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Abstract—Development of asymptotic magnitude Bode plots
for integer-order transfer functions is a well-established topic
in the control theory. However, construction of such plots for
the fractional-order transfer functions has not received much
attention in the existing literature. In the present paper, we
investigate in this direction and derive the procedures for
sketching asymptotic magnitude Bode plots for some of the
popular fractional-order controllers such as PI%, [PI]*, PD",
[PD]?, and PI®DP. In addition, we deduce these plots for
general fractional commensurate-order transfer functions as well.
As applications of this work, we illustrate (i) the analysis of
the designed fractional-control loop and (ii) the identification of
fractional-order transfer function from a given plot.

Index Terms—Asymptotic magnitude bode, commensurate-
Order, fractional-Order.

I. INTRODUCTION

Ode plot [1],[2] plays an important role in the control

theory for graphically visualizing the frequency behavior
of a transfer function. Generally, software tools such as MAT-
LAB, SCILAB, etc. are used for obtaining an accurate Bode
plot as it involves significant amount of computational efforts.
However, one can sketch a good straight-line approximation
of the exact Bode plot known as asymptotic Bode plot [3], [4]
by doing a few simple calculations.

Asymptotic Bode plots are useful for quick manual analysis
of a designed control system with a reasonable degree of
accuracy [5]. They are also important for understanding the
role of each parameter of the given transfer function in
deciding the shape of its Bode response [6]. This knowledge,
in particular about the controller structures is very important to
a design engineer for manually tuning the control system. The
procedures to sketch asymptotic Bode plots of integer-order
transfer functions are well-established in the existing theory
[31[4].

Fractional calculus [7] generalizes the notion of integer-
order transfer functions to arbitrary orders, which leads to the
existence of fractional-order transfer functions [8]—[10]. The
control theory finds application of fractional calculus in the
form of fractional-order controllers such as PI%, [PI]?, PD?”,
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[PD]?, PI®DP, etc. which have fractional-order transfer
functions [9]—[11].

For a given fractional-order transfer function, one may
consider its integer-order approximation to sketch its asymp-
totic Bode plot using existing procedures for integer-order
transfer functions. However, the development of asymptotic
Bode plots of fractional-order transfer functions in their orig-
inal irrational-form has not received much attention in the
literature. In [11],[12], only a brief mention is found about
such plots in the context of fractional-order lead compensator.
Therefore, it is important to formulate and analytically justify
development of asymptotic plots for general fractional-order
transfer functions, which is undoubtedly lacking in the ex-
isting literature. In the current paper, we obtain asymptotic
magnitude Bode plots of: a) PI®, [PI]%, PD?®, [PD]'B,
PI®D? controllers and b) general fractional commensurate-
order transfer functions. The contributions of our paper are
summarized as follows:

1) To define basic fractional-order terms and develop their
individual asymptotic magnitude Bode plots.

2) To utilize above plots for developing asymptotic magni-
tude Bode plots of:
a) Fractional-order controllers such as PI%, [PI]%, PD",
[PDW, PI*D?,
b) General fractional commensurate-order transfer func-
tions.

3) To illustrate the applications of these plots for:
a) Performance analysis of designed fractional-order con-
trol loop.
b) Identifying fractional-order transfer function from
given asymptotic magnitude plot.

II. ASYMPTOTIC MAGNITUDE BODE PLOTS OF BASIC
TERMS

We introduce a few basic fractional-order terms given in
Table I, where K, a, a1, as € R and o, 8 € Rsg.

First, we explain the development of asymptotic magnitude
Bode plots for terms namely, constant gain, fractional zero, and
fractional double-term pole. Later, such plots are obtained for
the remaining terms.

A. Constant Gain

It is easy to see that for the constant gain transfer function
T(s) = K, the magnitude |T(jw)|ag = 20logio|K|, Yw.
Therefore, to draw magnitude Bode plot of constant gain, one
just has to sketch a horizontal line at 20log10|K|. In Bode



plot, z-axis represents frequency (w) in rad/s on a logarithmic
scale and y-axis represents magnitude in dB on a linear scale.

TABLE 1
BASIC FRACTIONAL-ORDER TERMS

TERM DESCRIPTION TRANSFER FUNCTION ( T(S))

CONSTANT GAIN K
FRACTIONAL ZERO s*+a
1
FRACTIONAL POLE 5Ta
FRACTIONAL ZERO AT ORIGIN s*
FRACTIONAL POLE AT ORIGIN s%
FRACTIONAL [ZERO] (s+a)~
1
FRACTIONAL [POLE] Gra®

FRACTIONAL DOUBLE-TERM ZERO soth +a1s* + a2

1
FRACTIONAL DOUBLE-TERM POLE o P Ta 59 Tay

B. Fractional Zero

The transfer function of fractional zero is given by:
T(s)=(s)+a
Substituting s = jw (where, w € R>¢) results into:
T(jw) = (jw)* +a

Therefore, the magnitude in dB is given by,
1
IT(jw)lan = 20logug (a2 + W + 2aw“cos (%)) 2

In the sum (a? + w?* + 2aw®cos (%)), the term a? dom-
inates at lower frequencies whereas the term w?® dominates at
higher frequencies. For the intended approximation, we choose
the corner frequency (or break frequency) w,, such that these
terms are equal, that is, a? = w?*|,_,,. . From which, one
obtains the corner frequency, we, = |a| %. Thus, the following
approximation of the magnitude is obtained:

1
1) For w < wer, [T(jw)]ap = 20logyo (a*)? = 20logiolal.
2) Forw > wer, |T(jw)|as = 20log1o (w20)5 = 20cdoggw.
Based on the above discussion, we lay down the following
procedure to construct the asymptotic magnitude plot for (s“+

a) shown in Fig. 1:
4

200 dB/decade

0 dB/decade

Magnitude (dB)

20log,, |a|

i L

o Frequency (rad/s)

Y

Fig.1. Asymptotic Magnitude Bode Plot for Fractional Zero.
Procedure:
1) Compute the corner frequency w., = |a & and locate

point (I) at magnitude 20l0g;|al.

2) Draw a line with slope 0 dB/decade for w < w,,, and a
line with slope 20a. dB/decade for w > w,, as shown in
Fig. 1.
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Comparison with Real Magnitude Bode Plot:

1) At this point, let us compare the asymptotic magnitude
Bode plot with the real magnitude Bode plot for the
Fractional Zero term (s + a). For this purpose, let the
numerical values be: o = 0.9,a = 2.!

2) Fig.2 shows the real as well as asymptotic magnitude
Bode plots for the fractional zero term, (s%-9 + 2).

3) As seen from Fig. 2, the asymptotic plot follows the real
plot quite closely, thereby confirming the correctness of
our asymptotic formulation.

—— Exact Magnimude Bode Plat
—— Asympratic Magninads Bode Plot

30+ H H

Magnitude (d5)

R T T I
s K 10 g

10
Froqueney fred/s)

Fig.2. Real and Asymptotic Magnitude Bode Plot for (s + 2)

C. Fractional Double-Term Pole

The transfer function of fractional double-term pole is given
by T(S) = m. Substltutlng s = jw (Where, w €
R>0) leads to:

1
(Jw)otF + a1 (jw)™ + az

T(jw) =
The decibel magnitude of T'(jw) is given by,

T (jw)|as = —20logio <w2(a+ﬁ) + adw® + a3+

201w Peos <7T2ﬂ) + 2asw* TP cos <7r(o¢2+6)> +

1
2a1asw®cos (%)) :

In the sum (w27 + a2w® + a2 + 2a;w**Pcos (%‘3) +

2aow*tBeos M) + 2a1a92w%cos (%)), the term a3

dominates at lower frequencies whereas the term w2(@+5)
dominates at higher frequencies. For the approximation

purpose, the corner frequency w, is chosen such that the
dominant terms are equal,

=Wer

2 2
a2 = [+,
Therefore, one gets the corner frequency,
1
Wep = |a2| (a+B)

Hence, the following magnitude approximation is obtained:
1) For w < we,:

|T'(jw)lap = —20logiolaz|

! Although only one numerical example has been illustrated here, one may
consider different sets of parameter values for the numerical confirmation.
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2) For w > we,:
|T(jw)|as = —2010910\w(0‘+5)| = —20(a + B)logiow

From the discussion above, following procedure is stated to
sketch asymptotic magnitude Bode plot for fractional double-
term pole m shown in Fig. 3:

Procedure: )

1) Compute the corner frequency we = |az|@*+® and
locate point (1) at magnitude —20log|az]|.

2) Draw a line with slope 0 dB/decade for w < w,,, and a
line with slope —20(c + 3) dB/decade for w > w,, as shown
in Fig.3.

A
@ Frequency (rad/s)

= —20log,, la|
= 0 dB/decade
2 -
= @
=
2
= —20{a+p) dB/decade

\

Fig.3.
Pole.

Asymptotic Magnitude Bode Plot for Fractional double-term

Comparison with Real Magnitude Bode Plot:

1) Let us consider a numerical example of finding the
magnitude Bode plot of the Fractional Double-Term Pole term,
with the parameters: a = 0.5, = 0.9,a1 = 2,a2 = 3.

2) Fig.4 shows the real as well as asymptotic magnitude
Bode plots for fractional double-term pole, 05 +0-9)1+230-5 )

As seen from Fig.4, the asymptotic plot follows the real
plot quite closely, thereby confirming the correctness of our
formulation.

T T

—— Fixacl Magnitude Bode Plol
—— Asymptotic Magnitude Bode Plot

Magnitude (0B

—ant-

—50

i i il

10 ¢ 0! iy 100

Freauendy (e
Fig.4. Real and Asymptotic Magnitude Bode Plot for
1

Similarly, one can obtain such plots for terms: =, s%,
=, (s+a), ﬁ, and s®tP + a15* + as. The results
are summarized 1n Tables II and III. Also, in each case, the
comparison is made between the real and asymptotic plots
using suitable examples. It can be seen from the Tables II
and III that for the numerical cases under consideration, the
asymptotic and real Bode plots are quite close to each other.?

[e3

2As seen from Table II, in case of fractional zero at origin (s) the
asymptotic and real plots ‘coincide’ (as the magnitude with both, the real
and asymptotic formulation, turns out to be: 20alogiow). Therefore, for the
numerical example, the plots overlap each other. The same is also true in case
of fractional pole at origin (S%).

Remark 1: It can be observed in Tables I and III that since
the transfer functions of fractional zero and fractional pole
are reciprocal to each other, their magnitude plots are mirror
images of each other with respect to w-axis. This is also true
for pairs such as fractional pole and zero at origin, fractional
[pole] and [zero], fractional double-term pole and zero.

D. Asymptotic Magnitude Bode Plots for Fractional-Order
Controllers

In the present subsection, the asymptotic magnitude Bode
plots of basic fractional-order terms are used to obtain such
plots for fractional-order controllers, PI<, [PI]“, PD?”,
[PD]?, and PI®D?.

Let us consider PI®
function:

c) =1, (145 ) =)+ 50 (55)

s 5o

controller which has the transfer

As observed in (1), PI¢ is expressed as a product of transfer
functions of constant gain, fractional zero and fractional pole
at origin. Therefore, the asymptotic magnitude Bode plot of
PI% can be obtained by adding such plots of its constituent
elements as shown in Table I'V. Similarly, one can develop the
asymptotic magnitude Bode plots for [PI]*, PD?, [PD]P,
and PI®D? controllers as summarized in Table V.

Remark?2: The asymptotic magnitude Bode plots of
fractional-order controllers are obtained from those of basic
fractional-order terms. Therefore, we do not pursue the com-
parison between asymptotic and real magnitude Bode plots
for the fractional-order controllers exclusively. Nevertheless, in
Section IV, a numerical example is considered to demonstrate
the analysis of fractional control loop using the asymptotic
formulation, wherein the real and asymptotic plots have been
compared.

III. ASYMPTOTIC MAGNITUDE BODE PLOTS FOR
GENERAL FRACTIONAL COMMENSURATE-ORDER
TRANSFER FUNCTIONS

Let us consider a general fractional-order transfer function,
Y () bps?m 4+ by_18Pm-1 4 4 bys
U(s)  ans® + ap_15%-1 + ... + ags®

The transfer function (2) represents a commensurate-order
system, if there exists a greatest common divisor ¢ € R
such that a; = qe;(1 = 0,1,2,...,n),0 = qf(k =

2

0,1,2,...,m);e;, fr €Z. Here, q is called the commensurate
order, which can be rational or irrational. Therefore,
Y P(s1
T(s) o Y8) _ P
U(s)  Q(s9)
where, P(.), Q(.) are polynomial functions. If p = s, then,
P(p)
T(p) = == 3
Q(p)

On factorization, (3) can be expressed as follows?:

3This is because any polynomial with real coefficients has either real roots
or complex roots in pairs. The real roots lead to terms of the form (p +
¢i), (p+ gx) and complex roots in pairs lead to terms such as (d;p? +e;p+
£3)s (ip* + oip + qu).
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TABLE II
ASYMPTOTIC MAGNITUDE BODE PLOTS FOR REMAINING BASIC FRACTIONAL-ORDER TERMS

Term & Corner Frequency

Asymptotic Magnitude Bode Plot

Numerical Example

@, Frequency (rad/s)
- T >
. )
Fractional Pole o [ :
’ ostta % : 2010g10 |a‘ o 0 —Exact Magnitude Bode Plot
. e 0 dB/decade 1 =-10 T e e e Pl
L P
o, ~la| " E Z-2 1
h= E
. 5 301 B
(For Numerical Example, 5 = a0 i L [,
_ _ = —200 dB/decade 10 10 10° 10! 10
0=0.9,a=2) Frequency (rad/s)
4
N
s
SN
. . g
Fractional Zero at Origin,s&* 5 40
j: —~ = Exact Magnitude Bode Plot
. @ — Asymplotc Mgt Hode Pl
(For Numerical Example, gn T 20f L
20a dB/decade = |
a=0.9) = E
< > 5
_ 2-20
=1 Frequency (rad/s) = ‘
40 ST S U 8 0 R U 08 B U B B S
10 107 100 10' 10
v Frequency (rad/s)

A

Fractional Zero at Origin, Tl

y

4

(For Numerical Example,

\ =1 Frequency (rad/s) 40

g
= ) =R
“=0.9) < ~20a dB/decade £
[} &-20r
% 10 10 Frequerl](c)y (rad) 10 10?
Zy
by adding such plots of their constituent terms similar to the
ma mao a . .
L0+ c) TI(dp? +ep+ f;) PI* case explained in Table IV.
T(p) = i=0 j=0
p)= ”ﬁ’ ( n ) ﬁ (h 2y I ) IV. APPLICATIONS OF ASYMPTOTIC MAGNITUDE BODE
k=0 P 1=0 wmepT A PLOTS
In this section, we demonstrate two applications of asymp-
where C; (Z = 0,1,...m1), dj,ej,fj (j = 0,1,...m2),

g (k = 0,1,...m3), hj,o1,z; (I = 0,1,...my) are real
constants. m1, me, M3, My are positive integers.
Now, by re-substituting p = s?, one gets,

I Iy
[T (7 + ) T] (d;5*7 + e557 + f;)

j=0

“4)

lg
=0

It is seen that (4) is composed of fractional zeros, fractional
poles, fractional double-term zeros and fractional double-term
poles. Hence, one can construct asymptotic Bode plots of T'(s)

totic magnitude Bode formulations, 1) Analysis of fractional
control loop and 2) Identification of fractional-order transfer
function from asymptotic magnitude plot.

A. Analysis of Fractional Control Loop

Let us suppose that we have tuned a [PD]? controller for
a type-1 motion plant of the form ﬁ to meet required
gain crossover frequency (wgy.), phase margin (¢,,), and
isodamping property [13] by following the methodology given
in [14]. The numerical values are: K = 1,7 = 0.4, wy. = 10
rad/s, ¢, = 70°. The plant (G(s)) and designed controller
(C(s)) are as follows:
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a=0.9,6=09,a,=2,a,=3)

A

5
TABLE III
ASYMPTOTIC MAGNITUDE BODE PLOTS FOR REMAINING BASIC FRACTIONAL-ORDER TERMS
Term & Corner Frequency Asymptotic Magnitude Bode Plot Numerical Example
g 200 dB/decade
Fractional [Zero], (s+a)%* § ~ 40 e Magnimde s Pox
2 m L —— Asymptotic Magnitude Bode Plot
©,_=d| E 0 dB/decade 2 30
R < g 20 1
(For Numerical Example, b @) £ /
2 1o H
4=0.9,4=2) 20log, [al s ‘ ‘ |
- o 102 10 100 10! 10°
< > Frequency (rad/s)
Dy Frequency (rad/s)
@, Frequency (rad/s)
- : >
i
Fractional [Pole], ! - ) ! —20log, [a| 0 [ v
(sta) E 0 dB/decade 2 100 i | — Asymptotic Magnitude Bode Plot
A —§ 3 20
3 o0t
(For Numerical Example, = @ e 0
an < —30F
— — <
0=0.9,a=2) S o ]
—200 dB/decade 102 101 100 10! 102
Frequency (rad/s)
% 20(a+p) dB/decade
) o 60
Fractional Double-Term Zero, E -~ B MumtndeBode ot
y 8= 0 dB/decade g .0 e
(s*"+as +<112) §) ' 3
1 =
o =la|——7 H z 20
cr '2 (a+p) : 2010gm ‘azl é‘)
(For Numerical Example, 1 P S 0 N S A S 8 0 TR O O M 41
! 10 10! 100 10! 10°
[0}

e Frequency (rad/s)

Frequency (rad/s)

= O(s)G(s) = 16.7780(1 + 0.29925)0-7826 ___1

= S(Wlsﬂ),C(s) = 16.7780(1 + 0.29925)0-7826

lations for analyzing magnitude Bode characteristics of the

designed loop transfer function L(s). More precisely, we
intend to verify the gain crossover frequency met by L(s).

From (5), it can be seen that L(s) is composed of basic terms

5(0.4s+1)

defined in Section II. One can draw their individual asymptotic
plots and add them to get the plot for L(s). Fig.5 presents
(3exact and asymptotic magnitude bode plots for L(s).

Txact Magaitude Bods Plot
—— Asymptotic Magninude Bode Plot

o, with Exact Plot_Lorad/s

,,, wilh Asymplolic Plot=9.64Rrad’s

. 1 10.7826 , 1 1
= (16.3143) (s + 0.2992) (31) (s7+2.5)
! ! “xact Magnilude Bode Plol
G0 plotic Magnitude Bode Plol
oF
50/ |
40 g
sk
£ 30 q
§ 200 Zoomed View is Showd 3 ~ 2
E] in Next Figure g
< 1ok 3
RSN RS 1 N WO 0 S - % ar
""" =
ok
b
ok
T ‘ 01 B R — T -4
Frequeney (rad/s)
Fig.5. Application of Asymptotic Magnitude Plot for Loop
Analysis. Fig. 6.

Our focus is to illustrate the usefulness of earlier formu-

0
Troquency (radis)

Identification of Fractional-Order transfer function from
Asymptotic Magnitude Bode Plot



TABLE 1V
ASYMPTOTIC MAGNITUDE BODE PLOT FOR PI* CONTROLLER

Term Asymptotic Magnitude Bode Plot
o
)
o 0 dB/decade
; E
Constant Gain, K Z
); 2 20log,, |K,|
=
Frequency (rad/s)
o
2 200 dB/decade
E
. 2 | 0dB/decade
Fractional Zero,s“+K, Eg )
) = ®
o =K|7 20log,, |K|
o
@e Frequency (rad/s)
®=1  Frequency (rad/s)
. .. 1
Fractional Pole at Origin, — g
: e —200 dB/decade
=
2
‘g
eh
&
=

On adding the above plots, one gets:

PI* Controller

g
X e —20¢ dB/decade
— p— i
7Kp(l+ ) ‘E 0 dB/decade
&h
(K (s €L H ©
(K )" +K)(—L) ) 20tog, K
1
o =K|a
o 1p l e Frequency (rad/s)

The zoomed view of a selected portion of Fig. 5 is shown in
Fig. 6. From Fig. 6, it is seen that the wy. values with asymp-
totic and exact magnitude Bode plots (9.648 and 10 rad/s,
respectively) are quite close to each other. This confirms the
correctness of our formulations.

B. Identification of Fractional-Order Transfer Function

Let wus consider a general asymptotic magnitude
Bode plot as shown in Fig.7 (Where, aq,as,...a, €
Rs0,b1,b2,...0,41 € R). It is desired to identify the
fractional-order transfer function corresponding to the asymp-
totic magnitude Bode plot in Fig.7. It must be noted that in
Fig.7, the straight-line approximations assume any arbitrary
slope. (In integer-order transfer function case, such slopes are
always integer multiples of 20.)

Prior to identification, it is essential to consider the asymp-
totic magnitude Bode plots of following composite terms:

1) ks® (where, k, a € R)

ks® is composed of constant gain k and the term s“. Based
on the value of «, there are following possible cases:

a) a > 0: In such case, s™ is fractional zero at origin.
Asymptotic magnitude Bode plot of ks® obtained from its
constituent terms is shown in Fig.8. Figure is sketched for
|[k] > 1. One can also sketch the corresponding one for
|k] < 1.
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TABLE V
ASYMPTOTIC MAGNITUDE BODE PLOTS FOR OTHER
FRACTIONAL-ORDER CONTROLLERS

Controller Asymptotic Magnitude Bode Plot
o g
[P e 200 dB/decade
K =
=K (1+—-)" £ 0 dB/decade
an
£}
=K (s+K y(—— = o
(=) 1 20l0g,, K
o =K]
o 1
e Frequency (rad/s)
P g
b 20f dB/decade
= s E
Kp(]+Kr/¥) g 0 dB/decade
1 &
=K K (s"+—— = ®
Kl K, ) 1 20log,, IK |
1+
wcf\zl B
e Frequency (rad/s)
PD* 2
% 204 dB/decade
=K (1+K s’ £
(1KY £ | 0dB/decade
1 =)
KK Jst Y I —
20log,, K|
1
w"_lfd‘
@Yo Frequency (rad/s)
2 | NG20a dB/decade
<2
PED? ]
g 2043 dB/decade
_ K, &
=K (1+—+K ) b ©} 20log,, |K [+
« K o1 i 200
:KpKd(s“*/“*'%*T()T ETHX log,y K+
e H
K - 1 208
o, g ©? g 80 Kl
'
@D Frequency (rad/s)
/
~
m
=
=
L
=
£
=
2
2 b, dB/decabe
K dB
b, dB/dccabe
aﬂ aﬂ
- H T >
a . v (£2
: 1 i Frequency (rad/s)
1
1
i
b, dB/dccabe !
i
1
1
\ 1
1
H
b, dB/decabe
Fig.7. Identification of Fractional-Order transfer function from

Asymptotic Magnitude Bode Plot

b) a < 0: In this case, s* represents fractional pole at origin.
Fig. 9 shows the asymptotic magnitude Bode plot for ks®.

¢) a = 0: For this case, ks® reduces to k. The discussion
for asymptotic magnitude plot for such a term was made in
Section II-A.
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200 dB/decade

Magnitude (dB)

20log, |41

Frequency (rad/s)

/ =1

Fig.8. Asymptotic Magnitude Bode Plot for ks* when o < 0.

o
2
<
£
5 20a dB/decade
=

20log,, |4

w=1 Frequency (rad/s)

(s+a)*
™

Fig.9. Asymptotic Magnitude Bode Plot for when a > 0.

Remark: It can be inferred from the above asymptotic plots
that the term ks® is identified when a line of given slope offset
by a known magnitude is observed.

2) S+a (where, a € R, @ € R)

% is composed of constant gain ala and the term

(s+a)®. When a > 0, (s+a)® represents fractional [zero]. For
such case, the asymptotic magnitude plot of % obtained
from its constituent elements is as shown in Fig. 10.

On the other hand, for a < 0, (s+a)® represents fractional

[pole]. Therefore, the asymptotic magnitude plot of % in
this case takes the shape as shown in Fig. 11.
A
)
Z
3
E 20 d o
3 o dB/decade
g
= 0 dB/decade
D o =a| Frequen:y (rad/s)
Y
Fig.10. Asymptotic Magnitude Bode Plot for H“) when a > 0.
o =d| Frequency (rad/s)
_ | 0dB/decade
g
-‘Lg’ 20z dB/decade
=
Fig.10. Asymptotic Magnitude Bode Plot for <S+a) when o < 0.

Remark: Tt can be observed from Figs. 10 and 11 that,

1) (9275) with @ > 0 is identified when there is an
‘increase’ in slope at given corner frequency.

2) Ha with v < 0 is identified when there is a ‘decrease’
in slope at given corner frequency.

Based on above discussion, we identify the fractional-order
transfer function from the asymptotic magnitude Bode plot
given in Fig.7 as follows:

1) From Fig.7, it is seen that for the frequency range from
0 to aj, the plot is a line with slope b; dB/decade. Recalling
Remark 3, we identify the corresponding term as ks® with
a = 12% (Since, 20ac = by). The constant k£ is obtained as

follows:
From Fig.7, 20loglo|ks ls=ja, = K.
Therefore, |k| = 1220 = k= 11020.
1

20

2) At corner frequency a;, there is an observed increase
of slope from b; to by. From Remark 4, this corresponds to
the term (SJ(;*Z)Q with o = b22_0b1, a = ay (since, by > by,
a > 0). Similarly, at corner frequency as, there is an observed
decrease of slope from by to bs. From Remark 4, we get the
corresponding term as (5+“) with o = b32’0b2, a = as (since,
by < by, a < 0). One can similarly obtain the terms for
observed change in slopes at as, aq, ..., Gy.

3) The individual identified terms are multiplied to get the
complete transfer function 7'(s) for the asymptotic magnitude
plot given in Fig.7 as follows:

T(s) =
K b by —by 3
1020 520 (s+ay) 2 (s+ag)" =
+ 2% ba—by b3—by
a120 al 20 a2 20

bpy1—bn
(s+ap)™ 20
bpt1—bn
an 20

It is important to note that the above general case consid-
ers asymptotic magnitude Bode plots containing lines with
arbitrary slopes. Therefore, it also includes the integer-order
transfer function cases when slopes are integer multiples of
20.

V. CONCLUSION

In this paper, we presented the construction of asymptotic
magnitude Bode plots for popular fractional-order controllers
such as PI%, [PI]%, PD?S, [PD]ﬁ, and PI“DP. The plots
were also developed for general fractional commensurate-
order transfer functions. The applicability of this work to
quickly analyze the performance of designed control system
containing fractional-order elements was demonstrated with
the help of a numerical example. We also showed the useful-
ness of our formulation in identifying fractional-order transfer
function from the given asymptotic magnitude Bode plot.
Development of asymptotic phase Bode plots for fractional-
order transfer functions can be an another interesting direction
to this work.
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