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Question
• Is “intelligent adaptive system” complex?

– Yes
– ME280 “Fractional Order Mechanics”

• Is adaptive control system always nonlinear?
– Yes
– ME211 “Nonlinear Control”

10/19/2017 NSF NRT of IAS @ UC Merced
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Fractional Calculus 
View of 

Complex Worlds
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Outline
• What is fractional calculus
• What is considered as complex
• Fractional calculus view of complexity
• Conclusions

– Big data hype and fractional calculus
– A call for contributions
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Outline
• What is fractional calculus
• What is considered as complex
• Fractional calculus view of complexity
• Conclusions

– Big data hype and fractional calculus

10/19/2017 NSF NRT of IAS @ UC Merced

Slide-7/1024



MESA LAB

What is “Fractional Calculus”?
• Calculus: integration and differentiation.
• “Fractional Calculus”: integration and 

differentiation of non-integer orders.
– Orders can be real numbers (and even complex 

numbers!)
– Orders are not constrained to be “integers” or even 

“fractionals”
How this is possible? 
Why should  I care? 

Any (good) consequences (to me)?
NSF NRT of IAS @ UC Merced
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Slide credit: Igor Podlubny
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Slide credit: Igor Podlubny

First Derivative:
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Slide credit: Igor Podlubny

The animation shows the 
derivative operator oscillating 
between the antiderivative (α=-1) 
and the derivative (α=1) of the 
simple power function y=x 
continuously.
http://en.wikipedia.org/wiki/Fractional_calculus
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Integer-Order Calculus Fractional-Order Calculus

Slide credit: Richard L. Magin, ICCC12
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“Fractional Order Thinking” 
or, “In Between Thinking”

• For example
– Between integers there are non-integers;
– Between logic 0 and logic 1, there is the “fuzzy logic”;
– Between integer order splines, there are “fractional order 

splines”
– Between integer high order moments, there are noninteger 

order moments (e.g. FLOS)
– Between “integer dimensions”, there are fractal dimensions
– Fractional Fourier transform (FrFT) – in-between time-n-freq.
– Non-Integer order calculus (fractional order calculus – abuse of 

terminology.) (FOC)

Slide-14/1024
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Rule of thumb for 
“Fractional Order Thinking”

• Self-similar
• Scale-free/Scale-

invariant
• Power law
• Long range 

dependence (LRD)
• 1/f a noise

• Porous media
• Particulate
• Granular
• Lossy
• Anomaly
• Disorder
• Soil, tissue, electrodes, 

bio, nano, network, 
transport, diffusion, 
soft matters (biox) …

10/19/2017
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Outline
• What is fractional calculus
• What is considered as complex
• Fractional calculus view of complexity
• Conclusions

– Big data hype and fractional calculus
– A call for contributions
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From Brian Castellani & Frederic William Hafferty (Eds.).  “Sociology & Complexity Science -A New Field of Inquiry.” Springer 2009.

What’s beyond?
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http://www.cafepress.com/thepowerlawshop
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Empirical Power Laws

Complex Webs: Anticipating the Improbable, B.J. West and P. Grigolini, Cambridge (2011).

Empirical Power Laws

Presenter
Presentation Notes
	Here is a list of phenomena covering 10 disciplines, whose regularity is captured by scaling laws and/or power law distributions. Such behavior has been the hallmark of complexity for many scientists and here I take it to be the harbinger of the fractional calculus. From the inverse power law tail of income first discovered by Pareto and now bears his name, to the distribution of airway diameters in the bronchial tree, to the rank ordering in the number of citations of published papers. The complexity of the underlying phenomena in each of these cases I maintain will lend itself to a fractional calculus description sooner or later.
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Other connectedness to FC? (hidden)
• Fractal, irregular, anomalous, rough, Hurst

– Multifractal, multi-scale, scale-rich
• Renormalization (?), Universality
• Extreme events– spikiness, bursty, intermittence
• Fluctuation in fluctuations; Variability, 
• Emergence, Surprise, Black swan
• Nonlocality, Long term memory
• Complex (behavior, processes, network, fluid, dynamics, 

systems …)
• When the forest is big, there are all types of birds ("It takes 

all kinds” 林子大了什么鸟都有), 20/80 rule(二八定律)
NSF NRT of IAS @ UC Merced
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Forest Fires: An Example of Self-
Organized Critical Behavior
Bruce D. Malamud, Gleb Morein, Donald L. Turcotte

18 Sep 1998

4 data sets
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Complexity “bow tie”

NSF NRT of IAS @ UC Merced
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I
P
L

Scale-Free, 
Heavy-Tailedness, 
Long Range Dependence,  
Long Memory …

Complex 
systems. 

phenomena,
behaviors, …
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IPL in Different Contexts
• Scale-free networks (degree distributions)
• Pink noise (power spectrum)
• Probability density function (PDF)
• Autocorelation function (ACF)
• Allometry (Y=a Xb )
• Anomalous relaxation (evolving over time)
• Anomalous diffusion (MSD versus time)
• Self-similar

NSF NRT of IAS @ UC Merced
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Outline
• What is fractional calculus
• What is considered as complex
• Fractional calculus view of complexity
• Conclusions

– Big data hype and fractional calculus
– A call for contributions
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My submission:

Fractional dynamics 
point of view

of
complex systems for complexity 
characterization and regulation

NSF NRT of IAS @ UC Merced
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“fractional calculus” appeared once
10453 pages, p.1416
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“fractional” appeared 0 times
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I
P
L

Scale-Free, 
Heavy-Tailedness, 
Long Range Dependence,  
Long Memory …

Complex 
systems. 

phenomena,
behaviors, …

Fractional 
dynamic Fractional calculus 

based models

Mittag-Leffler Law

10/19/2017
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Power Law

• “Scaling laws in cognitive sciences” by CT Kello, GDA Brown, R Ferrer-i-
Cancho, JG Holden, K Linkenkaer-Hansen, T. Trends in Cognitive Sciences 
14 (5), 223-232, 2010

NSF NRT of IAS @ UC Merced
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When k is negative: Inverse power law

Scale invariance

Scale-free

10/19/2017
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Heavy tail, fat tail

NSF NRT of IAS @ UC Merced
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Fractional Calculus, LRD, Power Law, 
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Power laws in

•Signal/Systems
•Probability distribution
•Random processes (correlation functions)

noise (signal) generation via fractional dynamic system
y(t) is a Brownian motion when α=1, i.e.,         process. 2/1 f
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Root of long (algebraic) tail, or 
inverse power law 

Tail MATTERS!
10/19/2017
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Connection to FC via PDF
• “Fractional Calculus and Stable Probability 

Distributions” (1998) by Rudolf Gorenflo , Francesco 
Mainardi http://arxiv.org/pdf/0704.0320.pdf 

NSF NRT of IAS @ UC Merced
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Source: 
https://www.flickr.com/photos/atheism_christian_apologetics/11
078762214/in/photostream/
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Wandering albatrosses flight search patterns

G.M. Viswanathan, et al. Nature 381 (1996) 413–415.

10/19/2017
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Outline
• What is fractional calculus
• What is considered as complex
• Fractional calculus view of complexity
• Conclusions

– Big data hype and fractional calculus
– A call for contributions

10/19/2017 NSF NRT of IAS @ UC Merced
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Big Data
• Volume
• Variety 
• Velocity
• Veracity
• Value

• So, to be complex to have big data??

10/19/2017 NSF NRT of IAS @ UC Merced
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FODA: Fractional Order Data Analytics
• First proposed by Prof. YangQuan Chen last weeks.
• Metrics based on using fractional order signal 

processing techniques for quantifying the generating 
dynamics of observed or perceived variabilities.
– Hurst parameter, fGn, fBm, … 
– Fractional order integral, differentiation
– FLOM/FLOS (fractional order lower order 

moments/statistics)
– Alpha stable processes, Levy flights
– ARFIMA, GARMA (Gegenbauer), CTRW …

10/19/2017 NSF NRT of IAS @ UC Merced
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https://www.exelisvis.com/Learn/WhitepapersDetail/TabId/802/ArtMID/2627/Ar
ticleID/13742/Vegetation-Analysis-Using-Vegetation-Indices-in-ENVI.aspx
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http://www.intechopen.com/books/responses-of-organisms-to-water-stress/water-stress-and-agriculture
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NDVI vs. water stress??

10/19/2017 NSF NRT of IAS @ UC Merced
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Drones as “Tractor 2.0” for Farmers
• RRR or SSM of water, fertilizers, pesticides etc.
• Fractional Calculus may save the world one day. 
• Drones create big data and demand FODA due to 

“complexity” thus variability, inherent in life 
process. 

10/19/2017 NSF NRT of IAS @ UC Merced
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http://mechatronics.ucmerced.edu/fccs
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Backup slides

10/19/2017 NSF NRT of IAS @ UC Merced
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• https://www.youtube.com/watch?v=QWvDPe6Ga
SA&feature=youtu.be

• Kecai Cao, YangQuan Chen, Daniel Stuart. A 
Fractional Micro-Macro Model for Crowds of 
Pedestrians Based on Fractional Mean Field 
Games. IEEE/CAA Journal of Automatica Sinica, 
2016, 3(3), 261-270

10/19/2017 NSF NRT of IAS @ UC Merced
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https://www.youtube.com/watch?v=o8
XoMMFdLyE&feature=youtu.be

• Jiacai Huang, YangQuan Chen, Haibin Li, Xinxin 
Shi. Fractional Order Modeling of Human 
Operator Behavior with Second Order Controlled 
Plant and Experiment Research. IEEE/CAA 
Journal of Automatica Sinica, 2016, 3(3), 271-280

10/19/2017 NSF NRT of IAS @ UC Merced
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• https://www.youtube.com/watch?v=iNuyigyidR8
• Cheng et al. "Study on Four Disturbance 

Observers for FO-LTI Systems.” IEEE/CAA 
Journal of Automatica Sinica (2016).

10/19/2017 NSF NRT of IAS @ UC Merced
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https://www.youtube.com/watch?v=iNuyigyidR8
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Malgorzata Turalska, Bruce J. West, 
US Army Research Office

• 2016 Conference on Complex Systems titled 
“Fractional calculus: new language of 
complexity”. The satellite session is scheduled to 
be held on September 21st, 2016 in Amsterdam, 
Netherlands.

• https://fractionalcalculus2016.wordpress.com/

10/19/2017 NSF NRT of IAS @ UC Merced
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"Individuality, Imitation and Influence"
• Bruce J. West 2013 @ UC Merced
• https://vimeo.com/75511143
•
• http://mechatronics.ucmerced.edu/events/bruce-j-

wests-invited-seminar-individuality-imitation-
and-influence

10/19/2017 NSF NRT of IAS @ UC Merced
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https://vimeo.com/75511143
http://mechatronics.ucmerced.edu/events/bruce-j-wests-invited-seminar-individuality-imitation-and-influence
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Fractional calculus can help physical, life and social scientists to
understand problems that are otherwise too;

• Big                                               (the bio- and social-spheres)
• Small                                           (molecular structure, individuals)
• Slow                                            (macroevolution of species, societies..)
• Fast                                             (photosynthesis, phase transitions)
• Remote in time                            (early extinctions, genetics, memory)
• Remote in space                         (life at extremes, heterogeneity)
• Complex                                      (human brain, IoBT)
• Dangerous or unethical               (infectious  agents, cyber fog)

Credit: Bruce West

Of what use is fractional calculus?

Presenter
Presentation Notes
	Fractional calculus can help the scientific disciplines formulate and solve problems that violate the underlying assumptions of their traditional models. Phenomena that are too big, too small, depend on behavior that is remote in space or time, that is explicitly too complex or too dangerous.
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• Complexity-induced barriers to understanding

• Heterogeneity in space

• Non-locality in time

• No characteristic time scales (fractals, scaling)
• Geometrical, statistical, dynamical

• Dynamics
• Strange attractors
• Non-integrable Hamiltonians
• Fractional differential equations

• Trajectories are chaotic
• Ensembles of chaotic trajectories
• Scaling ensemble probability distribution functions
• Fractional probability calculus

• How do we begin to build a coherent picture?

Credit: Bruce West

Presenter
Presentation Notes
	The various ways complexity is manifest as a research barrier are indicated. Much of this was anticipated by the late Benoit Mandelbrot in his generalization of Brownian motion to fractional Brownian motion, where he used the fractional calculus to incorporate memory into statistical time series.
	The scale-free aspect of fractal processes makes them unsuitable to be represented by analytic function. Such non-analytic functions have diverging integer-order derivatives, but have finite fractional derivatives. Consequently, the fractional differential equations are the natural representation for the equations of evolution of fractal phenomena that evolve over time.
	However, even nonlinear dynamic systems that have chaotic trajectories, have ensemble distribution functions that satisfy fractional kinetic equations. Leading to a fractional probability calculus.
	How do we make a coherent picture out of all of this?
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Complex Systems

• Can these be 
synthesized?

• Is the fractional 
calculus entailed by 
complexity?

Credit: Bruce West

Presenter
Presentation Notes
	Lest you be lulled into a false sense of security, let me present some additional mathematical models that have unique complexity properties. The complexity of chaos in nonlinear dynamical systems, with its sensitive dependence on initial conditions, is very different from the feedback behavior of homeostasis in systems theory, which shares some characteristics with collective intelligence of networks, that is unlike reactive-diffusive systems.
	The short answer to the question is no. But let us take a step back to Newton and his version of the differential calculus, fluxions. No where in the Principia is there any mention of fluxions, all the argument are geometrical. Unless one looks very closely and behind those arguments are the differential we know. Thus, the differential calculus is not entailed by classical mechanics, but it is certainly a more natural description than geometry.
	In the same way the fractional calculus is not entailed by complexity, but is certainly the more natural way to describe the behavior of complex phenomena.
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YangQuan Chen, Ph.D., Director, 
MESA (Mechatronics, Embedded Systems and Automation)LAB

ME/EECS/SNRI/HSRI/UCSolar, School of Engineering,
University of California, Merced

E: yqchen@ieee.org; or, yangquan.chen@ucmerced.edu
T: (209)228-4672; O: SE2-273; Lab: CAS Eng 820 (T: 228-4398)

October 21, 2016. Friday. 11am-12noon
A Workshop on Future Directions in Fractional Calculus 

Research and Applications, MSU, East Lansing, MI. 

Regional Sensing & Actuation of Fractional 
Order Distributed Parameter Systems



MESA LAB

Two questions
• So what? / Why bother?
• What else I/you/we can do?

10/19/2017 NSF NRT of IAS @ UC Merced
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So what? / Why bother?
• Three answers

– Complexity
– Better than the best
– xxx

10/19/2017 NSF NRT of IAS @ UC Merced
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Better than the best, “more optimal”

10/19/2017 NSF NRT of IAS @ UC Merced
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So what? / Why bother?
• Three answers

– Complexity
– Better than the best
– xxx
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F

FC
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