(9)

where 𝛼, 𝛽 ∈ (0, 1) are the different orders of the system, z1(t) ∈ Rn1×1, z2(t) ∈ Rn2×1 are the state variables, u(t) ∈ Rm

is the control signal, y(t) ∈ Rp is the output, and d1(t) ∈ R1 and d2(t) ∈ R1 are the mismatched external disturbances.
A11 ∈ Rn1×n1 ,A12 ∈ Rn1×n2 ,A21 ∈ Rn2×n1 and A22 ∈ Rn2×n2 are the state matrices. B2 ∈ Rn2×m is the control matrix.
Bd1 ∈ Rn1×1,Bd2 ∈ Rn2×1 are the disturbance matrix. Since the control matrix B2 is inconsistent with the coefficientmatrix
Bd1 and Bd2 of the disturbance, so these disturbances are mismatch. C1 ∈ Rp×n1 is the output matrix.

Assumption 1. The mismatched disturbances d1(t) and d2(t) are bounded, ‖d1(t)‖ ≤ 𝜀1, ‖d2(t)‖ ≤ 𝜀2, where 𝜀1 and
𝜀2 are positive constants.

As we all known, if d1(t) or d2(t) is a white noise, the use of advanced control technology such as DOB is not satisfactory.
For the noncommensurate fractional-order system (9) with the mismatched disturbances, the controller u(t) is designed
to make the output asymptotically track the desired reference yd(t) in a finite time, and the tracking error is close to zero
without any effect from the external mismatched disturbances.

3 DESIGN OF FOSMC

For the noncommensurate fractional-order system (8), it is difficult to design aDOBand estimate the disturbances directly.
Therefore, we decompose the system (8) into two subsystems with the same orders as shown in (9), and then design the
DOB, respectively.
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3.1 Fractional-order DOB
First, a new fractional-order DOB for d1(t) is designed as follows:

⎧⎪⎨⎪⎩
D1+𝛼p1(t) = −L1Bd1

(
D𝛼p1(t) + L1D𝛼+𝛽−1z1(t)

)
− L1D𝛼 (A11z1(t) + A12z2(t))

D𝛼 d̂1(t) = D𝛼p1(t) + L1D𝛼+𝛽−1z1(t).
(10)

The DOB for disturbance d2(t) is designed as

⎧⎪⎨⎪⎩
.p2(t) = −L2Bd2

(
p2(t) + LD𝛼−1z2(t)

)
− L2 (A21z1(t) + A22z2 + B2u(t))

d̂2(t) = p2(t) + L2D𝛼−1z2(t),
(11)

where d̂1(t) and d̂2(t) are the estimations of the disturbances d1(t) and d2(t) , p1(t)andp2(t) are the auxiliary vectors of
the observers, and L1andL2 are the gain matrices of the observers. The design of L1andL2 should satisfy that −L1Bd1 and
−L2Bd2 are Hurwitz. The estimation errors of d1(t) and d2(t) are

ed1(t) = d1(t) − d̂1(t),

ed2(t) = d2(t) − d̂2(t).
(12)

The fractional-order calculus of the estimation error ed1 (t) is defined as

D𝛼ed1(t) = D𝛼d1(t) − D𝛼 d̂1(t). (13)

Lemma 2. Assume A is Hurwitz and has n distinct eigenvalues. Let X be a nonsingular matrix such that XAX−1 =
diag (𝜆1, … 𝜆n). There exists an positive constant 𝜎 such that

‖‖eAt‖‖ ≤ 𝜎e𝜆max(A)t, (14)

where 𝜎=‖‖X−1‖‖ ‖X‖.
Theorem 1. For the proposed fractional-order DOBs (10) and (11), the estimation errors D𝛼ed1 (t) and ed2(t) are bounded
and satisfy ‖‖D𝛼ed1 (t)‖‖ ≤ 𝛾, (15)‖‖ed2 (t)‖‖ ≤ 𝜆, (16)

where 𝛾 and 𝜆 are a positive scalar.

Proof. First consider the disturbance d1(t), according to (10) and (13), we have

d
dt
D𝛼ed1 (t) = D𝛼+1d1(t) − D𝛼+1d̂1(t)

= D𝛼+1d1(t) − D1+𝛼p1(t) − L1D𝛼+𝛽z1(t)
= D𝛼+1d1(t) + L1Bd1

(
D𝛼p1(t) + L1D𝛼+𝛽−1z1(t)

)
+ L1D𝛼 (A11z1(t) + A12z2(t)) − L1D𝛼+𝛽z1(t)

= D𝛼+1d1(t) + L1Bd1D
𝛼 d̂(t) + L1D𝛼 (A11z1(t) + A12z2(t))

− L1D𝛼 (A11z1(t) + A12z2(t)) − L1Bd1D
𝛼d1(t)

= D𝛼+1d1(t) − L1Bd1D
𝛼ed1(t).

(17)
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DefineM1 = −L1Bd1 , and d1new(t) = D𝛼d1(t), so ed1new(t) = D𝛼ed1 (t), then (17) can be written as

ėd1new(t) =
.
d1new(t) +M1ed1new(t). (18)

Taking the integration of (18) gives

ed1new (t) = eM1ted1new (0) + ∫
t

0
eM1(t−𝜏)M

.
d1new(𝜏)d𝜏. (19)

Based on the RLs derivative definition and Assumption 1,

‖d1new(t)‖ = ‖D𝛼d(t)‖
=
‖‖‖‖‖ ddt

[
1

Γ (1 − 𝛼) ∫
t

0
(t − 𝜏)−𝛼d1(𝜏)d𝜏

]‖‖‖‖‖
=
‖‖‖‖ 1
Γ (1 − 𝛼)

‖‖‖‖ ‖‖‖‖‖∫
t

0
(−𝛼) (t − 𝜏)−1−𝛼d1(𝜏)d𝜏

‖‖‖‖‖
≤ ‖‖‖‖ 1

Γ (1 − 𝛼)
‖‖‖‖ ‖d1(t)‖ ‖‖‖‖‖∫

t

0
(−𝛼) (t − 𝜏)−1−𝛼d𝜏

‖‖‖‖‖
=
‖‖‖‖ 𝜀1 (−𝛼)
Γ (1 − 𝛼)

‖‖‖‖ ‖‖‖‖‖∫
t

0
(t − 𝜏)−1−𝛼d𝜏

‖‖‖‖‖ .

(20)

Define 𝛿 = ‖‖‖ 𝜀1(−𝛼)
Γ(𝛽−𝛼)

‖‖‖ ‖‖‖∫ t
0 (t − 𝜏)−1−𝛼d𝜏‖‖‖, where 𝛿 is a positive scalar. Thus, we have ‖d1new(t)‖ ≤ 𝛿.

Then, ‖‖ed1new (t)‖‖
≤ ‖‖eM1ted1new(0)‖‖ + ‖‖‖‖‖∫

t

0
eM1(t−𝜏)

.
d1new(𝜏)d𝜏

‖‖‖‖‖
≤ ‖‖eM1t‖‖ ‖‖ed1new(0)‖‖ + ‖‖‖‖‖ eM1(t−𝜏)d1new(𝜏)|||t0 +M1 ∫

t

0
eM1(t−𝜏)d1new(𝜏)d𝜏

‖‖‖‖‖
≤ 𝜎e𝜆max(M1)t ‖‖ed1new(0)‖‖ + ‖‖‖‖‖‖‖d1new(t) − eM1td1new(0)‖‖ +M1 ∫

t

0

‖‖‖eM1(t−𝜏)‖‖‖ ‖d1new(𝜏)‖d𝜏‖‖‖‖‖
≤ 𝜎e𝜆max(M1)t ‖‖ed1new(0)‖‖ + ‖‖‖‖‖‖d1new(t)‖ + ‖‖eM1td1new(0)‖‖ +M1𝜎𝛿 ∫

t

0

‖‖‖e𝜆max(M1)(t−𝜏)‖‖‖d𝜏‖‖‖‖‖
≤ 𝜎e𝜆max(M1)t ‖‖ed1new(0)‖‖ + ‖‖‖‖𝛿 + ‖‖eM1td1new(0)‖‖ +M1𝜎𝛿

1
𝜆max (M1)

(
e𝜆max(M1)t − 1

)‖‖‖‖ .

(21)

M1 is Hurwitz matrix, so Re𝜆max (M1) < 0, e𝜆max(M1)t ≤ 1. Then,

‖‖ed1new(t)‖‖ ≤ 𝜎 ‖‖ed1new(0)‖‖ + 𝛿 + ‖d1new(0)‖
+
‖‖‖‖M1𝜎𝛿

1
𝜆max (M1)

(
e𝜆max(M1)t − 1

)‖‖‖‖
≤ 𝜎 ‖‖ed1new(0)‖‖ + 𝛿 + ‖d1new(0)‖ + ‖‖‖‖M1𝜎𝛿

1
𝜆max (M1)

‖‖‖‖ .
(22)

Define 𝛾=𝜎 ‖‖ed1new(0)‖‖ + 𝛿 + ‖d1new(0)‖ −M1𝜎𝛿
1

𝜆max(M1) and take it into (22), the (15) can be immediately obtained.
Similarly, the proof about the estimation error (16) for the disturbance d2(t) can be obtained. Thus, the proof of

Theorem 1 is completed.
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3.2 Fractional-order SMC
In this section, a novelDOB-FOSMC is proposed for the noncommensurate fractional-order system (9). The tracking error
is e(t) = y(t) − yd(t) when the target value of the output y(t) is yd(t).
The fractional-order sliding surface for the given system (9) is designed as

s = a1e + a2D𝛼+𝛽−1e, (23)

where a1 and a2 are designed parameters and 𝛼 and 𝛽 are the orders of the system.
The fractional-order sliding mode reaching law can be calculated by

ur(t) = − 1
a2

(C1A12B2)−1 (k1s + k2sign(s)) , (24)

where k1 and k2 are constant gains.
In order to satisfy the sliding condition in the presence of the mismatched disturbances, the equivalent control law is

ueq(t) = −(C1A12B2)−1
(
C1A12

(
A21z1 + A22z2 + Bd2 d̂2

)
+D𝛼C1

(
A11z1 + Bd1 d̂1

)
+(C1A12B2)−1

(
D𝛼+𝛽𝑦d −

a1
a2
ė
))

.

(25)

The FOSMC law is

u(t) = ueq(t)+ur(t)

= −(C1A12B2)−1
(
C1A12

(
A21z1 + A22z2 + Bd2 d̂2

)
+ D𝛼C1

(
A11z1 + Bd1 d̂1

))
+(C1A12B2)−1

(
D𝛼+𝛽𝑦d −

a1
a2
ė
)
− 1
a2

(C1A12B2)−1 (k1s + k2sign(s)) .

(26)

Theorem 2. For the general system (9), design the fractional-order sliding surface (23) and the controller (26). Then the
closed-loop system with observers estimations (10) and (11) is stable. The output variable y(t) can asymptotically track
the reference yd(t) under the influence of the mismatched disturbance in finite time.

Proof. The Lyapunov function is defined as

V = 1
2
s2. (27)

From the fractional-order sliding surface (23), we have

.s(t) = a1ė + a2D𝛼+𝛽−1ė
= a1ė + a2D𝛼+𝛽 (𝑦 − 𝑦d)
= a1ė + a2D𝛼+𝛽C1z1 − a2D𝛼+𝛽𝑦d

= a1ė + a2D𝛼C1
(
A11z1 + A12z2 + Bd1d1

)
− a2D𝛼+𝛽𝑦d

= a1ė + a2C1A12
(
A21z1 + A22z2 + B2u + Bd2d2

)
+ a2D𝛼C1

(
A11z1 + Bd1d1

)
− a2D𝛼+𝛽𝑦d.

(28)
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Then the time derivative of (27) is

.
V = s .s

= s
(
a1ė + a2C1A12

(
A21z1 + A22z2 + B2u + Bd2d2

)
+ a2D𝛼C1

(
A11z1 + Bd1d1

)
− a2D𝛼+𝛽𝑦d

)
= s

(
a1ė + a2C1A12

(
A21z1 + A22z2 + B2

(
(C1A12B2)−1

((
D𝛼+𝛽𝑦d − a1 ė∕a2

)
−C1A12

(
A21z1+A22z2 + Bd2 d̂2

)
− D𝛼C1

(
A11z1 + Bd1 d̂1

)
−(k1s+k2sign(s))∕a2

)
+(C1A12B2)−1

(
D𝛼+𝛽𝑦d−a1∕a2 ė

))
+ Bd2d2

)
+ a2D𝛼C1

(
A11z1 + Bd1d1

)
− a2D𝛼+𝛽𝑦d

)
= s

(
a2C1

(
Bd1D

𝛼
(
d1 − d̂1

)
+ A12Bd2

(
d2 − d̂2

))
− (k1s + k2sign(s))

)
≤ −k1s2 −

(
k2 − a2C1

(
Bd1D

𝛼ed1 + A12Bd2ed2
)) |s| .

(29)

In Section 3.1, ‖‖D𝛼ed1 (t)‖‖ ≤ 𝛾 and ‖‖ed2(t)‖‖ ≤ 𝜆 are proved. According to (28) and observers (10) and (11), if k1 ≥ 0,
k2 ≥ a2

(
C1Bd1𝛾 + C1A12Bd2𝜆

)
, then

.
V ≤ 0, which implies that the sliding surface can be attained in finite time.

The reaching time is calculated in the following:

.
V(t) ≤ −k1s2 −

(
k2 − a2C1

(
Bd1D

𝛼ed1 + A12Bd2ed2
)) |s|

.
V(t) ≤ −

(
k2 − a2C1

(
Bd1𝛾 + A12Bd2𝜆

)) |s| . (30)

Taking the fractional integral 𝛼 of (29) gives

D1−𝛼V (tr) − V(0) (tr)
𝛼−1

Γ(𝛼)
≤ −

(
k2 − a2C1

(
Bd1𝛾 + A12Bd2𝜆

))
D−𝛼 |s| , (31)

where tr is the reaching time.
Based on Lemma 1 and V (tr) = 0, (30) is

− V(0) (tr)
𝛼−1

Γ(𝛼)
≤ −

(
k2 − a2C1

(
Bd1𝛾 + A12Bd2𝜆

))
N

(tr)𝛼−1 ≥ Γ(𝛼)
(
k2 − a2C1

(
Bd1𝛾 + A12Bd2𝜆

))
N

V(0)

1
(tr)1−𝛼

≥ Γ(𝛼)
(
k2 − a2C1

(
Bd1𝛾 + A12Bd2𝜆

))
N

V(0)

tr ≤
(

V(0)
Γ(𝛼)

(
k2 − a2C1

(
Bd1𝛾 + A12Bd2𝜆

))
N

) 1
1−𝛼

.

(32)

Thus, the tracking error of output variables will converge to zero in the finite time.

4 SIMULATION RESULTS

To evaluate and verify the efficiency and excellent properties of the proposed FODOB-based FOSMC, a SLFM system
is selected for simulation. Due to the flexible nature of the link, when an reference angle 𝜃 is given at motor end, the
tip end will bring an angle 𝜑. The angle 𝜑 in tip end is too small to be approximated as 𝜑 = D

L
, where L is the length
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of the link and D is the displacement of tip. The dynamic equation of the system can be obtained by Euler Lagrange
equation.35

⎧⎪⎪⎨⎪⎪⎩
�̈� = T1

Jeq
−
Beq

.
𝜃

Jeq
+
Ksti𝑓𝑓𝜙
Jeq

�̈� = −Ksti𝑓𝑓
(

1
Jlink

+ 1
Jeq

)
𝜙 +

Beq
Jeq

.
𝜃 − T1

Jeq

. (33)

The physical meaning and value of each parameter can be obtained from Kurode and Dixit.36

Define x1 = 𝜃, x2 = 𝜙, x3 =
.
𝜃, x4 =

.
𝜙. Mujumdar et al26 proposed the noncommensurate fractional-order flexible link

manipulator system. Considering themodeling error and external disturbance of themotor end and tip end, the following
flexible link manipulator system can be obtained.

⎧⎪⎪⎪⎨⎪⎪⎪⎩

D𝛽x1 = x3 + a1d1
D𝛽x2 = x4 + a2d1
D𝛼x3 = 936.39x2 − 41.19x3 + 72.4593u + a3d2
D𝛼x4 = −1372.6x2 + 41.19x3 − 72.4593u + a4d2
𝑦 = x1

. (34)

where 𝛼 and 𝛽 are fractions < 1.
In order to obtain the parameters of noncommensurate fractional-order flexible link manipulator system, experiments

were carried out in Mujumdar et al.26 The plant was excited by square-wave input with frequency 1.5 Hz and amplitude
0.1. Then, vibrations of the link were noted. The models (both integer and proposed fractional) were also excited by the
same input, and link vibrations frommodels were comparedwith experimental output. Orders of the fractionalmodel are
fixed in a noncommensurate manner to get similar performance as that of the actual plant. During this experimentation,
the values of 𝛼 and 𝛽 were obtained as 𝛼 = 0.71 and 𝛽 = 0.92.
Then it is equivalent to

⎧⎪⎨⎪⎩
D𝛽z1 = z2 + Bd1d1
D𝛼z2 = A21z1 + A22z2 + B2u + Bd2d2
𝑦 = C1z1

, (35)

where z1 = [x1, x2]T , z2 = [x3, x4]T , 𝛼 = 0.71, 𝛽 = 0.92, A21 =
[
0 936.39
0 −1372.6

]
, A22 =

[
−41.19 0
41.19 0

]
, Bd1 =

[
1
1

]
, Bd2 =

[
1
1

]
,

B2 =
[
72.4593
−72.4593

]
, C1 =

[
1 0

]
.

Consider the tracking setting curves of output are step functions with amplitude 20. Suppose the disturbances d1 =
10 sin(4𝜋t),d2 = 15 sin(2𝜋t). The parameters of the controller and observer are listed as follows: a1 = 10, a2 = 1, k1 =
30, k2 = 10, 𝛼 = 0.71, 𝛽 = 0.92, L1 =

[
10 100

]
, L2 =

[
10 50

]
.

The controller is

u(t) = ueq(t)+ur(t)

= (C1B2)−1
((
D1.63𝑦d − 10ė

)
− C1

(
A21z1 + A22z2 + Bd1D

0.71d̂1 + Bd2 d̂2
))

− (C1B2)−1 (30s + 2sign(s))

. (36)

The sliding surface is

s(t) = 10e𝑦(t) + D0.63e𝑦(t). (37)
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FIGURE 2 Response curves of fractional-order (FO)-single-link flexible manipulator (SLFM) system [Colour figure can be viewed at
wileyonlinelibrary.com]

The Oustaloup recursive filter and the modified version presented inMonje et al31 are used to evaluate fractional-order
differentiations during the simulation. Generally speaking, Oustaloups approximation to fractional-order operators are
good enough inmost cases. AMATLAB object FOTF toolbox is used to actualize the approximate calculation of fractional
order (FO) differentiations and system simulations. The solution steps can be basically divided into the following five
steps:

Step 1: Initialize state variables and parameters of the system.
Step 2: Design the observer (10), the estimated values d̂1 and d̂2 are obtained by using FODOB.
Step 3: Design the sliding mode controller (26) and calculate the deviation e and sliding surface s (23).
Step 4: Update the status and output of the system.
Step 5: Repeat steps 2 to 4 until the deviation e reaches a stable value.
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FIGURE 3 Comparison of actual and estimate disturbance [Colour figure can be viewed at wileyonlinelibrary.com]

The simulation results are shown in Figures 2 and 3. Figure 2A-F represents the four-state response curves, control input
curves, and output curves, respectively. The four states indicate the deflection angle in motor end and tip end, deflection
angle acceleration in motor end and tip end, respectively. From Figure 2A-F, we can see that the output of the system can
track the reference value verywell even in the case ofmismatched interference, and it has a fast response (ts < 0.5 second).
The chattering effect of the steady-state process is well suppressed (almost zero). Due to the faster response, it can
be seen that the angular accelerations in Figure 2C,D have drastic changes. Under the influence of disturbance, con-
sidering the physical characteristics of the flexible rod, it can be seen from Figure 2B that the angular displacement
in the tip end will produce certain fluctuations with a fluctuation range (±0.2◦), and this fluctuation is within an
acceptable range.
Figure 3 shows the response curves of the mismatched disturbances d1 and d2 and their estimations, where the blue

solid line is the true value of the disturbance and the red dotted line represents the estimation of the DOB. It can be
clearly seen from Figure 3 and its partial enlargement that the observers proposed in this paper can accurately estimate
the mismatched disturbance of the system.
Then, we compare the simulation of the fractional-order flexible link manipulator system (35) with integer-order SMC

and FOSMC.
The integer-order sliding mode controller (IOSMC) is

u(t) = ueq(t)+ur(t)

= (C1B2)−1
(
(�̈�d − 10ė) − C1

(
A1z1 + A2z2 + Bd1

.
d̂1 + Bd2 d̂2

))
− (C1B2)−1 (30s + 2sign(s))

. (38)

The sliding surface of IOSMC is

s(t) = 10e𝑦(t) + ė𝑦(t). (39)

The compared simulation results of two methods, IOSMC and FOSMC, are shown in Figure 4. Here, for simplicity,
IOSMC is shorten as SMC.
Figure 4A-F represents the state, the control input, and the output response curves of FO-SLFM system. It can be seen

that the output of the system can track the reference valuewell by using the twomethods.We focus on the output response
Figure 4E and control input Figure 4F of the system. It can be seen from the partial enlargement graphs that the FOSMC
has faster response from Figure 4E. It is found from Figure 4F that FOSMC gives more improvement in the effect of
disturbance rejection than the traditional integer-order SMC.
In order to further explain the superiority of the proposed method, we apply the integer-order SMC for the classical

integer-order flexible link manipulator system as the comparison method. The compared simulation results are shown
in Figure 5. A running time table of the procedures (corresponding to Figures 2, 4, and 5) is given in Table 1. All of the
procedures run short enough to not burden the computational complexity.
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FIGURE 4 Response comparison of FO-SLFM system with SMC and FOSMC. FO, fractional order; FOSMC, fractional-order sliding mode
control; SLFM, single-link flexible manipulator; SMC, sliding mode control [Colour figure can be viewed at wileyonlinelibrary.com]

Figure 5A-F represents the state, the control input, and the output response curves of IO-SLFM and FO-SLFM system.
It can be seen that the output of the system can track the reference value well by using the two methods. However, the
integer-order control method is slightly inadequate in reducing the chattering and suppressing the disturbance. From
the partial enlargement graphs of Figure 5A and Figure 5E, it can be seen that the convergence rate of fractional-order
control method is slightly improved. Moreover, the chattering and external disturbances can be better suppressed in the
steady-state process. From Figure 5B,E, it is found that there is a significant difference between the control input and the
angular displacement in tip end. The control input of the integer-order control method has an intense chattering, while
the control input of the fractional-order control method is almost smooth. The integer-order control method produces a
violent chattering effect in the angle displacement in the tip end. The amplitude is about 7%, which is much larger than
that of the fractional-order system. It shows the excellent performance of the FOSMCmethod with DOB proposed in this
paper.

WANG ET AL. 8239

http://wileyonlinelibrary.com


FIGURE 5 Response comparison of FO-SLFM system and IO-SLFM system. FO, fractional order; IO, integer order; SLFM, single-link
flexible manipulator [Colour figure can be viewed at wileyonlinelibrary.com]

Figure 2 Figure 4 Figure 5
Running time, s 2.2 4.1 4.6

TABLE 1 A running time table of the procedures (corresponding to
Figures 2, 4, and 5)

5 CONCLUSION

This paper proposes a FOSMC for a class of noncommensurate fractional-order systems with mismatched disturbances.
The contribution of this paper mainly includes three points. First, we process the noncommensurate fractional-order
system by splitting it into several subsystems with commensurate order. Second, we designed the fractional-order DOBs
for each subsystem in order to estimate the external disturbance. Third, we designed a FOSMC for the noncommensurate
fractional-order system based on the DOBs. The proposed FODOB-based FOSMC strategy makes the output tracking the
referencewithout any affection from the externalmismatched disturbances. Themethodhas been validated in simulation.
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It has high convergence rate and weak chattering. It can be obtained that mathematical modeling of the real physical sys-
tem with noncommensurate fractional order and the design of the fractional-order controller can achieve higher control
accuracy. It has a wide range of application prospects in various sophisticated systems requiring high-precision control.
However, when the original system is very complicated or the number of the splitted commensurate subsystems is very
high, the loading for design different DOBs is increasing significantly. Is the uniform DOB feasible for dealing with the
complicated noncommensurate system? If yes, how to design it? There are still lots of challenges for the perfect control
of the noncommensurate system that are worthy of more researchers devoting.
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