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a b s t r a c t
In this paper, a fractional-order (FO) adaptive minimum energy cognitive lighting control strategy is
developed to minimize the energy usage in a hybrid lighting system. A hardware-in-the-loop prototype
of a cognitive hybrid lighting control plant is designed and built. The FO lighting control strategy is the
combination between an FO extremum seeking controller (ESC) and a proportional integral derivative
(PID) controller. The FO ESC guarantees the minimized energy usage, while the PID controller is applied to
achieve a comfortable light level. The FO ESC demonstrates an improved convergence speed and accuracy.
The experimental results are presented to demonstrate the practicality and effectiveness of the proposed
FO minimum energy cognitive lighting control scheme.
© 2014 Elsevier B.V. All rights reserved.

1. Introduction
In today’s society, electric lighting is a major energy consumer
due to the signiﬁcant demand of huge illumination. Therefore, one
important requirement is huge electrical energy saving, which is
possible by developing energy efﬁcient devices, effective controls
and design. One useful way to save electric energy consumption for
lighting is to supplement artiﬁcial light with natural light, known as
hybrid lighting [1–4]. In Refs. [5–11], lighting energy saving based
on minimizing illuminance has been investigated by linear programming method. Hybrid lighting can be further optimized by
ﬁnding the minimum energy necessary for the desired illumination levels by manipulating different light sources. In order to ﬁnd
a global solution, a concept of adaptive minimum energy cognitive lighting control has been proposed to maintain the desired
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light level and minimization of energy usage in our previous work
[12,13].
The minimum energy usage changes with different environmental conditions, such as the natural illumination. Hence, this
problem about minimum energy usage point tracking can be solved
by extremum seeking control (ESC) law [14–16]. To obtain a better
control performance, Yin et al. [13] have developed an FO sliding
mode based ESC law to the hybrid lighting.
In this paper, a hardware-in-the-loop prototype of an adaptive
minimum energy cognitive lighting control is proposed, designed
and built. Combining the hardware Arduino Prototyping Platform
[17] and the simulator for embedded systems, an Arduino-based
miniature two story smart house is built as a physical test plant.
First, it is shown that the two story house under the PID controller can help the house obtain the desired amount of light. Next,
a nonlinear illumination-energy usage characteristic is measured
and visualized. It can be utilized to analyzed how to minimize the
electricity energy usage while keeping the desired light level.
An FO ESC with a PI1−q switching surface is proposed as the part
of the FO adaptive minimum energy cognitive lighting control strategy. It is utilized to guarantee that the energy consumption in the
lighting system can reach within an arbitrary small vicinity of the
minimum energy usage and stays on it thereafter. Furthermore, the
ﬂexibility in fractional order makes the FO ESC a more useful tool in
obtaining a faster convergence speed and a higher control accuracy.
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The experimental results are presented to show the effectiveness of
the proposed minimum energy cognitive lighting control scheme.
2. Lighting system description
2.1. Problem formulation
Hybrid lighting is a useful way to cut electric consumption
in lighting system. Since natural light remains complex to operate, hybrid lighting must have active control of light levels at all
times. Hence, an adaptive minimum energy cognitive lighting control strategy can be implemented to minimize the consumption, as
shown in Fig. 1.
To minimize the electric energy usage, light sensors can provide
the feedback to the hybrid lighting system. Then, the goal of
maintaining the desired light level can be achieved by separately
adjusting the brightness of individual lights, changing the electric
energy usage. Hence, the FO ESC can be applied to ﬁnd the energy
needed for each light that minimizes the total energy consumption.
2.2. System description
In order to illustrate the situation, an Arduino-based miniature two story smart house is built as follows: The Arduino,
a programmable prototyping platform with seemingly limitless
capabilities of environment sensing and actuation, is used in the
lighting system. A free add-on package, called ArduinoIO, allows the
Arduino to act as a data acquisition board (DAQ) for MATLAB and
Simulink. The architecture of the Arduino-based miniature house
is depicted in Fig. 2.
The Arduino-based miniature house is 12 height, 12 length
and 16 width, as illustrated in Fig. 3. In every ﬂoor, it has 6 lightemitting diodes (LEDs) and a light sensor. In order to show how to
achieve the minimum electric energy usage, we just use the ﬁrst
ﬂoor to make experiment. As illustrated in Fig. 4, the light sensor in
this ﬂoor is in the middle of the table and the six LEDs are divided
into two groups: (1) front lights (i.e. front three lights) that are near
the window; (2) back lights (i.e. back three lights).
The aim of this paper is to minimize the electric energy usage of
the Arduino based miniature house by automatically adjusting two
groups, while bringing the indoor illumination to the desired light
level. There exist two loops: (a) the ﬁrst loop is applied to maintain
the desired light level; (b) the second loop is used to minimize energy
usage in such the above condition.

Fig. 2. The Arduino-based physical test plant developed at MESA Lab of UC Merced.

Fig. 3. Arduino-based miniature two story smart house.

Fig. 4. The indoor of ﬁrst ﬂoor in the Arduino-based two story smart house.

In the whole loop, I denotes the output of current source, to
maintain the desired light level. I is split into two parts I1 and I2 . I1
indicates the current that is used in the front lights and I2 denotes
the current that is used in the back lights. The following equations
describe the current (I = I1 + I2 ) and electric energy usage(E)

Fig. 1. Minimum energy cognitive lighting control strategy schematic.

E = I12 + I22 ,

(1)

I1 = ωI,

(2)

I2 = (1 − ω)I,

where the parameter ω satisﬁes 0 ≤ ω ≤ 1.
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3. Fractional-order extremum seeking control with sliding
modes principle
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It is assumed that there exists a unique minimum point at
* for F(). Note that dy/dt = F ()d/dt. By using F () = dF()/d,
F () = d2 F()/d 2 , the following assumption for the output function
is listed.

Energy Usage as a function of ω
NE = ω*I+(1−ω)*I
1

ω vs energy
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25% more than Min Energy
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Assumption 3.3. There exists a unique  * ∈ R such that F ( *) =0
and F ( *) >0. For any given ε > 0, there exists ı = ı(ε) such that
|F ()| > ε, ∀  ∈
/ Dı , where Dı = { : | −  *|< ı/2} is called ı-vicinity
of *.

0.7

In order to design the controller, the deﬁnition of fractional calculus and lemmas are recalled. The uniform formula of FO integral [19,20] is deﬁned as follows 0 Dt −˛ f (t) =
t
(1/(˛)) 0 (t − )˛−1 f ()d, where ˛ > 0, f(t) is an arbitrary
integrable function, (·) is Gamma function. Furthermore, the
Caputo FO derivative operator is given by 0 Dt˛ f (t) = (1/(n −

0.6
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0.2

˛))
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Assumption 3.1. There exists a smooth function xe : R → Rn such
that f(x, (x, )) = 0 if and only if x = xe ().
Assumption 3.2. At the equilibrium point xe (), static performance map from  to y, that is y(t) = F̃(xe ()) = F(), is smooth.

Fig. 5. The illumination of the Arduino-based smart house under PID control.
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(3)

where x ∈ Rn , u ∈ R, y ∈ R are the state, control input and output. The
functions f(x, u) and F̃(x) are smooth. Though the goal is the minimization of y, it is assumed that there is no knowledge of F̃(x). Consider
the input control u = (x, ), is parameterized by a scalar parameter
d
x = f (x, (x, )).
, such that dt
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Fig. 6. E–ω curve, while the indoor illumination reaches the desired lighting level.

t
0

(t − )n−˛−1 f (n) ()d, in which n − 1 < ˛ < n.

Lemma 3.1. [21]0 Dt˛ ς = Aς , ς (0) = ς 0 is the autonomous system, where ˛ is differential order, ς ∈ Rn and A ∈ Rn×n , is asymptotically
stable if | arg(eig(A))| > ˛ /2. In this case, each component of the states
decays towards 0 like t−˛ . This system is stable if | arg(eig(A))| ≥ ˛ /2
and those critical eigenvalues that satisfy | arg(eig(A))| = ˛ /2 have
geometric multiplicity one.
−ˇ

Lemma 3.2. [20] The fractional integration operator a Dt with
fractional-order ˇ, (ˇ ∈ C, Re(ˇ) > 0), is bounded in Lp (ã, b̃), (1 ≤
p ≤ ∞, −∞ < ã < b̃ < +∞):
The objective is to drive the electric energy usage E to the minimum energy usage point E* and remain on such point thereafter,
as closely as possible.
To set up the experiment and validation, ﬁrst it is shown that
the inner loop PID controller can maintain a desired level of light.
First, a constant natural light and a desired light level are assumed.
The desired light level is set to an arbitrary level (see Appendix A),
somewhere within the reachable level of light that the hardware
can provide [18]. It is shown in Fig. 5, that the desired light level
can be reached with the Arduino-based smart house.
To demonstrate that there exists a minimum energy usage at
the desired light level, the change in E versus ω is depicted in Fig. 6.
It is visible that there exists an optimal ω* such that E arrives at E*.
Next, the ESC with the FO PI sliding surface will be introduced and
implemented in the hardware-in-the-loop test bench to achieve the
second loop. In this paper, the energy usage shown is normalized.
In Fig. 6, the minimal energy usage is about 0.2283 at ω* = 0.4933
in the above situation.

((b̃ − ã)

Re(ˇ)

−ˇ

||a Dt f ||p ≤ K||f ||p

,

(K =

)/(Re(ˇ)|(ˇ)|)).

3.2. Fractional-order sliding mode based extremum seeking
control with PI1−q sliding surface
FO controllers, such as ([13,22–24]) are important to the practical world. In this paper, an FO ESC with FO PI sliding surface will be
designed for the system (1) (depicted in Fig. 7). First,  is designed
to satisfy ˙ = v, with v being variable structure control



v = sgn sin





0



,

(4)
q−1

where is a designed function,  = 1 e + 2 (0 Dt e), −1 < q ≤
0, where i > 0, (i = 0, 1, 2), q is fractional order. Deﬁne e = y − yr ,
where yr (t) = − kr1 t3 − kr2 t, yr (0) = yr0 , with kr1 ≥ 0, kr2 ≥ 0, and
yr0 is the initial condition. In order to evade an unbounded signal, one can saturate yr at a rough lower bound B of y* without
inﬂuencing the extremum search.

C. Yin et al. / Energy and Buildings 87 (2015) 176–184

179

Fig. 7. Block diagram of fractional-order extremum seeking control with sliding modes system.

where ˛ > 0, ˛1 > 0, then, while  ∈
/ Dı , one has (i): no ﬁnite-time escape
happens in the system signals (tM → + ∞) and (ii) an FO PI sliding mode
on (t) = l 0 is realized in ﬁnite time for some integer l.
Proof.

See Appendix B.

Next, it will be shown for −1 < q < 0 that FO ESC with the PI1−q
sliding surface guarantees that y can near around y*, meanwhile 
remains or oscillates around Dı .
Theorem 4.2. Consider the system (1–3) under FO ESC (4) with the
PI1−q sliding surface (8) and the modulation function (6), in which
−1 < q < 0. If Assumptions 3.1–3.3 hold, then: (i) Dı is globally attractive and is achieved in ﬁnite time and (ii) for enough small 0 , the
oscillations around y* of y can be made of order O( 0 ).
Proof.
Fig. 8. Stability region of fractional system.

Next, consider q = 0, FO ESC (4) with the PI1−q sliding surface (8)
is the IO ESC with the PI sliding surface.

Remark 3.1. y* may be constantly changing along with time. However, an lower bound for y* exists which can be estimated. In order
to have faster speed, yr0 could be selected such that yr0 is greater
than the estimated lower bound.
will be deduced such that ˙ = 0 occurs in ﬁnite
Remark 3.2.
time on one of FO PI sliding manifolds  = l 0 , with some integer
1−q
l. One has 0 Dt e = −( 2 / 1 )e, −1 < q ≤ 0. From Lemma 3.1, the
1−q

stable region for 0 Dt

ς = Aς ,

−1 < q ≤ 0 is shown in Fig. 8. For

1−q
e
0 Dt

= −( 2 / 1 )e, we have | arg(eig(A))| = where A = − 2 / 1 .
When −1 < q ≤ 0, | arg(eig(A))| > (1 − q) /2 is constantly established.
Hence, the dynamics is asymptotically stable. As a result, y is forced
to y* as long as y is away from a small vicinity of y*.
4. Stability analysis of fractional-order extremum seeking
control based on sliding modes
The stability analysis of the FO ESC with the PI1−q sliding surface
will be investigated. First, considering −1 < q < 0, the time derivative
of (t) is obtained as
˙
=
(t)

1F



v+

1 kr1 t

2

+

s,

(5)
q

in which s := 1 kr2 + 2 (0 Dt e). Denoting k = 1 F , one has ˙ = k(v +
q
ϑ), in which ϑ = 1 kr1 t2 /k +  with  := ( 1 kr2 + 2 (0 Dt e))/k.
Since y ≥ y∗ > B and yr > B, there exists M > 0 such that |y − yr | < M.
q
From Lemma 3.2, one has |0 Dt e| < KM. So, there exists 0 < k̃ ≤ 1 ε
ˆ where 
ˆ =
such that k̃ ≤ |k|, ∀ ∈
/ Dı . Hence, one has | | ≤ 
will be given such that
( 1 kr2 + 2 KM)/k̃. Then, one possible
ﬁnite-time escape is avoided and realization of the FO sliding modes
with −1 < q < 0 is guaranteed.
Theorem 4.1. Consider the system (1–3) under FO ESC (4) with the
PI1−q sliding surface (8), where −1 < q < 0. Outside Dı , if satisﬁes
:= [(

1 kr2

+

2 KM)] + ||yt ||e

−˛1 t

]/k̃ + ˛,

See Appendix C.

(6)

Remark 4.1. When q = 0, the time derivative of (t) is obtained as
˙
= 1 F  v + 1 kr1 t 2 + s , in which s : = 1 kr2 + 2 e. One has ˙ =
(t)
k(v + ϑ) where ϑ : = 1 kr1 t2 /k +  with  = ( 1 kr2 + 2 e)/k. Simi˜ , in which 
˜ ≤ ( 1 kr2 + 2 M)/k̃.
larly −1 < q < 0, one has | | ≤ 
Hence, one possible
:= [( 1 kr2 + 2 M)] + ||yt ||e−˛1 t ]/k̃ + ˛ can
ensure that y under the IO ESC can reach the vicinity of y* and
remain near it, thereafter. Due to space limit, the proof is not
included, which is similar to the above proof.
5. Extension to multiple units case
In the real world, it should be considered that a few of identical units needs to be minimized. In one case, each of these units
may own a different input concurrently, and the corresponding outputs of these units are gathered, respectively. These outputs are
equal to several sub-performance function. Then all of the outputs
are collected in order to guarantee minimize the multiple-input
multiple-output (MIMO) system. Consider a MIMO system
d
x̃1 = f1 (x̃1 , u1 ),
dt

ỹ1 = F̃1 (x̃1 ),

d
x̃2 = f2 (x̃2 , u2 ),
dt

ỹ2 = F̃2 (x̃2 ),

..
.
d
x̃M = fM (x̃M , uM ),
dt

ỹM = F̃M (x̃M ),

with total performance function J = ỹ1 + ỹ2 + · · · + ỹM , where x̃i ∈
Rn , ui ∈ R, ỹi ∈ R, (i = 1, 2, · · ·, M) are the states, control inputs and
outputs, respectively.
The aim of this section is to extend the minimization of the SISO
case to the minimization of the MIMO case. There exists a minimum
point J when ỹi = ỹi ∗, (i = 1, 2, · · ·, M), in which ỹi ∗ is the minimal
value for each sub-performance function ỹi . Thus, a series of FO ESCs
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Fig. 9. Block diagram of the FO ESC in the MIMO frame.

with FO PI sliding surface are given.  i , (i = 1, 2, · · · , M) are proposed
to satisfy ˙ i = vi , with vi being variable structure control

vi =



i sgn

in which
i =





sin
i0

i

(7)

,

is a designed function,

i1 ei

+

qi −1
ei ),
2 (0 Dt

−1 < qi ≤ 0,

(8)

where ij > 0, (i = 1, 2, · · · , M, j = 0, 1, 2), qi are fractional order.
yir (0) = yir0 ,
Deﬁne ei = ỹi − yir , in which yir (t) = − kir1 t3 − kir2 t,
with kir1 ≥ 0, kir2 ≥ 0. The block diagram is depicted in Fig. 9. According to the investigation in Sections 3 and 4, the series of FO ESC can
be separately applied to subsystem, so as to guarantee ỹi converge
to ỹi *. Finally, it can minimize the total performance function J.
Remark 5.1. The light system of the two story smart house can be
considered a two-input-two-output plant. Thus, when M = 2, one
could use the above control method to realize the total minimal
energy usage.
6. Experimental results
The Arduino based miniature house shown in Fig. 10 is built
on Arduino hardware and Simulink. The design of the proposed
minimum energy cognitive lighting control is described
ω̇ = v,

E = (ωI)2 + ((1 − ω)I)2 .

(9)

To minimize E, FO PI sliding surface is chosen as  = 1 e +
q−1
(
e).
2 0 Dt
Case 1. In this case, all the six LEDs are chosen as white and the
details are stated in Section 2. In Fig. 6, the minimal energy usage
point is about at 0.2283. E< E * +27 %, when 0.8081 ≥ ω > 0.3635. The

Fig. 10. The Arduino-based miniature house.

proposed FO ESC (8) is applied to minimize E. Meanwhile, the
PID controller with the proportional gain kp = 0.9, the integral gain
ki = 3.5 and the derivative gain kd = 0 is employed as the tracking
control for light level.
FO ESC law with q = −0.35 is adopted. The constant modulation function is (t) = ( 1 + 2 )/ε + ˛. The reference signal ẏr =
−0.5, yr (0) = −2000 and ε = 0.5 0 . The design parameters are
0 = 0.08 ; 1 = 0.000093, 2 = 0.005. Response of the energy usage
under FO ESC is illustrated in part (a) of Fig. 11, while the illumination under the PID controller reaches the desired light level in
part (b) of Fig. 11. It is shown that E converges to E* with an acceptable convergence speed. Meanwhile, Fig. 12 illustrates that ω tends
to reach ω* which minimizes E. The time response of  shows the
oscillations of ω.
Next, the comparison between light energy usages under
q = −0.35 and q = 0 is shown in Fig. 13. It can be seen that
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Fig. 11. (a) Time responses of the energy usage E under the FO ESC with q = −0.35;
(b) the illumination under the PID controller of the two story smart house.
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Fig. 14. The illumination of the Arduino-based smart house under PID control.
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Fig. 15. E–ω curve, while the indoor illumination reaches the desired lighting level.
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Fig. 13. Time responses of E for different integration orders in the FO ESC, in which
light-energy under q = −0.35, light-energy1 under q = 0

light-energy with q = −0.35 reaches E* more rapidly when compared with light-energy1 with q = 0. Clearly, the ﬂexibility make FO
ESC a powerful tool in achieving to a better control performance.
Case 2. In this case, the desired light level (set point) is set to
550 out of 1023 which denotes the maximum illumination that
the Arduino hardware can provide. The natural light is altered and
the interior environment is changed slightly in terms of furniture
positions. The indoor illumination via PID controller with kp = 0.8,
ki = 3.5, kd = 0 can reach the desired light level, as drawn in Fig. 14.
At the same time, the changes in E versus ω is depicted in Fig. 15.
From Figs. 14 and 15, while maintaining the set point, there exists
an optimal ω* such that E = E*. It is apparent that the minimal energy
usage E* of the lighting system is about 0.07397 at ω = 0.7141 in this
situation. Moreover, E< E * +25 %, when 0.5198 ≤ ω ≤ 1.
Next, FO ESC will be applied to this case. The constant modulation function is (t) = ( 1 + 2 )/ε + ˛. The reference signal ẏr =
−0.5, yr (0) = −2000 and ε = 0.5 0 . The design parameters are
0 = 0.06 ; 1 = 0.00001, 2 = 0.04. In order to verify the advantage of
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Fig. 19. Time responses of light-energyFO when q = 0.12.
Fig. 17. Time responses of the corresponding ωFO and ωIO , when q = 0, 0.1, 0.2, 0.3,
0.4.

the adaptive minimum energy lighting control, the different results
are performed while q is changed. Fig. 16 shows the time responses
of the energy usages under FO ESC with q = 0, 0.1, 0.2, 0.3, 0.4,
respectively. It is obvious that light-energyFO under FO ESC with
q = 0.1, 0.2, 0.3, 0.4 reach more rapidly at E*, when compared with
light-energyIO under IO ESC. The corresponding time responses of
ω are shown in Fig. 17. It shows that ωFO can reach more quickly at
a smaller vicinity than ωIO does. The experimental results show the
effectiveness and advantage of the proposed FO minimum energy
cognitive light control scheme.
Remark 6.1. The main property of ESC is tracking a varying optimum (maximum or minimum) of the performance function. This is
the reason why ESC can be utilized to solve the minimal energy
usage for lighting system. Figs. 18 and 19 are given to illustrate
how the controller reacts in the lighting system (the light level is
set to 500 out of 1023 at the moment). While keeping the desired
light level under PID, the total light-energy usage (i.e. the sum of
the back group light-energy and front group light-energy) without FO ESC is changing by varying ω from 0 to 1. It is obvious that

there exists a minimal light-energy point (i.e. Min Energy Point
E* = 0.08754). Next, FO ESC with q = 0.12 and the other above parameters will be utilized to ensure to minimize the total light-energy.
At t = 66 s, FO ESC is applied to the lighting system. It can be found
that the total light-energy can approach to a small vicinity of E*,
while maintaining the desired light level.
Remark 6.2. One important requirement is huge electrical energy
saving, which is possible by developing suitable energy efﬁcient
devices, effective controls and careful design. In Refs. [5–11], linear
programming method has been applied to accomplish to minimize
the illuminance. This paper considers how to further reduce electricity energy consumption for the desired illumination levels by
manipulating different light sources. In order to easily show and
explain the effectiveness of the proposed control strategy, a constant natural light is assumed and a set point light level is chosen.
The experimental results demonstrate the practicality and effectiveness of the proposed lighting control scheme. Next, we will
discuss how to further reduce energy consumption under more
complex situations in our further work. In detail, the proposed
control strategy may be improved to further minimize electrical
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energy usage of the lights, while the linear programming method
can achieve to the minimum illuminance.
7. Conclusions
In this paper, the FO minimal energy cognitive lighting control
was proposed to cut electric energy usage in the hybrid lighting
system. The Arduino-based miniature two-story smart house was
built. The FO ESC with the FO PI sliding surface can improve convergence speed to the electric minimal energy usage, while the indoor
illumination under the PID controller can reach the desired light
level. Experimental results were used to show the effectiveness and
applicability of the proposed design method.
Future works will focus on how to further reduce electrical
energy consumption in a more complex situation. Combine linear programming method with the FO ESC may be investigated
to accomplish to further save electrical energy usage in a more
complex situation. Moreover, how to combine linear programming
method with the FO ESC will also be discussed to further save electrical energy usage of the MIMO system in more complex situation.
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(te ) = l 0 . Therefore, W1 (te ) = 0 (for even number l ) or W2 (te ) = 0
(for odd number l ). Obviously, W1 (t) = 0 or W2 (t) = 0, ∀ t ∈ [te , t1 )
in this interval. Wi ((t)) can be changed by Wi (t), for i = 1, 2. Hence,
(t) = l 0 is uniformly bounded ∀t ∈ [te , t1 ), i.e., a contradiction.
Thus, , e, y cannot evade in ﬁnite time.
Property (ii): there exists t ≥ 0 such that Ẇi ≤ −˛t , ∀t ≥ t and

0 < ˛t < k̃˛, for i = 1 or 2. Thus, Wi (t) ≤ −˛t (t − t) + Wi (t), ∀t ≥ t.
There exists t∗ ≥ t such that Wi (t) = 0, ∀ t ≥ t *. Moreover,  = l 0 for
which W1 () = 0(W2 () = 0) happens at only
 for even(odd)
 value of
l. In the small vicinity around  = l 0 , sgn sin / 0 = sgn( −
l 0 ) for even number l, or sgn(sin( / 0 )) = − sgn( − l 0 ), for odd
number l. Selecting V = 0.5( − l 0 )2 , one has

V̇ = ( − l

0 )(k(

sgn(sin( /

0 )) + ϑ))

≤ −˛| − l

∀t ≥ t ∗ .

0|

≤ 0,
(B.3)

Hence, a sliding mode happens in ﬁnite time on one of the FO PI
sliding manifolds  = l 0 , independently of sgn(k).
Appendix C. Proof of Theorem 4.2

Appendix A. Relation between ADC value with illumination
The Arduino has a 10bit Analog to Digital Converter (ADC). To
convert the ADC values to voltage, we use V = 5 × (ADC/1024). The
photocell uses a voltage divider to generate a voltage to measure.
The resistor used in the physical test plant is a 10 k. On the other
hand, the equation to calculate voltage from a resistor divider is
V = 5 × ((R2 )/(R1 + R2 )), where R1 = 10k resistor and R2 is the resistance of the photocell. From the datasheet, we have the following
equation lux = 300 × R2 −1.9 where R2 is the resistance of the photocell. Thus, it can be obtained 5 × (ADC/1024) = 5 × ((R2 )/(R1 + R2 )).
Furthermore, one can conclude that R2 = (ADC × R1 )/(1024 − ADC).
Thus, one has lux = 300 × ((ADC × R1 )/(1024 − ADC))−1.9 . In our ﬁgures, we use the ADC dates that the Arduino hardware provides to
represent illumination. They can converter to lux.
Appendix B. Proof of Theorem 4.1

  the non-negative
  Consider

sgn sin / 0 d, W2 () =
0
of W1 and W2 are obtained
Ẇ1 = k
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sgn2 sin

1 kr1 t

2 sgn






0




functions [16], W1 () =
− W1 . The time derivative

0



+  sgn sin



sin
0




0





˙ = 0. Hence,

+

ˆ,
Hence,
from
|k|| | ≤ |k|
one
can
deriveẆ1 ≤
ˆ } + 1 kr1 t 2 , if sgn(k) < 0, Ẇ2 ≤ −|k|{ − 
ˆ }+
−|k|{ − 
2
if sgn(k) > 0. On the other hand, one has −|k| ≤ k̃.
1 kr1 t ,
Thus, it has that Ẇ1 ≤ −||yt ||e−˛1 t − k̃˛ + 1 kr1 t 2 , if sgn(k) < 0,
or Ẇ2 ≤ −||yt ||e−˛1 t − k̃˛ + 1 kr1 t 2 , if sgn(k) > 0, hold almost
everywhere with ˛ ≥ 0, ˛1 > 0.
Property (i): Assume that |(t)| evades in the ﬁnite time t1 ∈ [0,
tM ). Then, from (8), e(t) and y(t) also can evades at t = t1 . Hence,
there exists t2 ∈ [0, t1 ) such that ||yt || ≥ e˛1 t [˛2 − k̃˛ + 1 kr1 t12 ], in
which ˛2 ≥ 0. Moreover, one has
Ẇ1 ≤ −˛2 −

2
1 kr1 t1

+

1 kr1 t

2

≤ −˛2 ,

∀t ∈ [t2 , t1 ),

Ẇ2 ≤ −˛2 −

2
1 kr1 t1

+

1 kr1 t

2

≤ −˛2 ,

∀t ∈ [t2 , t1 ),

(B.2)

independently of sgn(k). Since (t) is absolute continuous and
evades in t = t1 , there exists te ∈ [t2 , t1 ) and l ∈ N such that

1−q
e
0 Dt

= −(

2 / 1 )e, ∀t

≥ tf . Since −1 < q < 0, one
1−q

has | arg(eig(− 2 / 1 ))| > (1 − q) /2. So the dynamics 0 Dt e =
−( 2 / 1 )e, (∀t ≥ tf , −1 < q < 0) is asymptotically stable from
Lemma 3.1. Thus, yr draws y close in y*. On the other hand, y≥ y *
and yr strictly decreases with time. Thus, for −1 < q < 0, one has
q
yr < y * ≤ y, e > 0 and 0 Dt e > 0 when t is large enough. So y decreases
q
with the negative rate (ẏ = −kr1 t 2 − kr2 − ( 2 / 1 )(0 Dt e) < 0) when
t is large enough, that is, y = F() must continue to approach y*.
Hence,  goes to Dı , which is a contradiction. Thus, Dı is attained
in some ﬁnite time. So,  remains or oscillates around Dı . y stays
or oscillates in some small vicinity of y*. Next, we will show that
|y − y * | can be made ultimately of order O( 0 ).
(ii) Oscillations of order O( 0 ) around y*: From Assumption 3.3, ı
can be made arbitrarily small such that |y − y *|= O( 0 ) when  ∈ Dı .
Thus, if  stays in Dı , ∀ t, the oscillations around y* can be made of
order O( 0 ). Otherwise, it is important to show that |y − y *|= O( 0 )
holds if  oscillates around Dı .
Obviously, there exists C such that B ≤ yr < y∗ ≤ y < C, ∀t large
enough. Thus, there exists t̃ > 0 such that e(t) > 0, ∀t > t̃. Note that
Dı is invariant when (t) is in the FO switching surface. Deﬁne ˜ (t) =
(t) − (t̃1 ), ỹ(t) = y(t) − y(t̃1 ), one has
˜ (t) =

Ẇ2 = −Ẇ1 .

or

The proof of Theorem 4.2 will be given as follows:
(i)Attractiveness of Dı : Assume that  ∈
/ Dı ,
∀ t ∈ [0, tM ).
From Theorem 4.1, there exists a ﬁnite time tf such that

1 ỹ(t) +

1 ks1 (t

q−1
e),
2 (t̃1 Dt

3

− t̃13 ) +

1 ks2 (t

− t̃1 )

−1 < q < 0.

(C.1)

in which ks1 = 0, ks2 = 0 if yr is saturated and ks1 = kr1 , ks2 = kr2 ,
q−1
otherwise. From Lemma 3.2, there exists K such that |0 Dt e| <
K|e|. Thus, for t > t̃1 > t̃, one has |y(t) − yr (t)| ≤ C − B. So |ỹ(t)| ≤
 (t)| + 1 ks1 (t 3 − t̃13 ) + ( 1 ks2 + 2 K(C − B))(t − t̃1 ). Let t̃2 be the
1 |˜
ﬁrst time when (t) reaches the next sliding manifold (t) = (t̃2 )
(independently if  is inside or outside Dı ) and t̃3 is the ﬁrst time
when  reaches the frontier of Dı again (from outside). One has
t̃2 ≥ t̃1 , t̃3 ≥ t̃1 . There are two cases: (I) t̃3 ≤ t̃2 and (II) t̃3 > t̃2 .
For case (I), let t ∈ [t̃1 , t̃2 ]. (t) is not in sliding motion during
[t̃1 , t̃2 ). Hence, there exists an integer l such that l 0 < (t) < (l + 1) 0
and sgn(sin( (t)/ 0 )) =
/ 0. Otherwise, sliding mode happens at
(t) = l 0 or (t) = (l + 1) 0 . Hence, ˜ (t) is of order O( 0 ), ∀t ∈
[t̃1 , t̃2 ). Moreover, |sgn(sin( (t)/ 0 ))| = 1, ∀t ∈ [t̃1 , t̃2 ). One has
˙
|(t)|
≥ k̃(| | − | |) − 1 kr1 t̃22 ≥ ˛
˜ in which ˛
˜ = k̃˛ − 1 kr1 t̃22 . Here,
one can require that ˛ > 0 satisﬁes k̃˛ >

2
1 kr1 t̃2 .

Thus, (t − t̃1 ) ≤
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|˜ |/˛,
˜
∀t ∈ [t̃1 , t̃2 ) and (t − t̃1 ) is of order O( 0 ), ∀t ∈ [t̃1 , t̃2 ).
Since t 3 − t̃13 = (t − t1 )(t 2 + t̃12 + t t̃1 ). Since t ∈ [t̃1 , t̃2 ), one has
(t 2 + t̃12 + t t̃1 ) <  in which  = t̃22 + t̃12 + t̃2 t̃1 . Therefore, t 3 − t̃13 ≤
|˜ |/˛,
˜
∀t ∈ [t̃1 , t̃2 ). Thus, (t 3 − t̃13 ) is of order O( 0 ), ∀t ∈ [t̃1 , t̃2 ).
Hence, y(t) − y(t̃1 ) is of order O( 0 ), ∀t ∈ [t̃1 , t̃2 ). By continuity,
y(t) − y(t̃1 ) is also of order O( 0 ), ∀t ∈ [t̃1 , t̃2 ].
For case (II), let t ∈ [t̃1 , t̃3 ]. From case (I), y(t) − y(t̃1 ) is of order
O( 0 ), ∀t ∈ [t̃1 , t̃2 ]. Next, consider t ∈ [t̃2 , t̃3 ]. Since (t) is in slid˙
ing motion during [t̃2 , t̃3 ], one has (t)
= 0. Thus, y(t), ∀t ∈ [t̃2 , t̃3 ]
q
is decreasing with ẏ = −ks1 t 2 − ks2 − ( 2 / 1 )0 Dt e < 0. Hence, y(t)
continues to close in y* during [t̃2 , t̃3 ]. y(t) − y(t̃1 ) is also of order
O( 0 ), ∀t ∈ [t̃2 , t̃3 ]. Combining (I), y(t) − y(t̃1 ) is of order O( 0 ), ∀t ∈
[t̃1 , t̃3 ].
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