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The Exp-function Method for Some Time-fractional
Differential Equations

Ahmet Bekir, Ozkan Guner, and Adem Cevikel

Abstract—In this article, the fractional derivatives in the sense
of modified Riemann-Liouville derivative and the Exp-function
method are employed for constructing the exact solutions of
nonlinear time fractional partial differential equations in math-
ematical physics. As a result, some new exact solutions for them
are successfully established. It is indicated that the solutions
obtained by the Exp-function method are reliable, straightfor-
ward and effective method for strongly nonlinear fractional
partial equations with modified Riemann-Liouville derivative by
Jumarie’s. This approach can also be applied to other nonlinear
time and space fractional differential equations.

Index Terms—Exact solution, exp-function method, fractional
differential equation.

I. INTRODUCTION

RACTIONAL partial differential equations (FPDEs) have

gained much attention as they are widely used to describe
various complex phenomena in various applications such
as the fluid flow, signal processing, control theory, systems
identification, finance and fractional dynamics, physics and
other areas. Oldman and Spanier first considered the partial
fractional differential equations arising in diffusion problems
[1]. The fractional partial differential equations have been
investigated by many researchers [2]—[4].

In recent decades, a large amount of literature has been
provided to construct the exact solutions of fractional ordi-
nary differential equations and fractional partial differential
equations of physical interest. Many powerful and efficient
methods have been proposed to obtain exact solutions of
fractional partial differential equations, such as the fractional
sub-equation method, the first integral method, the (G’/G)-
expansion method exp-function method and so on [5]—[19].

The exp-function method [20]—[27] can be used to con-
struct the exact solutions for some time and space fractional
differential equations. The present paper investigates for the
first time the applicability and effectiveness of the exp-function
method on fractional nonlinear partial differential equations.
The objective of this paper is to extend the application of the
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exp-function method to obtain exact solutions to some frac-
tional partial differential equations in mathematical physics.
These equations include Fitzhugh-Nagumo equation and KdV
equation.

This Letter is organized as follows: In Section II, some basic
properties of Jumarie’s modified Riemann-Liouville derivative
are given. The main steps of the exp-function method is given
in Section III. In Sections IV and V, we construct the exact
solutions of the time fractional Fitzhugh-Nagumo and KdV
equations via this method. Some conclusions and discussions
are shown in Section VI.

II. MODIFIED RIEMANN-LIOUVILLE DERIVATIVE

In decades years, in order to improve the local behavior of
fractional types, a few local versions of fractional derivatives
have been proposed, i.e., the Caputo’s fractional derivative
[28], the Griinwald-Letnikov’s fractional derivative [29], the
Riemann-Liouville’s derivative [29], the Jumarie’s modified
Riemann-Liouville derivative [30], [31]. The Jumarie’s deriva-
tive is defined as

1 d ¢
D?f(t)zm% Jo =& [f(&)—f(0)]d¢,0<a<

(D

where f: R — R, ¢ — f(t) denotes a continuous (but not

necessarily first-order-differentiable) function. We list some

properties for the modified Riemann—Liouville derivative as

follows:

Property 1:
I'(1+47)
DY = —————— {77« 0. 2
t 1—\(1 + v — a) y > ( )
Property 2:
Dg(ef(t)) = eDg f(t), ¢ = constant. 3)
Property 3:

Di{af(t) +bg(t)} = aDy f(t) + bD g(t) )

where a and b constants.
Property 4:

Dgfc =0, c = constant. 5)
ITII. THE EXP-FUNCTION METHOD
We consider the following general nonlinear FPDE of the
type
F(u, D, DPu, D¥u, D¢ Diu, D¢ D5, DP D8, DgD;f’u,
D;ﬁDly/’u,...):O, 0<ao,6,p <1 ©
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where u is an unknown function, and F' is a polynomial of
u and its partial fractional derivatives, in which the highest
order derivatives and the nonlinear terms are involved. In the
following, we give the main steps of the exp-function method.

Step 1: Li and He [32] proposed a fractional complex trans-
form to convert fractional differential equations into ordinary
differential equations (ODE), so all analytical methods devoted
to the advanced calculus can be easily applied to the fractional
calculus. The traveling wave variable

ﬁU(I,y,t) :d)U(S)
é At 7
LA A— )
ri+p) I'l+y) TI'(l1+a)
where 7,9 and A\ are non zero arbitrary constants.
By using the chain rule

Diu= o, % Di¢
AU
Diju =0, 5= D€
/dU
Dfu= a5 Di¢ ®)

y and o, are called the sigma inc/lexes see
[3/3], [34], without loss of generality we can take o, = o, =
o, = [, where [ is a constant.

Substituting (7) with (2) and (8) into (6), we can rewrite (6)
in the following nonlinear ODE

QU,U,U".U",...)=0 )

’ ’
where o, o

where the prime denotes the derivation with respect to £. If
possible, we should integrate (9) term by term one or more
times.

Step 2: According to exp-function method, which was
developed by He and Wu [35], we assume that the wave
solution can be expressed in the following form

d
> anpexp [n{]

n=-—c¢

zq: b, €Xp [mﬂ

m=—p

U() = (10)

where p, g, c and d are positive integers which are known to
be further determined, a,, and b,,, are unknown constants. We
can rewrite (10) in the following equivalent form.

Ue) = a_.exp [f CE] + -+ agexp [df]
b_pexp | —p&] + -+ bgexp [¢€]
Step 3: This equivalent formulation plays an important and

fundamental part for finding the analytic solution of problems.

To determine the value of ¢ and p, we balance the linear

term of lowest order of equation (9) with the lowest order

nonlinear term. Similarly, to determine the value of d and g,

we balance the linear term of highest order of (9) with highest

order nonlinear term [36]—[39].

In the remaining sections, we will show the exact solutions
to nonlinear time fractional differential equations using exp-
function method.

Y

IEEE/CAA JOURNAL OF AUTOMATICA SINICA, VOL. 4, NO. 2, APRIL 2017

IV. THE TIME FRACTIONAL FITZHUGH-NAGUMO
EQUATION

We take into account the time fractional Fitzhugh-Nagumo
equation

a 2
Q:@wbu(lfu)(ufu), t>0; 0<a<l;zeR
ot 0z
12)
subject to the initial condition
1
u(z,0) = ———— (13)
(I+e v2)

which is an important nonlinear reaction-diffusion equation,

applied to model the transmission of nerve impulses [40], [41],

and also used in biology and the area of population genetics

in circuit theory [42]. When p = —1, the Fitzhugh-Nagumo

equation reduces to the real Newell-Whitehead equation [43].
For our goal, we present the following transformation

ALY

u(z,t) = U(E), T1+a)

E=cx — (14)
where ¢ and A # 0 are constants.
Then by use of (14) with (2) and (8) into (12), (12) can be

turned into an ODE

U + AU +U(1-U) U —-p)=0 (15)
where U’ = Ccli%
Balancing the order of U and U? in (15), we have
U3:clexp[(3c+p)§]+~~ (16)
Cy €Xp [4p£} + -
and
[ _ C3eXD (Bp+ )] + - (7

C4 €XP [4p§] + -

where c¢; are determined coefficients only for simplicity. Bal-
ancing lowest order of exp-function in (16) and (17) we have

3p+c=3c+p (18)
which leads to the result

p=c. (19)

Similarly to determine values of d and g, we balance the
linear term of highest order in (15)
o o bdiesn [~ (gt d)
~~~+d2exp[f4q§]

(20)

and
B ~-~+dgexp[—(3d+Q)f]

U3 =
-+ dyexp [ — 4q€]

where d; are determined coefficients only for simplicity. From
(20) and (21), we obtain

—(Bg+d)=—(3d+q)

2L

(22)

and this gives

q=d. (23)
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To simplify, we set p = ¢ = 1 and ¢ = d = 1, so (11)

degrades to
() = a1 exp(§) + ap + a—1 exp(=§)
b1 exp(&) + b + b_1 exp(—&)
Substituting (24) into (15), and by the help of symbolic
computation, we have

% [R3 exp(3€) + R exp(2€) + Ry exp(€) + Ro

+R_1exp(—€) + R_gexp(—2€) + R_z exp(—3¢)] =
(25)

(24)

where
A= (b_jexp(—€) + by + by exp(€))3

Rg = a%bl + a%kbl — alb%k — a‘;’

R2 = a%bo - 3&%0,0 + CZClob% + 2a1b1a0 - )\aob% + ka%bo
—aob%k—i—Qalaokbl —2a1b1kbo—c2a1b1b0—|—)\a1b1b0

Ry = a?b_1 — 3a%a_1 — 3a1a + a3by + ?a b
— 2/\a_1b% — a1b(2)]<1 + 402a_1b% +2a1b1a_1
- a_lbfk + /\albg + a%b_lk + a%kbl + 2a1b0a0
— Czaoblbo + 2a1boaok — 4c2a1b1b,1 — 2a1b1b,1k‘
— Aagb1bg — 2agb1bok + 2Aa1b1b_1 + 2a1b1a_1k

Ry = —ag — aobgk‘ + a%kbo — 2a1bgkb_q
+ 2a1a9kb_1 — 2a_1b1kby + 2a1bga_1 4+ 2a1b_1ag
+ a%bg + 3)\a1b0b_1 - 3)\a_1b1b0 + 302a1b0b_1
+ 3C2a,1b0b1 — 662a0b1b,1 — 60,10400,,1
+2agb1a_14+2a1a_1kby—2a9b1kb_1+2apa_1kby

R_1 = a%b_l — 3a_1ag — 3&1&2_1 + b1a2_1 — 2 a_1b1b_q
+2a1a_1kb_1+Aa0b_1b0+2a0a_1kbo7C2a0b0b_1
—2a,1b1kb,1—2a0b0kb,1—402a,1b1b,1 +2)\a1b2_1
—Xa_1b3+a? 1 kbi+2a1b_1a_1—a1b*  k+4c?a b?
+ a%k’b,1 + 2apbpa_1 + CQlelb(Q) — Cl,,lb%k

R_2 = 730,0(12_1 + b0a2_1 - 2a_1b0kb_1 + 20,0(1_1](11)_1
- CQG_lbob_l — )\a_lbob_l + 2(101)_1(1_1
—agh? 1k + Aagb? | + a? 1 kby + Cagh?

R_3 = a2_1b_1 + 012_1kb_1 — a_1b2_1ki — @3_1.
Solving this system of algebraic equations by using Maple,
we obtain the following results

Case 1:
1
ap =0, b—lzga—l, bop=0, b =a
u="5A=6 c=+V2 (26)

where a_; and a; are free parameters. Substituting these
results into (24), we obtain the exact solution (27), shown
at the bottom of the page.

The evolution of exact solution for (27) with o = 0.5 and
a = 1.0 is shown in Fig. 1.

L S B N )
—_— N W W

Fig.1. The exact solution for (27) with (a) « = 0.5 and (b) a = 1,
respectively, when a1 = 1,a_1 = —1.
Case 2 :
1
ap =0, b1 = a—1, by = 0, by = 5&1
p=>5 A=-6, c==+V2

(28)
where a_; and a; are free parameters. Substituting these
results into (24), we obtain the exact solution (29), shown
at the bottom of the page.

Case 3:
apg=0, b1=0b_1, b=0, bi=am
2 2
a_1 a—”q 71)_1 \ﬁ
it S W S S L _b
= a0 oy @by

(30)
where a_; and b_; are free parameters which exist provided
that b_; # 0 and a®, # b?,. Substituting these results into
(24), we obtain the exact solution (31), shown at the bottom
of the page.

a exp(:t\[x + p(%;)) + a1 exp(—(£V2z + ¢ 61t:o¢)))

u(x,t) = - @D
xp(+v/2x + F(1+ )) +a_y exp(—(£v2z + F(?tﬂx)))
w(et) = ay exp(:&:fx + %) + a_y exp(—(£v2z + F(1+a))) (29)
’ U exp(+v2z + 1ﬂ(lm)) + a1 exp(—(+v2z + r(61t:a)))
wlant) — SO~ wiliey) + A exp(—(er — riiey) G31)
’ ay exp(cx F()ifa)) +b_1 exp(—(cz — r()\lt-:a) )
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Case 4 :
ag =0, b1 =a_i, bo =0, by = by
2 _ 12
ax ai — by V2
H by ) 4b% ; c 4D, (al 1)
(32)

where a; and b; are free parameters which exist provided that

by # 0 and a? # b?. Substituting these results into (24), we

obtain the exact solution (33), shown at the bottom of the page.
Case 5 :

ag =0, b_1 =2a_q, bp =+/—ara—1, bi=a
oL 3 Loy V2
X K T4

27)

where a; and a_; are free parameters. Substituting these
results into (24), we obtain the exact solution (35), shown
at the bottom of the page.

Obtained exact solution is described in Fig. 2.

Fig.2. The exact solution for (35) with (a) « = 0.5 and (b) @ = 1,

IEEE/CAA JOURNAL OF AUTOMATICA SINICA, VOL. 4, NO. 2, APRIL 2017

where a; and a_; are free parameters which exist provided
that b_; # 0 and a®, # b?,. Substituting these results into
(24), we obtain the exact solution (37), shown at the bottom

of the page.
Case 7 :
ap=0, b_i=a_1, by= \/*a21a_17 by = %
3 V2
/’[' ) 2) & 2

(38)
where a; and a_; are free parameters. Substituting these
results into (24), we obtain the exact solution (39), shown
at the bottom of the page.

Case 8 :
2 12
_aj — by
apg = O7 A= Qb%
b1 =a_1, bp =+ _a (a1 —b1), by = b1
ai
2
M:ﬂ, c:ii(al—bl)
by 2by
(40)

where a; and a_; are free parameters which exist provided
that b; # 0 and a? # b?. Substituting these results into (24),
we obtain the exact solution (41), shown at the bottom of the

page.

V. THE TIME FRACTIONAL KDV EQUATION

respectively, when a1 = 1,a_1 = —1.
Case 6 : We consider the time fractional KdV equation
2 2
a‘, —b%,
ag = 0 A=
’ 202 o ou 0
L T udbus + =0, t>0;0<a<lizeR 42)
b_1="b_1, bp = £ _T(afl —b_1), bi=a ot dr Oz
-1
a_y V2 subject to the initial condition:
p=—, c==+ (a_1 —b_1)
b_1 2b_y 1 5,1
(36) u(z,0) = §sech (ix) (43)
w(et) = ay exp(cx — F(%:a)) + a_y exp(—(cz — F(%:a))) 33
) by exp(cx — F()it:a)) + a—j exp(—(cx — F(?Ta) )
u(z, t) = a1 exp(EFT + srifrey) + a1 0xP(—(FF7 + sritr) (35)
ay exp(i%x + SF:(Sfia)) +/=aja_1 +2a_, exp(—(i%x + Sr?ltia) )
w(et) = ay exp(cx — %) + a_q exp(—(cx — F(%;))) a7
’ ay exp(cx — %)—Fw—am_l + 2a_7 exp(—(cx — %))
u(z,t) a1 exp(EF e + grfirey) + a1 eP(—(E 50 + arlire)) (39)
P T o)+ L5 a0 ol (£ e + gl
AL AL
a1 exp(cx — ay) + a—1exp(—(cr — a5ay))
u(z,t) = ) L) 1)

At ):l: _ a1

bl eXp(Cx — m @

(a1 —b1) +a_yexp(—(cx —

F();fa) ))
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where « is a parameter describing the order of the fractional
time-derivative. The function u(z, t) is assumed to be a causal
function of time.
For our purpose, we introduce the following transforma-
tions;
At

u(z,t) = U(E), m

E=cr— 44)
where ¢ and \ are non-zero constants.
Substituting (44) with (2) and (8) into (42), we can show

that (42) reduced into following ODE

=AU’ +6cUU" + U =0 (45)
du
where U’ = a
Integrating (45) with respect to ¢ yields
=AU +3cU° + U + 6 =0 (46)

where & is a constant of integration.

By the same procedure as illustrated in Section III, we can
determine values of ¢ and p by balancing terms U? and U”
in (46). By symbolic computation, we have

crexp [Bp+ )] + -

U// —
Co €xXp [4p§] + e

(47)

and
ot cezexp [2c§}

U? =
oo 4 cqexp [2p§]
where c¢; are determined coefficients only for simplicity. Ac-

cording to exp-function method, balancing lowest order of (47)
and (48), we have

(48)

3p+c=2c+2p 49)

that gives

p=c. (50)

In the same way, we balance the linear term of highest order
in (46)
o b diesp [~ (3g 4 d)¢]
-+ + dp exp[—4g¢]

(51D

and

9 _ dgexp[—2d§] 4+
B d4exp[72q§} + .-

where d; are determined coefficients only for simplicity. From

U

(52)

(51) and (52), we get

—(3¢+d) = —(2d + 2q) (53)

and this gives

q=d. (54)

For simplicity, we set p =c=1and ¢ =d = 1, so (11)
reduces to
U(e) = ay exp(&) + ag + a—1 exp(—¢§)
by exp(§) + by + b1 exp(—¢)

Substituting (55) into (46), and by the help of Maple, we
have

E [Rg exp(3€) + Ra exp(2€) + Ry exp(€) + Ry

A
+R_1exp(—¢§) + Rz exp(—2¢) + R_gexp(—3£)| =0
(56)

(55)

where
A= (b_yexp(—&) + b + by exp(€))?

Ry = —Aayb? + kb3 + 3ca2b,

R2 = CS(IQb% + 3]€b%b0 — )\aob% + 30&%[)0 — 2)\a1b1b0
+ 6caiagby — c3a1b1b0

R1 = —2)\0,0()160 + 66a1b0a0 - c3aoblb0 + Skblbg - )\alb%
+ 3ca%b1 + c3albg + 4c3a_1b% + 3kb%b_1 + 3ca%b_1
— )\a,lb% — 2)\a1b1b,1 + 600110,,1[)1 — 4c3a1b1b,1

Ro = 30&%[)0 + 6ca0a_1bl + k‘bg — /\aobg + 6kb_1b1b0
+363a1b0b_1 —|—303a_1b1b0 —603a0b1b_1 —2Xa1bgb_1
— 2/\a0b1b_1 - 2/\a_1b1b0 + GCalagb_l + GCala_lbo

R_1 = —2Xagb_1bg + 6caga_1bg — c3a0b0b,1 + 3]€b(2)b,1
—Xa_1b3+3cadb_1+c3a_1b3+3ca® 1by+4c3arb? |
+ 3kb1b2_1 — )\a1b2_1 — 2 a_1b1b_1 + 6cara_1b_y
- 463a_1b1b_1

R_5 = 3agh? | +3kbob? | — Xagh? ; +3cbpa® | —2\azbob_1
+ 6caga—_1b_1 — C3a,1bob,1

R_3 = —/\a_1b2_1 + 30&2_1b_1 + kb3_1
(57)
Solving this system of algebraic equations by using Maple,
we obtain the following results

b b2
ar =ai, ag= b(l) (b +ar), a1 = Czllbfo
b
by =10 bo = b b1 =— 58
1 1, 0 05 1 4b1 ( )
arc(cby + 3ay) c(c?by + 6ay)
o = — \ = "
1 1

where a; , by and by are free parameters which exist provided
that by # 0 and ¢?b; +6a; # 0. Substituting these results into
(56), we obtain the exact solution (59), shown at the bottom
of the page.

Also, u(z,t) in (59) is represented in Fig. 3.

o espler — ) + B ) + 5

albg

exp(—(cx — p(%;)))

u(x,t) =

. b2
by exp(cx — %) +bo + g5~ exp(—(cx —

_ (59)
tiray)
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(a)

Fig.3. The exact solution for (59) with (a) « = 0.5 and (b) @ = 1
respectively, when ¢ = 1,a1 = 0,b; = 1,b9 = 2.

Comparing our results with the results [45], it can be seen
that our results are new.

VI. CONCLUSION

exp-function method known as very powerful and an ef-
fective method for solving nonlinear problems and ordinary,
partial, difference, fractional equations and so many other
equations. The basic idea described in this paper is expected to
be further employed to solve other similar nonlinear equations
in fractional calculus. To our knowledge, these new solutions
have not been reported in former literature, they may be of
significant importance for the explanation of some special
physical phenomena. As a result, many new and more rational
solitary wave solutions are obtained, from which hyperbolic
function and trigonometric function solutions.
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