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Fractional Calculus
• Definition: Expands classical calculus by extending

derivatives and integrals to non-integer (fractional)
orders.

• Key Operators:
• Riemann-Liouville Fractional Derivative:

aDα
t f (t) = 1

Γ(n − α)
dn
dtn

∫ t

a
(t−τ )n−α−1f (τ )dτ, n−1 < α < n,

• Caputo Fractional Derivative:

cDα
t f (t) = 1

Γ(n − α)

∫ t

a
(t − τ )n−α−1f (n)(τ )dτ, n− 1 < α < n,

• Property: Captures memory and non-local effects; α
interpolates between function and its derivative.

• Application: Modeling complex systems in physics,
engineering, finance, and machine learning.
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Integer-Order Stochastic Gradient Descent (SGD)
• Concept: A widely used optimization algorithm for

training machine learning models by updating
parameters using noisy gradient estimates from
random mini-batches of data.

• Update Rule:
yt+1 = yt − η ∇L(yt)

where η is the learning rate, and L is the loss function.
• Applications:

• Deep neural network training.
• Large-scale optimization problems in computer vision

and reinforcement learning.
• Weaknesses motivating fractional-order SGD:

• Ignores historical memory of gradients — each update
depends only on the current gradient.

• May converge slowly or get trapped in sharp local
minima in complex loss landscapes.
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Fractional-Order Stochastic Gradient
Descent(FOSGD)

• Concept: Extends traditional Stochastic Gradient
Descent (SGD) using fractional-order calculus to
improve convergence and robustness.

• Key Idea: Replaces integer-order derivatives with
fractional-order derivatives (e.g., Caputo or
Riemann-Liouville) in gradient updates.

• Update Rule:
yt+1 = yt − η α∇L(yt)

where α∇ is the fractional gradient of order α, η is the
learning rate, and L is the loss function.

• Advantages:
• Captures memory effects.
• Faster convergence in complex optimization landscapes.

• Challenges:
• Finding the optimal α which affects convergence speed

and stability.
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Fractional Calculus

• Fractional Calculus: Extends differentiation to
non-integer orders, capturing memory effects and
long-range dependencies.

• Caputo Derivative (for n = 1):

CDα
t f (t) = 1

Γ(1 − α)

∫ t

0
(t − τ )−αf (1)(τ )dτ, 0 < α < 1 (1)

• Parameters:
• α: Fractional order, controls memory influence.
• Γ: Gamma function, normalizes the integral.

• Role: Enables FOSGD to leverage past gradients for
stable optimization.
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Fractional Order Stochastic Gradient Descent

• FOSGD: Updates parameters using:

yt+1 = yt − µα
t ∇f (yt) (2)

• FOSGD: By using Taylor series we get:

yt+2 = yt+1 − µt
∇f (yt+1)
Γ(2 − α) (|yt+1 − yt| + δ)1−α, µt = µ0√

t
(3)

• Parameters:
• yt: Parameter vector at iteration t.
• µ0: Learning rate, δ: Stabilizing constant.

• α: Fractional order (0 < α ≤ 1).
• Benefit: Incorporates historical gradients, enhancing

stability.
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Class Imbalance Control: Concept & Decay Factor

• Setup: Dataset with K classes, indexed i = 0, . . . ,K − 1.
• Let:

• mlargest: sample count of most frequent class (i = 0).
• msmallest: desired count for least frequent class (i = K − 1).

• Global imbalance ratio:

ρ =
mlargest
msmallest

, ρ > 1.

• Goal: Gradually decrease class sizes from mlargest to
msmallest in a smooth, controlled way.

• Introduce decay factor λ ∈ (0, 1) so that:

λK−1 = msmallest
mlargest

=⇒ λ = ρ− 1
K−1 .
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Target Class Sizes from Decay Factor

• Using λ from the previous slide, define the target size
for class i:

mi =
⌊
mlargest λ i

⌋
, i = 0, . . . ,K − 1.

where ⌊·⌋ is the floor function.
• Properties:

• m0 = mlargest.
• mK−1 ≈ msmallest.
• Monotone exponential decay in sample counts across

classes.
• Advantage: Ensures smooth, mathematically

controlled downsampling for imbalanced datasets.
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How to find optimal α?

• Objective: Finding best α.
• Imbalanced Dataset Generation:

• Class sizes:

mi = ⌊mlargest λi⌋, i = 0, . . . ,K − 1.

• Fractional Order Selection:
• Define set A of fractional orders α.
• Run FOSGD for each α ∈ A for each K dataset indexes.
• Evaluate final test accuracy for each configuration.
• Select optimal α achieving highest accuracy.
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Optimizing Learning Rate for FOSGD

• Fixed Fractional Order: Use the optimal α ∈ A from
previous selection.

• Learning Rate Selection:
• Define set M of candidate learning rates µ0 > 0.
• Train a model with FOSGD on the imbalanced dataset

for each µ0 ∈ M and K dataset indexes.
• Record final test accuracy for each (index, µ0) pair.
• Select µ0 yielding the highest test accuracy.

• Outcome: Optimal µ0 improves both convergence
speed and generalization.
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Experiment

• Fractional Order Tuning:
• Test

α ∈ A = {0.6, 0.7, 0.75, 0.8, 0.85, 0.9, 0.95, 0.97, 0.98, 0.99}
across 10 indexes.

• Run full training on imbalanced MNIST, select best α per
index by test accuracy.

• Learning Rate Tuning:
• Test µ0 ∈ M = { 0.001, 0.01, 0.1, 0.2, 0.3, 0.4, 0.5 } across

10 indexes.
• Select best µ0 by test accuracy.

• Final Runs: Use best α to find best learning rate.

11 / 19



Optimal α per Index

Figure: Optimal α per index.

12 / 19



Best Accuracy per Index

Figure: Best accuracy per index for optimal α.
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Accuracy Variation with α

Figure: Best accuracy variation with respect to α.
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Accuracy Across Indexes vs. α

Figure: Test accuracy across multiple indexes as a function of α.
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Best Overall Fractional Order α

• Evaluation: Tested
α ∈ {0.6, 0.7, 0.75, 0.8, 0.85, 0.9, 0.95, 0.97, 0.98, 0.99}
across 10 dataset indexes.

• Metric: Final test accuracy averaged over all indexes.
• Finding:

• α = 0.99 consistently produced the highest average test
accuracy.

• Outperformed other α values by a clear margin in both
mean accuracy and stability.

• Conclusion: α = 0.99 selected for all subsequent
experiments.

• Next Step: Use the obtained α = 0.99 to find the
optimal learning rate for FOSGD.
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Learning Rate Performance

Figure: Test accuracy distribution by learning rate (α = 0.99).
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Conclusion

• Proposed Method: Established a systematic approach
for tuning Fractional-Order for FOSGD on imbalanced
datasets.

• Learning Rate Optimization: Developed a follow-up
tuning stage to determine the most effective learning
rate using the previously selected fractional order.

• Outcome: The two-stage optimization framework
ensures both parameters are jointly tuned for improved
convergence, stability, and generalization in FOSGD.
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Thank You for Your
Attention!

19 / 19


