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Preface

These are the keynote and invited talks of the International Conference on
Fractional Differentiation and its Applications (ICFDA-2018), which was held at
the Amman Marriot Hotel, Sheissani in Amman, The Hashemite Kingdom of
Jordan from July 16 to July 18, 2018. The ICFDA18 is a specialized conference on
fractional-order calculus and its applications. It is a generalization of the
integer-order ones. The fractional-order differentiation of arbitrary orders takes into
account the memory effect of most systems. The order of the derivatives may also
be variable, distributed, or complex. Recently, fractional-order calculus became a
more accurate tool to describe systems in various fields in mathematics, biology,
chemistry, medicine, mechanics, electricity, control theory, economics, and signal
and image processing.

For this edition, we were happy to have 23 invited speakers who gave talks on a
subject for which they are internationally known experts. Thirteen of these talks are
collected in this volume. Throughout this book, the fractional calculus concepts have
been explained very carefully in the simplest possible terms, and illustrated by a
number of complete solved examples. This book contains some theorems and their
proofs.

The book is organized as follows. In chapter “Closed-Form Discretization of
Fractional-Order Differential and Integral Operators”, a closed-form concretization
of fractional-order differential or integral Laplace operators is introduced. The pro-
posed method depends on extracting the necessary phase requirements from the
phase diagram. The magnitude frequency response follows directly due to the
symmetry of the poles and zeros of the finite z-transfer function. Unlike the con-
tinued fraction expansion technique, or the infinite impulse response of second-order
IIR-type filters, the proposed technique generalizes the Tustin operator to derive a
first-, second-, third-, and fourth-order discrete-time operators (DTO) that were
stable and of minimum phase. The proposed method depends only on the order
of the Laplace operator. The resulted discrete-time operators enjoy flat phase
response over a wide range of discrete-time frequency spectrum. The closed-form
DTO enables one to identify the stability regions of fractional-order discrete-time
systems or even to design discrete-time-fractional-order PI*D" controllers.
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The effectiveness of this work was demonstrated via several numerical simulations.
In chapter “On Fractional-Order Characteristics of Vegetable Tissues and Edible
Drinks”, we are concerned about frequency response techniques to characterize
vegetable tissues and edible drinks. In the first phase, the impedance of the distinct
samples is measured and fractional-order models are applied to the resulting data. In
the second phase, hierarchical clustering and multidimensional scaling tools are
adopted for comparing and visualizing the similarities between the specimen.

In chapter “Some Relations Between Bounded Below Elliptic Operators and
Stochastic Analysis”, we apply Malliavin calculus tools to the case of a bounded
below elliptic right-invariant pseudo-differential operators on a Lie group. We give
examples of bounded below pseudo-differential elliptic operators on R? by using
the theory of the Poisson process and the Garding inequality. In the two cases, there
are no stochastic processes because the considered semi-groups do not preserve
positivity. In chapter “Discrete Geometrical Invariants: How to Differentiate the
Pattern Sequences from the Tested Ones?” based on the new method (defined
below as the discrete geometrical invariants—DGI(s)), one can show that it enables
to differentiate the statistical differences between random sequences that can be
presented in the form of 2D curves. We generalized and considered the
Weierstrass—Mandelbrot function and found the desired invariant of the fourth order
that connects the WM-functions with different fractal dimensions. Besides, we
consider an example based on real experimental data. A high correlation of the
statistically significant parameters of the DGI obtained from the measured data
(associated with reflection optical spectra of olive oil) with the sample temperature
is shown. This new methodology opens wide practical applications in the differ-
entiation of the hidden interconnections between measured by the environment and
external factors.

In chapter “Nonlocal Conditions for Semi-linear Fractional Differential
Equations with Hilfer Derivative”, we study the existence of solutions and some
topological proprieties of solution sets for nonlocal semi-linear fractional differ-
ential equations of Hilfer type in Banach space by using noncompact measure
method in the weighted space of continuous functions. The main result is illustrated
with the aid of an example. In chapter “Offshore Wind System in the Way of
Energy 4.0: Ride Through Fault Aided by Fractional PI Control and VRFB”, we
present a simulation about a study to improve the ability of an offshore wind system
to recover from a fault due to a rectifier converter malfunction. The system com-
prises: a semi-submersible platform; a variable speed wind turbine; a synchronous
generator with permanent magnets; a five-level multiple point diode clamped
converter; a fractional PI controller using the Carlson approximation. Recovery is
improved by shielding the DC link of the converter during the fault using as further
equipment a redox vanadium flow battery, aiding the system operation as desired in
the scope of Energy 4.0. Contributions are given for: (i) the fault influence on
the behavior of voltages and currents in the capacitor bank of the DC link; (ii) the
drivetrain modeling of the floating platform by a three-mass modeling; (iii) the
vanadium flow battery integration in the system.
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In chapter “Soft Numerical Algorithm with Convergence Analysis for Time-
Fractional Partial IDEs Constrained by Neumann Conditions”, a soft numerical
algorithm is proposed and analyzed to fitted analytical solutions of PIDEs with
appropriate initial and Neumann conditions in Sobolev space. Meanwhile, the
solutions are represented in series form with accurately computable components.
By truncating the n-term approximate solutions of analytical solutions, the solution
methodology is discussed for both linear and nonlinear problems based on the
nonhomogeneous term. Analysis of convergence and smoothness is given under
certain assumptions to show the theoretical structures of the method. Dynamic
features of the approximate solutions are studied through an illustrated example.
The yield of numerical results indicates the accuracy, clarity, and effectiveness
of the proposed algorithm as well as provide a proper methodology in handling
such fractional issues. Chapter “Approximation of Fractional-Order Operators”
deals with the several comparisons in the time response and Bode results between
four well-known methods; Oustaloup’s method, Matsuda’s method, AbdelAty’s
method, and El-Khazali’s method are made for the rational approximation of
fractional-order operator (fractional Laplace operator). The various methods along
with their advantages and limitations are described in this chapter. Simulation
results are shown for different orders of the fractional operator. It has been shown in
several numerical examples that the El-Khazali’s method is very successful in
comparison with Oustaloup’s, Matsuda’s, and AbdelAty’s methods.

In chapter “Multistep Approach for Nonlinear Fractional Bloch System Using
Adomian Decomposition Techniques”, we discuss a superb multistep approach,
based on the Adomian decomposition method (ADM), which is successfully
implemented for solving nonlinear fractional Bolch system over a vast interval,
numerically. This approach is demonstrated by studying the dynamical behavior
of the fractional Bolch equations (FBEs) at different values of fractional order o in
the sense of Caputo concept over a sequence of the considerable domain. Further,
the numerical comparison between the proposed approach and implicit Runge—
Kutta method is discussed by providing an illustrated example. The gained results
reveal that the MADM is a systematic technique in obtaining a feasible solution for
many nonlinear systems of fractional order arising in natural sciences.

The chapter “Simulation of the Space—Time-Fractional Ultrasound Waves with
Attenuation in Fractal Media” deals with the simulation of the space—time-fractional
ultrasound waves with attenuation in fractal media. In chapter “Certain Properties of
Konhauser Polynomial via Generalized Mittag-Leffler Function”, we establish
several new properties of generalized Mittag-Leffler function via Konhauser
polynomials. Properties like mixed recurrence relations, differential equations, pure
recurrence relations, finite summation formulae, and Laplace transform have been
obtained. In chapter “An Effective Numerical Technique Based on the Tau Method
for the Eigenvalue Problems”, we consider the (presumably new) effective
numerical scheme based on the Legendre polynomials for approximate solution of
eigenvalue problems. First, a new operational matrix, which can be represented by
sparse matrix is defined by using the Tau method and orthogonal functions. Sparse
data is by nature more compressed and thus require significantly less storage.
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A comparison of the results for some examples reveals that the presented method is
convenient and effective, also we consider the problem of column buckling to show
the validity of the proposed method. Finally, in chapter “On Hermite—Hadamard-
Type Inequalities for Coordinated Convex Mappings Utilizing Generalized
Fractional Integrals”, we obtain the Hermite—Hadamard-type inequalities for
coordinated convex function via generalized fractional integrals, which generalize
some important fractional integrals such as the Riemann-Liouville fractional
integrals, the Hadamard fractional integrals, and Katugampola fractional integrals.
The results given in this chapter provide a generalization of several inequalities
obtained in earlier studies.

Jaipur, India Praveen Agarwal
Ankara, Turkey Dumitru Baleanu
Merced, USA YangQuan Chen
Amman, Jordan Shaher Momani

Porto, Portugal José Anténio Tenreiro Machado
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Closed-Form Discretization of )
Fractional-Order Differential e
and Integral Operators

Reyad El-Khazali and J. A. Tenreiro Machado

Abstract This paper introduces a closed-form discretization of fractional-order dif-
ferential or integral Laplace operators. The proposed method depends on extracting
the necessary phase requirements from the phase diagram. The magnitude frequency
response follows directly due to the symmetry of the poles and zeros of the finite
z-transfer function. Unlike the continued fraction expansion technique, or the infinite
impulse response of second-order IIR-type filters, the proposed technique general-
izes the Tustin operator to derive a first-, second-, third-, and fourth-order discrete-
time operators (DTO) that are stable and of minimum phase. The proposed method
depends only on the order of the Laplace operator. The resulted discrete-time opera-
tors enjoy flat-phase response over a wide range of discrete-time frequency spectrum.
The closed-form DTO enables one to identify the stability regions of fractional-
order discrete-time systems or even to design discrete-time fractional-order P I* D*
controllers. The effectiveness of this work is demonstrated via several numerical
simulations.

Keywords Fractional calculus * Transfer function - Discrete-time operator -
Discrete-time integro-differential operators - Frequency response

1 Introduction

Fractional calculus is a generalization of the integer-order one. Most practical sys-
tems exhibit fractional-order dynamics, which could be of real or complex values.
Fractional-order systems enjoy the hereditary effect that is approximated by infinite-
dimensional models [8, 20]. It is used in many fields such as in economy, physics,
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biology, chemistry, medicine, social sciences, and engineering. To analyze fractional-
order systems, one has to look for finite-dimensional and realizable models that
approximate such systems [11, 12, 19, 21-25].

The use of microprocessors nowadays are necessary for signal processing and sys-
tem analysis. Thus, a straightforward method is required to discretize a continuous-
time fractional-order system into a discrete-time one. This can be accomplished by
discretizing the fractional-order Laplacian operator s“ and replacing it with a finite-
order DTO. In general, there are two methods that are used to discretize s¥; i.e., a
direct and an indirect one. In the indirect discretization method, a rational continuous-
time operator (CTO) is first obtained and then discretized using techniques such as
the bilinear transformation, the Al-Alaoui operator, the Euler’s backward method, or
the stable Simpson’s method [1-3].The direct method, however, allows one to gen-
erate discrete-time operators that converts a continuous-time operator (CTO) into a
DTO [4, 5, 17].

The indirect discretization method is achieved in two steps; the first one is to
approximate the Laplacian operator s* by arational transfer function in the s-domain,
which is then simplified using the continued fraction expansion (CFE), and the sec-
ond step is to discretize the expanded form using either the bilinear transformation,
Simpson’s method, Euler’s method, or a linear combination of them or other exist-
ing forms [6, 24]. It is important to realize that the CFE method could yield an
unstable non-minimum phase discrete-time operator. An alternative approach to the
CFE was discussed in [19], where infinite impulse response (IIR) autoregressive
moving-average (ARMA) models are used to develop DTO operators, which may
result in developing higher order approximation. Notice that the Al-Alaoui operator
is obtained as a linear combination of the trapezoidal and the rectangular integration
rules [2, 14, 15, 26]. The interpolation and inversion processes may induce, in some
cases, unstable fractional-order operators.

This work introduces a straightforward discretization direct method to discretize
continuous differential and/or integral operators. It can be considered as a dynamic
(or adaptive) discretization technique, where the poles and the zeros of the generated
z-transfer function are all located inside the unit disc and their values depend only on
the fractional-order «. The proposed method yields finite-order DTO that exhibits a
competitive frequency response to higher order operators developed in [2, 6, 16].

The paper is organized as follows. Section2 summarizes some preliminary con-
cepts and background. Section 3 introduces the main results of first-, second-, third-,
and fourth-order operators, while Sect.4 summarizes the numerical simulation and
a comparison between different operators. Section 5 outlines the main conclusions.

2 Preliminary Concepts and Background

The general fractional-order differential (integral) operator is denoted by D,i“ GWI7),
respectively [18], where a and ¢ represent the starting time and « € R is the order
of the operator. For example, if one wishes to implement a discrete-time fractional-
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order controller, then it is necessary to look for a stable non-minimum phase DTO
operator of low order. The design and implementation of fractional-order discrete-
time controllers cannot accommodate higher order operators since this will increase
the complexity of the controlled system, and could yield unstable ones. Therefore, the
proposed technique provides a competitive DTO that benefits from the IIR structure
of such operators; i.e., a second-order DTO is competitive to that of a ninth-order
one introduced in [6, 19, 20].

As mentioned in Sect. 1, the indirect discretization method starts by develop-
ing a rational finite-order transfer functions, that is, s~ % [10, 13, 21], and
it is followed by using any existing discretization technique, or a linear combina-
tion of such methods. For example, the Al-Alaoui discrete-time integral operator is
simply a linear interpolation of the backward rectangular rule and the trapezoidal
rule, namely H (2) = aHpge (2) + (1 —a) Hyyqp (2), where 0 <a < 1 [1-3]. A
similar approach was used to derive a hybrid digital integrator using a linear com-
bination of Trapezoidal and Simpson integrator [6, 10]. Such interpolation reduces
the frequency warping over a limited frequency band, and their phase frequency
response is not constant. For comparison, Fig. 1 displays the frequency response of the

Tustin operator, s = H (z) = %};E:l, Al-Alaoui operator, s = H (7) = & 1=

T+l
and Chen discrete-time operator [S]. Another discrete-time operator that approx-
imates an integer-order integrator was also introduced in [6] and given here for
completeness:

H@) = 6(z 1) : (1a)
T(B—a)(z+ p1)(+ p2)
3 V.
P = M, (1b)
3—a
3 — 24/
Py = —i—a—3a7 (1c)
3—a

where T is the sampling time and 0 < a < 1 is a scaling factor. Equation (1) can
then be used to generate several quadratic forms that discretize s*'.

Figure 1 shows the frequency response of the aforementioned three DTO opera-
tors that approximate s' for 7 = 0.001. The magnitude response of Tustin operator
exhibits large errors at both ends of the frequency spectrum. The magnitude response
of the Al-Alaoui operator, however, is almost identical to that of the Tustin operator
at low frequency, but provides a better response at high frequency. Moreover, it yields
a linear phase response due to the asymmetric pole-zero location, while the hybrid
ninth-order operator reported in [6] yields a perfect phase behavior. However, one
cannot afford this size of an operator since a discrete-time fractional-order phase-
locked loop, for example, will be modeled by an 18th-order discrete-time z-transfer
function.

Since the goal is to look for a closed-form discrete-time model for s the
direct approach is adopted here to develop a straightforward discretization method.
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Fig. 1 Frequency response of Tustin, Al-Alaoui, and the DTO of Eq. (1) fora = 1

In all direct methods, the continuous frequency operator is replaced by a generat-
ing function, that is, s** = (o (z"))ia. To gain more insight, one may start with
the Griinwald-Letnikov (GL) definition of the fractional-order differential (integral)
operator [7, 13, 14, 21, 22]:

ol i .
«DF (1) = lim -2y S CFf (¢ = ) h). @)
j=0
where
4 1+
C].io‘:(—l)f<ija>:(l— j“)cjifl,j=1,...,n, (3a)

cre=1. (3b)

Taking the Z-transform of (2) and using the short memory principle [14], the
following generating function may discretize s**:

[7]
) =17 (S|, @
j=0

nh—a

where T = h is the sampling time, and 7 = [ 7 ] is an increasing memory size

L —nh—a.
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Fig. 2 Frequency response of a FIR-type discrete-time differentiator for s% with T = 0.001 s,
and L = 0.011

Equation (4) defines a transfer function of a finite impulse response (FIR) discrete-
time system of s**. The memory size, L, determines the accuracy of the approxi-
mation. Hence, a compromise has to be made between the accuracy and the size of
the operator. Figure 2 shows the frequency response of (4) for « = 0.5, T = 0.001,
and L = 11. Clearly, the phase diagram is close to the expected angle of 7 over a
very narrow frequency band w € (0.06, 0.08) rad/s, which may not be suitable for
realization techniques.

Obviously, in spite of its large size, the frequency response of the FIR discrete-time
form of Eq. (4) does not provide the expected constant phase response. Therefore,
an alternative discrete-time IIR-type rational z-transfer function, of lower size than
the FIR form, to discretize s will be the choice to overcome such problem.

Since, the CFE approach does not always yield a minimum phase and stable
system, or a flat-phase response [2, 6, 7, 11, 13], a compromise has to be made
between the size of the expansion and the type of the generating functions used for
approximation. The following generating functions can be used to discretize s and
replace it with DTO operators [5, 6, 14, 17]:
+a

(a) Backward-Euler method: (a) (z’l))ia = <1’f|

1\ ta
(b) Trapezoidal (Tustin) discretization rule: (w (z—‘))io‘ = (% L‘_;i)

_ +o
(¢) Al-Alaoui Operator: (@ (z’l))ia = (% li_f Z,l]>
7
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(d) A Hybrid interpolation of Simpson and Trapezoidal discrete-time integrators:

H(Z)=aHsz)+(1—-a)Hr(z),0<a <1, 5)
where Hg (z) = TM and Hy (z) = T1F ?:1

The 1nterp01at10n 1n (5) represents a generalization of the first three methods.
Since the magnitude frequency response of the integer-order integrator, s—!, lies
between the Simpson rule and that of the Trapezoidal discrete-time integrator [2, 3],
the linear combination in (5) for 0 < a < 1 can be used to generate a typical I[IR-type
discrete-time operator as follows [6]:

(o) =k ((1‘—)) ©

1+ bz™!

where o € [0, 1], ko = (T(gga)) and b = 7, = Ha2/

Several transfer functions of different sizes can be obtained to approximate
(a) (Z’I))ia. For example, when o = 0.5 and T = 0.001, Eq. (6), yields the fol-
lowing z-transfer functions, G, q) (z), that discretize 593 where n and a represent
the order and the weighting factor of the approximation, respectively [6]:

127 +41.26z7" — 112.6772

G - = , 7
205 (27") R T p— (7a)
1501 — 503.6z' — 1298772 + 446.573
G - = , 7b
a0 (27) 47.26 + 4771 —23.63z7% — 773 70)
B 508.1 — 1501z~' — 4.478772 4+ 129873 — 382.9z~*
Gu,05) (Z 1) = (7¢)

16 —40.54z71 — 12272 +20.27z 3 + z7*

Figure 3 shows the frequency response of (7) for w € (—m, 7). The magnitude
frequency response of the second-order approximation yields a warping effect at
high frequency, while the phase diagram of the three forms exhibit a decreasing
phase value over most of the spectrum.

Remark 1 The approximation given by (7c¢), reported in [6], represents an unstable
non-minimum phase DTO since it has a pole and a zero outside the unit circle at
p = 2.6298, and z = 2.6328, respectively. Even though p = z, that almost cancel
each other, implementing such an operator would cause system instability. Further-
more, according to [6], one must improve the phase performance of G 4,05, (z) by
cascading a causal lead compensator 7% = Z;)f , which requires the implementation
of a fractional-order sampler.
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3 New Fractional-Order Discrete-Time Operators

As discussed in Sect. 2, the discretization technique of generating functions using the
CFE yields high order and an unstable non-minimum phase discrete-time approx-
imation. The aim of this work is to avoid such subtleties by developing an adap-
tive closed-form DTO that effectively discretizes the fractional-order operators, sE
which only depend on its order «. Furthermore, one can also define the stability

region of the discrete form of s*¢.

3.1 First-Order Operators

The following first-order operator based on a closed-form solution was first intro-
duced in [8, 9]. It represents an approximation of a first-order discrete-time differ-
ential operator (DTDO), where its reciprocal also defines a discrete-time integral

operator (DTIO):
2 +o '
siot ~ HlK (Z) — (_) M’ (8)
T Z2F p1 ()
where
1

m,0<a<l, (9)

zi(@) =—pi (@) =

and where z; (@) = —p; (@) € R.



8 R. El-Khazali and J. A. T. Machado

Obviously, for 0 <o < 1, |z (@)| = |p1 (@)] < 1 are located inside the unit
circle.

3.2 Second-Order Operator

The second-order discrete-time operator was also introduced in [8, 9]. It yields a
normalized biquadratic discrete-time transfer function that approximates s and is
given by (Fig.4):

+a
F oty (2) = (3) CFu@)cFu@) (10)
T (zF p1 () (2 F p2 (@)
where
m—2+,/50+4
G@= e =tn (). an
b 4
and

22(a) =z1 () =1
p1(@) =—z22(@) . (12)
p2 (@) = —z1 (o)

Clearly, for large values of «, the first-order DTO yields a competitive frequency
response to that of the second-order DTO as shown in Fig.5.

15 T T T
g "r /
z
g Y ]
m— 2nd-order
.‘3 or e {st-order | |
g’ 5} T : ,
©
= -10| .
-15 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized Frequency (xn rad/sample)
50
3 a0 ]
e
D 30 -
2
o 20 4
(7]
£ 10
£ 10 i
0 | | 1 | |

Il Il Il Il
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized Frequency (x=n rad/sample)

o

Fig. 4 Frequency response of discrete-time first- and second-order operators for 5%
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Frequency response of 1st & 2nd DTO
40 T T T T

1st-order DTO
2nd-order DTO

30

Magnitude (dB)

I 1 I I I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Normalized Frequency (xn rad/sample)

Phase (degrees)

1 | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized Frequency (xr rad/sample)

Fig. 5 Frequency response of (8) and (10) for s

3.3 Third-Order Operator

The third-order operator is developed to improve the accuracy of the discrete-time
approximation over a wider frequency range. Similar to (10), the third-order operator
is given by

13)

2 >i“ zFz1 (@) @F (@) (zFz3(a)

sTN Hy, (2) = (— ,
T) @Fpi(@)E@Fp(@)E@Fps@)

where
p3 () = —z1 (o)
(@) =1—-2z; ()
P2 (@) = —22 (@) 14
3 (o) = —p1 (o)

The pole-zero map of (14) is shown in Fig. 6, which represents a distribution of
alternating real poles and zeros.
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Fig. 6 Pole-zero map of !
third-order DTO operator

Pz, Pp,y @,
0=0
p3 z3 p2 z2 p1 z1
Due to the symmetry of the poles and zeros and since z; (@) = —p; (&), | =

1, 2, 3, the phase requirement is assumed to meet the phase contribution of the
fractional-order operator at the discrete-time frequency Q = a5

(02 + 00+ 02) = (0 + 9 +0p) =05 (15)
Substituting (14) into (15) yields

z1 = max (roots (zf — z1 + g())) . (16)

where 9 1+ m)

—u 1

gla)=— 22 17

I+ —-a)

and -

N3 = tan (az). (18)

Hence z; is found, the rest of poles and zeros are determined from (17) and
(15). For example, for « = 0.5 Eq. (19) gives z; = 0.8425, z, = 0.1575, and z3 =
—0.5, while p; = —z3, p» = —z» and p3 = —z;. Therefore, the third-order DTO
that discretizes s°° for T = 2 is given by

22 —0.5z2 — 0.3673z + 0.06635

05~ H = ’
s 3 (2) 234 0.5z22 — 0.3673z — 0.06635

19)
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Fig. 7 Pole-zero map of the
fourth-order DTO operator

Remark 2 When o = 1, then from (17), g(1) = 0, and Eq. (16) reduces to zf —71 =
0, which yields a nontrivial solution z; = 1, and the third-order DTO operator given
by (13) and (14) for this case reduces to the well-known bilinear transformation
H31< =2 L :

3.4 Fourth-Order Operator

The fourth-order z-transfer function that discretizes the fractional-order operators is
similarly developed as the previous three operators and given by the following finite
z-transfer function:

s H, () = <3)ia EFz (@) @EFz2 @) EFz @) @Fz(@)
) T CEF (@) @F p2(@) @ F p3(@) (2 F pa (a)gz’m

where
pa(@) = —z1 (@)
p2@)=1-2z(a)
23 (@) = —pa2 (@) (21
z4 (@) = —p1 (o)
p3 (o) = —22 ()

The pole-zero map of (21) is shown in Fig. 7, which also represents a distribution
of alternating real poles and zeros of (20).
The phase contribution of (20) is given by
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(‘pzl + @, @+ §DZ4) - ((01)1 + @p, +9p; + §0p4) = 05% (22)

Since there is a symmetry between the poles and zeros as depicted in Fig.7, one
may focus on the phase contribution of the poles and zeros that lie on the positive
real axis. By other words, from the symmetry, and without loss of generality, one
may conclude from (22), that,

T

(2 +02) = (op +0p) =7 (23)
where
¢ ( ! ) ¢ ( ! ) = 1,2, (24)
¢, = m —arctan [ —— |, ¢,, = 7 — arctan Li=1,2.
zi (o) P pi (@)

Assumption 2 Let p; («) and z, («) lie in the geometric mean of their adjacent
zeros and poles, respectively,

pi(e) = /21 (@) 22 (@), (25a)
2 (@) = v/ p1 (@) pa (@). (25b)

Substituting (24) and (25) into (23) yields the following nonlinear function in
71 (@):

f@=n+20-mz5—+HZ+Cn—Dz+O+1)
5 1 1 5 4 2 2 4
+aled A-z)i 4z (—2)f =5 A —2pf =) (1= 2]

5 4 4 5 2 1 1 2
+zi(0—=z1)F —z{ A=z +z{ 1 =213 —z/ (1 —z21)3 =0,
(26)

where 7 = tan («%).

Obviously, the nonlinearities in (26) are due to placing the inner pole/zero at
the geometric mean of its surrounding zeros/poles. Solving (26) numerically with
an accuracy | f (z)] < €, for small € > 0 yields a desired solution 0 < z; < 1. For
o = 0.5, the fourth- order operator that discretizes s%- is found to be

2\% z* = 0.52957% — 0.3835z% 4+ 0.05843z + 0.01218
597 & Hy (z) = (—) (27)

T) z*+0.5295z3 —0.3835z2 — 0.05843z + 0.01218°
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Fig. 8 Frequency response of the second-, third-, and fourth-order operators for « = 0.5, « = 0.7

anda = 0.9



14 R. El-Khazali and J. A. T. Machado

100
—_— - —
Q 80
1)
e
8’ 60
<
o 40
]
<
o 20 \
[
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Normalized Frequency (rad/sample)

Fig. 8 (continued)

4 Numerical Simulation

Figure 8a—c shows the frequency response of the second-, third-, and the fourth-order
operators forae = 0.5, = 0.7, and @ = 0.9, respectively. As noted, the second-order
operator is a good competitor to the third-order one, especially for o > 0.7, while

20 T T T T T T T T T
L et e o e i e R IRt o
o
T e Sy P
(]
s
= . . . . . . . == gth—order (eq.(28))
c ' ' ' ' ' .
o -10—---, CEREEREEEE R e R R e RN LR R
& . . ! ; . . ! ; .
= . . . . . . . . .
-20 ,,,,,,,,‘,,,,,,,,,ﬂ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,{ ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
_30 | | | | | | | | |
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized Frequency (xn rad/sample)
w .
[ '
2 '
o .
(7] '
o .
] :
(7] .
© .
£
o .
| | | | | | | | |

Normalized Frequency (x=n rad/sample)

Fig. 9 Frequency response of (27) and (28) for s
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the fourth-order operator exhibits a much better frequency response with a constant
phase at the middle frequency with some overshoot at both ends of the spectrum.
To appreciate the proposed DTO, the frequency response of the second- order
operator described by (10) is compared with other forms of DTO reported in [2, 6].
The case when @ = 0.5 for T = 0.001 is taken as a benchmark. Equations (10)—(12)
then yield
05 _ 44.7214 — 22.0313z7! — 8.4670z 2

1.0 4+ 0.4926z~1 — 0.1893z2

(28)

The following ninth-order DTO that discretizes s°> using the CFE and reported
in [6] is investigated against the one given by (28)

722 —0.5z% — 277 +0.875z° + 1.3137° — 0.4688z*

294 0.5z8 — 277 — 0.8757° + 1.31325 + 0.4688z%
—0.3125z% 4 0.07813z% + 0.01953z — 0.001953
—0.3125z3 — 0.07813z2 + 0.01953z — 0.001953"

Go (z) = 44.72

(29)

20

) s e D e teeeeeoiio...| === A4th-order
== gth-order

Magnitude (dB)

Phase (degrees)

Normalized Frequency (xn rad/sample)

Fig. 10 Comparison between the approximations of (27) and (29) for §0-3
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Figure 9 displays the frequency response of both (28) and (29). Both forms exhibit
similar magnitude and phase responses. However, the proposed second-order oper-
ator of (28) has a better magnitude response at low frequency than the ninth-order
one given by (29), while the phase response of (29) at low frequency is better than
that of (28). However, the significant improvement of (28) over the one in (29) is
evident by the order reduction. For example, if one wishes to discretize a system
with Laplace operators of two different orders, one would need an 18th-order model,
while a second-order DTO given by (10) is faster and requires less hardware (Fig. 10).

The appealing factor in the proposed techniques lies in the fact that in all cases
and for different fractional orders, the reciprocals of all proposed operators yield
stable minimum phase discrete-time integrators.

5 Conclusion

A closed-form discrete-time first-, second-, third-, and fourth-order operators (DTO)
are introduced to discretize the fractional-order Laplacian operator, s**. Each opera-
tor is described by finite-dimensional rational z-transfer function. The discretization
method is straightforward and depends on the order of the operator. The proposed
method generates an adaptive, symmetrical real poles, and zeros that migrate to differ-
ent locations inside the unit disc. The corresponding z—transfer functions represent
stable non-minimum phase IIR-filters that exhibit constant phase and gain frequency
responses over a wide frequency spectrum. As « approaches 1, the poles and zeros
of all four operators converge to =1 and they reduce to the well-known discrete-time
bilinear transformation. It is worth noting that the first and the second-order opera-
tors will be sufficient to discretize s** for high fractional orders; (say 0.8 < o < 1).
The proposed DTO operators exhibit competitive frequency responses to those ones
obtained by different discretization methods.
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On Fractional-Order Characteristics m
of Vegetable Tissues and Edible Drinks oo

J. A. Tenreiro Machado and Anténio M. Lopes

Abstract This chapter uses frequency response techniques to characterize vegetable
tissues and edible drinks. In the first phase, the impedance of the distinct samples is
measured and fractional-order models are applied to the resulting data. In a second
phase, hierarchical clustering and multidimensional scaling tools are adopted for
comparing and visualizing the similarities between the specimens.

Keywords Frequency response ¢ Fractional-order models - Clustering *
Visualization

1 Introduction

The frequency response technique with electrical signals, often referred to as electri-
cal impedance spectroscopy (EIS), measures the electrical impedance of a specimen
across a given range of frequencies [5, 17, 22, 23, 25]. This technique has the
advantage of being nondestructive, while avoiding complex and time-consuming
experimental or laboratory procedures. The EIS has been widely used for studying
vegetable tissues [4, 36], animal, and human samples [1, 13], beverages [30, 39],
nonbiological materials [18, 37], and devices [2, 14].

This chapter addresses the application of the EIS for characterizing different
products, namely plant leaves, vegetables, wine, and milk [22-24, 26]. In the first
phase, the impedance Z(jw) is measured and fractional calculus (FC) is applied to
model the samples with a reduced number of parameters. In a second phase, the
EIS experimental data are processed by means of hierarchical clustering (HC) and
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multidimensional scaling (MDS) algorithms for visualizing similarities between the
specimen.

The chapter is organized as follows. Section?2 introduces the tools and meth-
ods adopted in the follow-up. Section3 describes the impedance spectra, Z(jw),
by means of FC models. Section4 applies the MDS for clustering and visualizing
similarities between the specimens. Finally, Sect.5 draws the main conclusions.

2 Tools and Methods

2.1 The Canberra Distance

The Canberra distance was proposed, and later modified, by Lance and Williams

[19, 20]. Given 2 points in a K-dimensional space, X = (x,...,xx) and ¥ =
(»1, ..., Yk), the Canberra distance between X and Y is given by
= = il
K — Yk
de(X,Y)= ) ———. (L
Z [xx] + [yl

k=1

Equation (1) is a metric widely used for quantifying data scattered around an
origin. The Canberra distance has several interesting properties, namely it is unitary
when the arguments are symmetric, biased for measures around the origin, and highly
sensitive for values close to zero.

2.2 Electrical Impedance Spectroscopy

In practical terms, the EIS method involves exciting a specimen with frequency-
variable electric sinusoidal signals and registering the system response. The voltage
v(t) and current i (¢) across the specimen at steady state are sinusoidal functions of
time given by
v(t) = V cos(wt + Oy)
{ @)

i(t) = I cos(wt + 6y)

where {V, I} are the amplitudes of the voltage and current, {fy, 6;} denote their
phase shifts, w = 27 f represents the angular frequency, and f is the frequency.
The voltage and current can be represented in the frequency domain by

3)

V(jw) =V -el%
I(jw) =1 -e/%
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where j = «/—1. The experimental complex impedance Z,(jw) is defined as the
ratio of phasors:

_YUo) _ V' iev-an _ |Z,(jw)| - ¢ W2, 4)
(o) 1

Z.(jo)
Given an impedance spectrum Z, (j ), it is often necessary to find a mathematical
description, that is, a heuristic model, Z,, (jw), that fits well into the experimental
data, and has a reduced number of parameters [28, 29].
Different empirical models in the scope of the dielectric relaxation phenomenon
were proposed [12], namely the Debye, Cole-Cole, Cole-Davidson, and Havriliak-
Negami models [7-10, 16, 21, 34, 35]:

Zp(jw) = m» &)
1
Zec(jw) = H—(]—a)t)‘" (6)
Zcep(jo) = A5 jor)’ @)
1
Zyy(jo) = ®)

[1+ (jor)*1?

where 0 < &, 8 < 1, and 7 denotes a relaxation time.

These empirical models are, in fact, particular cases of FC, and represent the fun-
damental bricks of any more complex fractional-order expressions, that may include
further poles and zeros.

In this chapter, the Bode diagrams of the electrical impedance Z, (j w) are approxi-
mated using fractional-order (FO) based models, while minimizing a fitness function,
J, based on the Canberra distance [6] between the experimental, Z,, and model, Z,,,
impedances:

L

;-1 3 < IN[Ze ()] — R[Z (jer)]] IBZe (jr)] = S[Zyn (jer)]| )
L IRZe Gl + IR(Zn Goll  IS[Ze (Gl + IS[Zn (ol )

k=1

€))

where L denotes the number of frequencies, wy, used for measuring the electrical
impedance Z,.(jw), and 9(-) and J(-) represent the real and imaginary parts of a
complex number [22, 24].

The function, J, leads to good results because it calculates the ratio between the
difference and the sum of two values. Therefore, it is possible to capture the relative



22 J. A. T. Machado and A. M. Lopes

error of the adjustment, avoiding saturation-like effects, that occurs when using the
standard Euclidean norm due to the simultaneous presence of large and small values.

2.3 Experimental Setup for EIS Measurements

The diagram of Fig. 1 represents schematically the experimental arrangement adopted
for the measurements [22-24, 26]. The specimens are connected in series with an
adaptation resistance, R; = 15 k€2, for signal measurement, while yielding a good
signal/noise ratio. A Hewlett Packard/Agilent 33220 A function generator applies a
sinusoidal 5 V AC voltage to the circuit (i.e., a voltage divider). A Tektronix TDS
2002C two- channel oscilloscope measures the voltages V,; and V;,. The impedance
Z(jw) is obtained for the frequency range 27 x 10 < w < 27w X 10° rad/s,at L = 25
logarithmically spaced points, using the expression:

(10)

Z(jw>=Rs~<M—1).

Ve (jo)

Several experimental tests demonstrated good stability in what concerns the oxi-
dation of the copper electrodes, while different electrode geometries revealed a neg-
ligible influence on the results. Moreover, experiments with various amplitudes of
the excitation signal showed good linearity, allowing data treatment using transfer
function concepts.

2.4 Hierarchichal Clustering

Clustering is a data analysis technique [15] that groups similar items. In HC, two
possible iterative strategies generate a hierarchy of clusters, namely the (i) agglom-
erative and the (ii) divisive clustering. With (i) each item starts in its own cluster and
the algorithm merges the two most similar clusters until there is one single cluster.
With (ii) all items start in a single cluster and the algorithm removes the outsiders
from the least cohesive cluster, until each item is in its own cluster. In both cases,
it is required a linkage criterion, that is a function of the distances between pairs of
items, for quantifying the dissimilarity between clusters. For 2 clusters, R and S, the
distance d(xg, xs) between items xg € R and xg € S is based on metrics such as the
maximum, minimum, and average linkages given by [3]

dpax (R, S) = max d (xg, xs), (11
XRER,Xs€S

dmin (R’ S) = min d (XR’ Xs) s (12)
XRER x5S
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Tektronix TDS 2002C
(dual channel oscilloscope)

channel 1 channel 2
a Z(jw) ¢
Hewlett Packard/ 1
Agilent 33220A F: \ +
N Vag RS [Va
(sinusoidal oscilator aj @) : /@)
with adjustable = =
frequency)
b b
Set-up A: . / . . . Selt—up B:
leaves, . : .. Wine,
vegetables electrodes milk
Wine/milk
salted |
water_~"
Fig. 1 Experimental EIS setup for measuring impedance Z(jw)
duve (R, S) = ——— Y d(xg xs) (13)
ave P = XR, Xs) .
RS

XRER,x5€S

After using one of the algorithms, the results of HC are presented in a graphical
object such as a dendrogram or a hierarchical tree.

To assess the quality of the clustering, the cophenetic correlation (CC) coefficient
is used [33]. The CC gives a measure of how well the generated graphical object
preserves the original pairwise distances. If the clustering is successful, the links
between items in the graphical object have a strong correlation with those in the
original dataset. The closer the CC value to 1, the better the clustering result. The
quality assessment is plotted in a Shepard diagram that compares the original and
the cophenetic distances. A good clustering leads to a layout of points close to the
45-degree line.
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2.5 Multidimensional Scaling

MBDS is a computational technique for clustering and visualizing data [31]. In the
first phase, given s items and a measure of dissimilarity, a s x s symmetric matrix,
C=lcjl, (G, j)=1,...,s,of item-to-item dissimilarities is calculated. The matrix
C represents the input information for starting the MDS computational scheme. The
MBDS rational is to assign points for representing items in a multidimensional space
and to try to reproduce the measured dissimilarities, ¢;;. In a second phase, MDS
evaluates different configurations for maximizing some fitness function, arriving
at a set of point coordinates (and, therefore, to a symmetric matrix of distances
D = [d;;]) with the reproduced dissimilarities that best approximates c;;. A common
fitness function for measuring the difference between c;; and d;; is the raw stress:

S=[dj— fep], (14)

where f(-) indicates some types of transformation.

The MDS interpretation is based on the patterns of points that can be visualized
in the generated map. Similar (dissimilar) objects are represented by points that are
close to (far from) each other. So, the information retrieval is not based on the point
coordinates, or the geometrical form of the clusters. Indeed, we can rotate, translate,
or magnify the map (for better visualization) because the distances remain identical.
The MDS axes have neither special meaning nor units.

The quality of the MDS mat can be assessed by means of the stress and Shepard
plots. The stress plot represents S versus the number of dimensions m of the MDS
map. The plot S(m) is a monotonic decreasing chart and choosing the value of m
is a compromise between achieving low values of S or m. Often the values m = 2
or m = 3 are adopted since they allow direct visualization. On the other hand, the
Shepard diagram compares d;; and c;; for a particular value m. A narrow scatter
around the 45-degree line represents a good fit between d;; and ¢;;.

3 Modeling Vegetable Tissues and Edible Drinks

3.1 EIS Analysis of Vegetable Tissues

A total of N; = 6 angiosperm leaves and N,, = 4 vegetables are studied, as summa-
rized in Tables 1 and 2, respectively [22, 23].

Each leaf (vegetable) is submerged in salted water, with except ion of its peti-
ole (base). Two copper electrodes of 0.5 mm diameter connect the specimen to the
measurement circuit. One electrode is inserted into the leaf petiole (vegetable base),
aligned with its longitudinal axis, and the other one is placed in the water (see Fig. 1,
setup A).
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Fig.2 The Bode diagram of the experimental, Z,, and model, Z,, impedance of the llex aquifolium
IA)

For the leaves, several numerical tests proved that the 4-parameter FO model

K

Z(jo) = R+ ———— (15)

jo

1+ (2)

leads to a good approximation to the experimental data (see details in [22]). Figure 2
depicts the Bode diagram of the experimental, Z,, and model, Z,, impedance of the
llex aquifolium (IA), illustrating the fit. Table | summarizes the values of the model

parameters that approximate the spectra of all leaves.

For the vegetables, the following 5-parameter FO model is needed to fit the exper-
imental data:

K
Z,(jo)=R+ ———7—5. (16)
jo
[+ ()]
An example of the experimental and model Bode diagram is depicted in Fig.3

for the Cauliflower. The model parameters of the four specimens are summarized in
Table 2 (see details in [23]).
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Table 1 Parameters of the FO-based model for N; = 6 leaves

i Species Tag R K p o J
1 Citrus limon CL [89x10® |56x10*|2x10° |059 |0.035
2 | Ilex aquifolium IA | 72x10% | 84 x 10* | 25 x10° | 072 | 0.288
3 Ficus elastica FE |75%x10% | 78x10* | 6x 10> | 055 |0.338
4 Hydrangea macrophylla | HM | 2 x 10° | 6.6 x 10* | 5 x 10> | 0.48 | 0.493
5 Acacia dealbata AD | 7x10° |49x10° | 1.2x10' | 037 | 0.398
6 Acer pseudoplatanus AC | 15x10* | 55%x10° | 1 x 10> | 047 | 0.581
Cauliflower
120 e ey
—*—Z.(jw)
110 |
g
é 100
N
90
80 sl il il 1
102 103 10* 10°
3
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Fig. 3 The Bode diagram of the experimental, Z,, and model, Z,, impedances for the Cauliflower

Table 2 Parameters of the FO-based model for the N, = 4 vegetables

i | Designation Tag | R K )4 o B J

1 | Cauliflower CF | 1.8x10* | 48x10° | 55x 10" | 0470 | 1.046 | 0.0026
2 | Broccoli BR | 0.1 x10* | 40x10° | 55x 10" | 0.859 | 0.897 | 0.0027
3 | Round cabbage | RC | 52 x10* | 0.6 x 10° | 1.7 x 10° | 0.444 | 1.470 | 0.0002
4 | Brussels sprout | BS | 5.9 x10* | 7.2 x 10° | 1.7 x 10> | 0.354 | 1.292 | 0.0008
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Table 3 The set of N,, = 16 wine samples analyzed

i Tag Wine region Wine style

1 Wy Alentejo White

2 %3 Alentejo White

3 W3 Alentejo White

4 Wy Peninsula de Setibal | White

5 Ws Tejo White

6 We Douro White

7 1%} Vinhos Verdes Green white
8 Ws Vinhos Verdes Green white
9 Ry Alentejo Red

10 Ry Alentejo Red

11 R3 Peninsula de Setibal | Red

12 Ry Peninsula de Setibal | Red

13 Rs Bairrada Red

14 Rg Douro Red

15 Ry Vinhos Verdes Green red
16 Rg Vinhos Verdes Green red

These results demonstrate that FO empirical formulae constitute simple, yet reli-
able models to characterize vegetable structures.

3.2 EIS Analysis of Edible Drinks

In this Section, N,, = 16 wine types and N,, = 12 UHT milk varieties are studied.
The wine set includes samples from distinct Portuguese regions [11], and involves a
mix of ripe and green, both red and white, styles (Table 3). The milk set comprises
samples from distinct brands, with different fat contents, and includes a mix of
normal, reduced, and fortified milk varieties (Table 4).

The experimental setup for EIS measurements is depicted in setup B of Fig. 1.
A parallelepipedic container with dimensions (/ x w x h) = (120 x 100 x 55) mm
is filled with 200 ml of wine. Two 0.5 mm diameter copper electrodes connect the
samples to the measurement circuit. The electrodes are immersed at 5 mm from the
bottom of the container, and are placed diametrically opposed to each other.

For both wine and milk, several numerical tests revealed that a good fit between
the experimental, Z,, and model, Z,,, impedance occurs for the 6-parameter FO

model:
. o] . o2
(1 n JZ—"’) : (1 + fz—‘“)
Z(jw) =K - . (17




28

Table 4 The set of N,, = 12 milk samples analyzed

J. A. T. Machado and A. M. Lopes

i Tag Milk type

1 M, Skimmed

2 M> Skimmed

3 M3 Skimmed

4 My Semi-skimmed

5 Ms Semi-skimmed

6 Me Semi-skimmed

7 My Whole

8 Mg ‘Whole

9 My Whole

10 Mo Organic semi-skimmed
11 M Reduced skimmed
12 My, Fortified skimmed

Table 5 Impedance parameters of the N,, = 16 wine samples

i Tag Impedance parameters
K 1 o 2 o B J

1 Wi 6700 1000 0.33 24 x 10* | 0.88 0.29 0.2298
2 Wa 5000 1000 0.32 19 x 10* | 0.87 0.32 0.2372
3 W3 5800 1300 0.40 22 x 10*0.88 0.31 0.2678
4 Wa 7000 1000 0.35 22 x 10*]0.86 0.31 0.2639
5 Ws 5500 1000 0.32 19 x 10* | 0.87 0.33 0.2885
6 We 6000 900 0.32 20 x 10*0.88 0.29 0.2888
7 Wy 7500 1600 0.40 15 x 10*0.75 0.36 0.2667
8 Ws 7500 1600 0.40 17 x 10* [ 0.75 0.36 0.2339
9 Ry 5500 950 0.33 19 x 10* | 0.87 0.32 0.2859
10 R> 6800 1100 0.33 23 x 10*]0.92 0.33 0.2936
11 R3 5000 1000 0.33 23 x 10*0.86 0.31 0.2731
12 R4 6000 1000 0.34 22 x 10*0.88 0.33 0.2941
13 Rs 7500 1600 0.39 15 x 10* 1 0.75 0.35 0.2644
14 Rs 5000 1000 0.32 20 x 10* | 0.88 0.32 0.2977
15 R7 6500 1100 0.30 20 x 10*|0.89 0.35 0.3651
16 Rs 7200 1700 0.41 19 x 10* | 0.88 0.38 0.2985

Figures 4 and 5 depict the Bode diagrams of Z, and Z,, for the wine and milk sam-
ples W5 and M, respectively, illustrating the adequacy of expression (17). Tables 5
and 6 summarize the impedance parameters for all wine and milk specimens (see

details in [24, 26]).
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Fig.4 The Bode diagram of the experimental, Z,., and model, Z,,, impedances for the wine sample

Ws

Table 6 Impedance parameters for the N,, = 12 milk samples

i Tag Impedance parameters

K 1 o 2 ) B J

1 M 33325 5340 0.68 5606 | 0.57 0.7 0.735
2 M; 36563 8840 0.67 8233 0.65 0.7 0.693
3 M3 45133 3844 0.72 15813 0.64 0.72 0.71
4 My 29400 | 9880 0.67 8906 | 0.59 0.67 0.726
5 Ms 35150 | 4290 0.72 8190 | 0.56 0.73 0.772
6 M 34380 | 9172 0.76 7717 0.54 0.68 0.69
7 M7 59463 2600 0.72 16225 0.68 0.8 0.691
8 Msg 35750 | 7150 0.66 8450 | 0.61 0.69 0.763
9 My 31859 | 4572 0.68 5999  |0.62 0.76 0.71
10 Mo 32626 | 9667 0.76 6656 | 0.57 0.72 0.72
11 Mn 27300 3500 0.72 65000 |0.53 0.64 0.717
12 M, 34613 3500 0.85 65000 |0.53 0.72 0.747
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Milk sample M2
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Fig.5 The Bode diagram of the experimental, Z,, and model, Z,,, impedances for the milk sample
My

The results demonstrate that FO models yield a convincing description and reliable
characterization of the samples, and that the EIS technique leads to a simple and
straightforward procedure to characterize the specimen.

In conclusion, analyzing the results of Sects. 3.1 and 3.2 we verify the emergence
of FO effects that are not captured by classical integer-order models.

4 Clustering and Visualization of Vegetable Tissues
and Edible Drinks

4.1 HC of Vegetable Tissues and Edible Drinks

The HC processes a matrix C = [c;;] based on the distance:

1 i IR(Ze, ()] — RIZe, ()] N ISMZe, ()] = SIZe, )|
YL R(Ze, G| + [R[Ze, Gol|  |S[Ze, G| + [S[Ze, G|
(18)

k=1
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Fig. 6 Dendrogram generated by the HC for the s = 38 samples and matrix C
where the indices i, j = 1, ..., s, so that s denotes the number of samples, and Z,

represents the impedances measured by means of EIS.

One must note that trying other alternative measures is a common procedure.
In fact, one can choose distinct distances, and the corresponding charts, to obtain
the best visualization. Nevertheless, several tests demonstrated that the Canberra
distance leads to relevant results.

The successive (agglomerative) clustering and average-linkage method are used.
Figure 6 depicts the dendrogram generated by the HC, with input C = [¢;;] and s =
N;+ N, + N,, + N,, = 38. One can note the emergence of patterns for vegetables,
wine, and milk.

4.2 MDS of Vegetable Tissues and Edible Drinks

Figure 7 depicts the 2- and 3-dimensional maps of items obtained by the MDS, with
input C = [¢;;] and s = N; + N, + N,, + N,, = 38, where three clusters composed
of vegetables, wine, and milk emerge. Moreover, the s = N; + N, = 10 vegetable
tissues and s = N,, + N, = 28 edible drinks are compared apart from each other,
and the corresponding 3-dimensional MDS maps are depicted in Fig. 8. The charts
reveal blurred and clear clusters, respectively, confirming that leaves and vegetables
are quite similar, while milk and wine have strong dissimilarities.
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In conclusion, the dendrogram and MDS charts are alternatives with different
characteristics, both leading to identical clusters, namely with a clear separation
between the 3 groups, but some mixing between leaves and vegetables. Nevertheless,
from the point of view of visualization, the 3-dimensional MDS is superior to the
dendrogram technique.

5 Conclusions

In this chapter, the EIS technique was used to determine the electrical impedance
spectra of different materials, and FO models were adopted to describe the experi-
mental data. It was shown that FO transfer functions describe adequately the data.
The potential use of simple, nonintrusive, and economical techniques in food pro-
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Fig. 8 The 3-dimensional
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duction, biology, and medicine reveals possible directions to be further explored [27,

32, 38].
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Some Relations Between Bounded )
Below Elliptic Operators and Stochastic oo
Analysis

Rémi Léandre

Abstract We apply Malliavin Calculus tools to the case of a bounded below elliptic
right-invariant pseudo-differential operators on a Lie group. We give examples of
bounded below pseudo-differential elliptic operators on R¢ by using the theory of
Poisson process and the Garding inequality. In the two cases, there are no stochastic
processes because the considered semi-groups do not preserve positivity.

Keywords Malliavin calculus - Pseudo-differential operators - Generalized
Poisson processes + Garding inequality

1 Introduction

Let G be a compact connected Lie group, with generic element g endowed with its
biinvariant Riemannian structure and with its normalized Haar measure dg. e is the
unit element of G.

Let f' be a basis of 7,G. We can consider as right-invariant vector fields. This
means that if we consider the action R, 7 — (g — h(ggo)) on smooth function A
on G, we have

Ry, (f'h) = f'(Ry,h) (1)

We consider a right-invariant elliptic pseudo-differential bounded below operator
L of order larger than 2k on G. It generates by elliptic theory a semi-group P; on
L?(dg) and even on Cj,(G) the space of continuous functions on G endowed with
the uniform norm.
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Theorem 1 Ift > 0,
Pih(go) = / Pi(g0. 9h(g)dg 2
G

where g — p;(go, g) is smooth if h is continuous.

This theorem is classical in analysis, but it enters in our general program to
implement stochastic analysis tools in the theory of non-Markovian semi-group. See
the review [7, 13] for that. See [10, 11] for another presentation where the Malliavin
Matrix plays a key role. Here we don’t use the Malliavin matrix. See [12] for the
case of right-invariant differential operators.

Jump processes are generated by pseudo-differential operators, which satisfy the
maximum principle. Unlike the Malliavin Calculus for jump processes [1, 5, 6],
there is no limitation here on the size of jumps.

This theorem can be applied to any positive power of a right invariant strictly
positive differential operator on G [14].

2 Pseudo-differential Operators

Let us recall what is a pseudo-differential operator on RY [3, 5, 6, 15]. Let be a
smooth function from R¢ x R¢ into C a(x, £). We suppose that for all x

|D; Dia(x, )| < ClgI" "+ C (3)

We suppose that for all x
la(x, )1 = ClE" “4)

for |£| > C for a suitable m’ > 0. Let h be the Fourier transform of the continuous
function i. We consider the operator L defines on smooth function / by

Lhx) = / a(x, Oh(E)de 5)

L is said to be a pseudo-differential operator elliptic of order larger than m’ with
symbol a. This property is invariant if we do a diffeomorphism on R? with bounded
derivatives at each order. This remark allows to define by using charts a pseudo-
differential operator elliptic of order larger than m’ on a compact manifold M.

On a compact Riemannian manifold, we can consider the Riemannian measure.
In local coordinates, the Riemannian metric is given by a smooth map

x = g j(x) (6)

in the set of strictly positive matrix and the Riemannian measure is given by
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dx =det(g. ) dx; ® .. ® dxg (7)

‘We can normalize the Riemannian measure to be of total mass 1.
The fact that L is symmetric on L>(M) means that

/ < hi(x), Lhy(x) > dx = / < Lhyi(x), hp(x) > dx (8)
M M

The fact that L is bounded below means that for some C > 0:
/ < h(x), Lh(x) > dx > —C/ < h(x),h(x) > dx ©))
M M

In such a case L has a self-adjoint extension. This generates a semi-group of bounded
operators P, on L*(M) satisfying the heat equation

B
5, bl =—LPih (10)

forh € L>(M)andt > 0. Moreover, we suppose that Py = h. It generates moreover
a semi-group on C, (M) by ellipticity.

An example can be given on R? if we use the Garding inequality [15]. Suppose
that we consider the Lebesgue measure on R¢ and that for |¢| > Co we have

Re(a(x, €)) > Cl¢|™ (11)

for some C > 0. In such a case if we suppose L symmetric, it is bounded below.

3 Proof of the Theorem

3.1 Algebraic Scheme of the Proof: Malliavin Integration
by Parts

We consider the family of operators on C*°(G x R"):

aZk

—L+Zf” oz—i—Z (12)

! are smooth function from R* into R. By elliptic theory, i;’ generates a semi-group
P on C,(G x R™). This semi-group is time inhomogeneous.
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P [ h(g)h" (u)v](., ., 0) = f P L o P R ()R w)]1C, ) (13)

0

Moreover

P uh (YR (OG- tng1) = PP uh(OR" ()1, -, 0) + PITROR ()1, Dttnsn
(14)

h is a function of g, A" a function of uy, ..., u,. This comes from the fact that =~ (W »

commutes with L+!,
Therefore, the two sides of (13) satisfy the same parabolic equation with second
member. We deduce that

ﬁ,"*‘[un+ll_[ujh(.)](.,.,0)=/ asE L B Tl (5)
j=1 /=

This is an integration by parts formula. We would like to present this formula in a
more appropriate way for our object.
We consider the operator

I =L+Zm (16)

It generates a semi-group F?. In the sequel, we will skip the problem of sign coming
if k is even or not. Since []_, u; is a polynomial, the Volterra expansion associated

to Py[h ]_[jz | uj] s finite and converge. We get

Plh [ Jujic.) =) (1) / Il dsi.ds (17)
j=1

s>51>.>5>0

where

I 5" : '
[Sl,..,S] = S 81 ij asla_[ 51 SZ[Z f] S7

i=1

P! n[[Zf"%a— .[Fg[hjl:[luj]..](.,.) (18)

Moreover

P[h]"[ (go,>—P[h<go)1'[u,](e> (19)

j=1
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such that
n
Pon
FUPLR ] Tusl(go. ) =
j=1
n n
—n —n .
PLLf (o) [ Jujde, ) = PiLrh() [ Juil(go, ) (20)
j=1 j=1

We remark that in (17) the series is finite and stops at n because we consider a

polynomial in v; and because % commute with P,. If we consider P, (h1(g)h2(v))
it is a product of the P,(h)Q,(ha(v)), where Q, is generated by Y"_, L. We

J=1 ouz*"
deduce that in the term of the Volterra expansion of length / smaller than n, we get
(P,—s(f'h(g)) Qs (h1(v) where h;(v) is an homogeneous polynomial with coeffi-
cient independent of g of degree n — [.

We do the following recursion hypothesis on /:

Hypothesis 1 There exists a positive real r; such that if (o) = (i(a), .-, i(a)). 15 @
multi-index of length smaller than 1 constituted of |(a)| with the same element

\PLFR] Juil(g, vl < Ct7" oo (1 + [ T 10iD) 1)

i=n i=n
where ||.]|s is the uniform norm of 4.

It is true for / = 1 by (13) and the next part.

If it is true for /, it is still true for [ + 1, by using (15) and the Volterra expansion
above for f@h and taking o"*! = 5".

By choosing suitable a,j , we have accordingly the framework of the Malliavin
Calculus for any basis of the Lie algebra f7, for any !

1P (fD'R1(g0)] < Ciap 1l (22)

in order to conclude, because the operator y_;(f')' is an elliptic operator whose
degree tends to infinity when [ — oo.

3.2 Estimates: the Davies Gauge Transform
We do as in [12] (16). The problem is that in f’,” [ ]_['}=1 u;](.,.) the test function u

is not bounded and that 15,” acts only on C,(G x R™). We do as in [12] the Davies
gauge transform [ g(u;) where
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gu) = (|ul) (23)

if u is big and g is smooth strictly positive.
This gauge transform acts on the original operator by the simple formula
(T, g™ LT, g(ui).). On the semi-group it acts as

(To B Jo@nrOHr"OIC, ) (24)
i=1 i=1
But
., 0 d
(9™ 5= (g(wi).) = 5= + Cluy) (25)
u; 8[41'

where the potential C (u;) is smooth with bounded derivatives at each order. There-
fore, the transformed semi-group act on C;,(G x R"). It remains to choose

n

u
W) = J 26
w) ]1:[1 guj) (26)

in order to conclude. We deduce the bound:

B[ Tl 11Cv) < oo+ ] T 0i) 27)

Jj=1 i=n

where | P/| is the absolute value of the semi-group P/

4 Study of an Example on the Linear Space

We give in this part a big category of examples on R? of symmetric bounded below
pseudo-differential operators which takes its origin in the theory of Poisson process
[5, 6].

We consider the space C>®(RY) of smooth functions /# with bounded derivatives
at each order.

We introduce a smooth function from R¢ x R into R (x, y) — g¢(x, y) which
equals to O for |y| > C > 0 for a small C and with bounded derivatives at each order.
This allows us to introduce the integro-differential operator on C*°(R%):

Lh(x) = (=1 /Rd(h(" +y) = h(x)

21
=Y 1/t < y® L RO ))glx, lyTEHOdy (28

i=l

fora e ] —1,0[.
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We do the following hypothesis: for all x € R, h(x,0) > C > 0.
In such a case, we have shown [8, 9] that L is a pseudo-differential elliptic operator
with symbol

atx, &) =(—1)l+1/ (explv/=T < y,€ >]—
Rd
21

DoV =T <y € »)Dgl )y~ Vdy (29)

i=1

L is elliptic and satisfies Garding assumption (11) with m’ — oo when ! — co. We
produce a large class of examples of such operators which are moreover symmetric
in L*(dx).

Letbe X;(x), j =1, .., d be some vector fields without divergence, with bounded
derivatives of each order and which are uniformly in x in R a basis of R¢.

Let ¢,(y)(x) be the dynamical system generated by the vector field X (y, x) =

>4 v X () do(»)(x) = x and
do,(y)(x) = X (y, ¢:(y))dt (30)

We suppose g(x, y) = g(y) = g(—y). We introduce the operator

Lih(x) = (=)™ / (h(d1(»)(x)) — h(x)—
Rd

1
D 1/QiINX (y, )P h))g( Iy~ dy  (31)

i=l1

In the previous formula, the vector field X (y, x) is considered as a one-order
differential operator in x.

Lemma 2 Under the symmetry condition on g, L, is symmetric and is defined on
C>®(RY).

Proof The fact that L is defined on C*(R¢) comes from the fact that the asymptotic
expansion of y — h(¢;(y)(x)) near O is

21

hx) + Y 1/i1X (v, 1) Vh(x) (32)

i=1

and from the fact that g(y) = g(—y) such that only even integers remain in the sum
3.

The fact that L, is symmetric comes from two fact: the vector field X (y, x) is
divergence free such that
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/ 7 ()X (3, 1)y (¥)dx = / EOX0, 0@ @ds  (33)
R4 Rd

by integrating by parts. Moreover, x — ¢;(y)(x) preserves the Lebesgue measure
such that

[ mem@mends = [ m@epnemwds 6
R R

and the result arises from the equality g(y) = g(—y). <
Theorem 3 L is an operator of the type (28) which is symmetric bounded below.

Proof Tt remains only to show that L; is an operator of the type (28). For that we
remark that the map
y = ¢1(n)x) —x (35)

is a local diffeomorphism at every point y and a local diffeomorphism of a neigh-
borhood of 0 in R? onto a neighborhood of 0 in R¢. <&

Remark Let us give some heuristic explanation which explains this part. Let us
consider a formal path measure dQ on a “space” of paths y, with jumps starting
from 0 which represents the semi-group P, associated to the operator

Lh(x) = (—1)!*! /Rl(h(x +y) —h(x)—
!
D 1/@it <y @ (@) =)g(yn)|yl~ @ ay  (36)

i=1
such that formally

Pih(x) = /h(yz +x)%dQ(y)” (37)

We consider the “formal stochastic differential with jumps” whose solution (start-
ing from x) y; ,(x) satisfies

Ay (x) = o1 ((Ay)) (Y1.- (%)) — Y10 (x) (33)
where y,_ = lim;_,;_ y; and Ay, = y;, — y,_. We should get
P h(x) :/f(yl,t(x) “dQO(y)” (39

Moreover, a lot of compensation should appear in the formal equation giving y; ;.
We refer to [5] in the case where the path integrals are rigorously defined (In such a
case only one compensation appears!).
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Discrete Geometrical Invariants: )
How to Differentiate the Pattern oo
Sequences from the Tested Ones?

Raoul R. Nigmatullin and Artem S. Vorobev

Abstract Based on the new method (defined below as the discrete geometrical
invariants—DGI(s)), one can show that it enables to find the statistical differences
between random sequences that can be presented in the form of 2D curves. We gen-
eralized and considered the Weierstrass—Mandelbrot function and found the desired
invariant of the fourth order that connects the WM-functions with different fractal
dimensions. Besides, we consider an example based on real experimental data. A
high correlation of the statistically significant parameters of the DGI obtained from
the measured data (associated with reflection optical spectra of olive oil) with the
sample temperature is shown. This new methodology opens wide practical appli-
cations in differentiation of the hidden interconnections between measured by the
environment and external factors.

Keywords Weerstrass—Mandelbrot function - Discrete geometrical invariants *
Equipment calibration + Nano-noise “reading”

2010 AMS Math. Subject Classification. Primary 40A05, 40A25; Secondary
45G05.

1 Introduction and Formulation of the Problem

If we follow for the modern tendencies in the applied sciences, one can notice that
the efforts of many types of research were concentrated presumably on the analysis
of complex systems. It implies the usage of methodology of many natural sciences as
physics, chemistry, biology, economy, and improvement of the mathematical meth-
ods that should be more general and enables to describe the hierarchy of interactions,
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intermittency between the structural organization levels of the considered complex
systems. One of the main obstacles is the “invisible” boundary determination that
divides the chaotic and deterministic behaviors of the complex systems. For better
understanding of its behavior, a potential researcher needs to increase the determin-
istic part and decrease the part related to its chaotic and unpredictable behavior. If it
is possible to solve this task then as a “reward” a researcher pulls apart the forecast-
ing boundaries for prediction of the complex system behavior in the time evolution
process. Many new features came from the fractal geometry with appearance of the
B. Mandelbrot book [1] and its successful interpretation [2] that helps to consider
and describe mathematically many new complex systems with self-similar/fractal
geometry. This specific understanding helped to attract the mathematical tool as the
fractional calculus [3, 4] and find for it its proper place in many practical applications.
Now this powerful combination of the fractal geometry with the fractional calculus
gives a new impact in the development of many natural sciences unifying them in
one perfect instrument for knowledge and establishing new relationships that exist
in the Mother Nature.

In this paper, we want to attract the attention of experts and many researches
working in this “hot” spot as the fractal geometry and fractional calculus to “a dis-
covery” made by Prof. Yu. I. Babenko in his books [5, 6]. Actually, he was able to
generalize the well-known Pythagoras theorem and find new mathematical relation-
ships between the lengths of many symmetrical sets/polyhedrons located in 2D and
3D spaces. After reading this instructive book, one of us (RRN) formulated the fol-
lowing problem: is it possible to find some deterministic mathematical relationships
between random sequences at least in 2D space and apply them for a more detailed
comparison of the measured data?

The obtained results showed that these DGI(s) really exist. Therefore, one can
state that at least any two arbitrary random sets located in 2D space can relate with
each other by means of their inter-correlations and integer moments. This gener-
alization opens quite new possibilities in the reduced identification of different 2D
curves (images) and comparison of various random curves with each other without
the knowledge of a “true” fitting function, which, for many complex systems studied,
it is absent. The preliminary results related to the application of the DGI in electro-
chemistry was published in paper [7]. In this paper, we present the complete invariant
of the 4th order and show its possibilities for comparison of the WM-curves with
different fractal dimensions and in finding of the hidden deterministic relationships
between the measured data (reflectance optical olive oils spectra) and temperature
changes during the experiment.

2 Basic Relationships and Description of the Algorithm

As it was reminded in the first section in the books [5, 6], it was shown that the well-
known Pythagoras theorem can be generalized and propagated for a set of random
points having coordinates (xi, y¢) (k = 1,2, ..., n). Really, one can consider the
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square of the distance connecting an arbitrary point M (x, y) with the kth point
(xx, yr) belonging to the given set:

If=(x—x)* = — )7, 2.1)

one requires that

1 n
- Zl,f = 1% = const. 2.2)
n

Inserting expression (2.1) into (2.2), one obtains
=N+ =N =1 -R,

() = - Z b B ={Ax%) + (%), (2.3)

(av? >M <

V) — (V)2 V=ux,y.

As one can notice from (2.3) that the set of circles can exist if the desired invariant
I? > R?, the equality sign corresponds to the circle with the zeroth radius. It is
convenient to consider the invariant circle with radius 7> = 2R?. From another point
of view, the requirement (2.2) corresponds to the reduction of the given set of points to
the continuous circle with 4 statistical parameters ((x?”), (y”), p = 1, 2). However,
for practical purposes, this simplest requirement (2.2) is not sufficient and therefore,
it has sense to consider other combinations.

2.1 The DGI of the Second Order (General Form)

In order to have reduction to the deterministic curve with sufficient number of sta-
tistical parameters we consider another combination that is a little complicated in
comparison with the definition of the Euclidean distance (2.1):

=C*(y— ) —2B(x —x) - (y — ) + A*(x —x)2 k= 1,2, ...,n. (24)
The quadratic form (2.4) contains 5 statistical parameters ((x”), (y”), p = 1, 2),

(xy) and 3 unknown parameters (A, B, C) figuring in (2.4). We subject this combi-
nation to the requirement:

l n
— E L,% = 1% = const. (2.5)
n

k=1
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Inserting (2.4) into (2.5) after simple algebraic manipulations one can obtain

C2y — (N =2B(y = () - (x = (x) + A%(x — (x))* + B2 = I, 26
E? = C*(Ay?) — 2B(AxAy) + A*(Ax?). '
As before, we put / 2 — 2 E2 . In order to find three unknown parameters (A, B, C),
it is convenient to use the obvious parameterization for the variables (x, y) relatively
the angle ¢:
= + Acos(p — o),
y=( (p—a) 27
x = (x) + Ccos(p),0 < p < 2m.
Excluding the parameter ¢ from (2.7) and identifying expression (2.6) with rela-
tionship:

C*((Ay)*) —2AC cos o ((Ax) - (Ay)) + A*((Ax)?) = A>C* — B?,

(2.8)
E?=? <Ay2> —2AC cos a{AxAy) + A? (Ax2> = A2C?sin a,

one obtains B
cosa = —, E* = A°C? — B~ 2.9)
AC
In order to decrease the number of unknown parameters, we find from (2.7) the
values A and C from the obvious conditions:

1
Ymax = (V) T A, Ymin = (y) —A, > A= E(ymax = Ymin)
(2.10)

1
Xmax = ()C) + C, Xmin = (X) - C7 - C = z(xmax _xmin)~

Parameter B is found from relationships (2.8) and (2.9) as a positive root of the
quadratic equation written relatively B

B® —2(AxAy) B — [A*C* — (Ax?) A> — (AY*) C*] =0,
2 22 2\ 42 2\ ~271/2 2.11)
B = (AxAy) + [((AxAy))* + A’C* — (Ax?) A — (Ay?) C]'/2,

This single root is chosen from the comparison of two identity sequences (x; = yi)
that follows from the obvious requirement B = A2, (o = 0). Therefore, one can say
that with the help of the rotated counterclockwise ellipse (2.7) we reduced 2n random
points figuring in (2.4) to 8 statistical parameters ((x”), (y?), p = 1,2), (xy), «,
A, C). If it is necessary to include the higher moments (x?y*), (p =0, 1,2, ...;
s =0, 1, 2...) then other combinations of the type (2.4) should be considered.

Some generalizations for the invariant of the fourth order are considered below.
It is easy to notice that the invariant (2.7) of the second order is not sufficient for a
detailed comparison of two random sequences. Expression (2.9) is equivalent to the
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conventional Pearson Correlation Coefficient (PCC) that is related to the correlation
of the second order (AxAy). Actually, we found the geometrical interpretation of
the PCC and showed that the closed curve as an ellipse can be used for pictorial
interpretation of the quadratic correlations between two random sequences. There-
fore, it has a sense to consider the invariants of the higher orders for a more detailed
and reliable comparison of a couple of random sequences with each other. Below,
we want to consider the complete invariant of the fourth order. It is instructive also to
give the basis of the proposed theory that will be useful for quantitative comparison
of any two random sets located in 2D plane.

2.2 The General Theory of the Geometrical Invariants Based
on the Higher Order Curves and the GDI of the Fourth
Order

Unifying the ideas expressed in books [5, 6], one can consider the following combi-
nation:

LM = Y Ayt —x0) (v — vl (2.12)
q=0,p=0

This combination can be considered as the most general form that can be used
for comparison of two random sets having coordinates (x;, yx) (k =1,2,3...,n).
If one requires that

k = s .
n
k=1

then this form can be used for comparison of two random sequences of an arbi-
trary order in terms of different combinations of the integer moments. If we insert
(2.12) into (2.13) and open the corresponding terms then one can obtain possible
combinations of the integer moments of the type:

1 n
My = {(Ax)1(Ay)") = ~ 3 0 = () = Ax)?(y = () — Ay,

k=l (2.14)

1 n
(A) =~ Ak AAL = A — (A).
k=1

In this section, having in mind its practical application for comparison of the
different experimental data with each other we consider the complete invariant of
the fourth order that will be helpful for a more fine comparison of two sets.
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2.3 The Complete Invariant of the Fourth-Order Admitting
the Separation of Variables

A possible combination allowing to express the desired invariant in the analytical
form can be written as

L = A — 20" + A5 (x — )’ (v = 30 = 2An(x —x0)*(y — )+
FAB = x) (= 30’ + Ass(y — 3.
(2.15)
Inserting expression (2.15) into (2.13) and equating the linear terms relatively the
variables

XEx—<x>,YEy—<y>, (2.16)

to zero, we obtain the following combinations:

4a{(A0) + 343 ((A02AY) + A1((Ay)°) = 44n{(Ay)2Ax), o1
4A((80)) +3415((A0PAx) + A ((A0)) = 4an((Ax?ay).

In order to decrease the number of the parameters entering in (2.15) we introduce
the following ratios:

Azl = 0Apn, A3 = 0yAn, Ay = 0 Axn, A = 0,An. (2.18)

These ratios help to cancel on an arbitrary constant Ay, (# 0) and present system
(2.17) in the form:

40x<(Ax)3> n 3Ux((Ax)2Ay> + ay<(Ay)3> - 4<(Ay)2Ax>,

(2.19)

49),<(Ay)3) + JX<(Ax)3> + 3Uy<(Ay)2Ax> = 4<(Ax)2Ay>.

In order to find these four unknown parameters, it is necessary to find some

additional relationships between them. One can notice that for identity relationships
(xr, yi) (k=1,2,3 ..., n), the following relationships from (2.19) are valid:

40, + 30, + o, =4,40, + 0, +30, =4

or (2.20)
3 1
0, =1-— Zax — Zoy, 0, =1- Zay — —0y.

4

The systems (2.19), (2.20) allow finding the unknown variables (ratios) and rewrite
them by means of different correlations belonging of two compared sets.
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o =4[5 ((Ax(Ayf)— (Ay>3)> : ((Ax(Ayf ~{axy?

)+
2.21)

Two other unknown parameters 6, , are found from (2.20).
Finally, we obtain the following invariant of the fourth order:

K(X,Y)=KyX,Y)+ Ky(X,Y) = Ly,
KX, Y)=AX*+B-X-Y+ A, (2.22)
Ki(X,Y) =0, X*+0,Y* —2X°Y* + 0, XY + 0, XY°.

The following combinations shown below define the constants figuring in the DGI
(2.22):

A, = 69x<(Ax)2> _ 2<(Ay)2> + 30X<AxAy>,
A, = 60y<(Ay)2> - 2<(Ax)2> + 3Uy<AxAy>, (2.23)
B = —8<AxAy> + 3ax<(Ax)2> + 30),<(Ay)2>.

The constant I from (2.22) is defined by expression:

I = 0 (a0*) + 0,(an*)+

+O’x<(AX)3(Ay)> + 0y<(Ay)3(Ax)> _ 2<(AX)2(Ay)2>_ (2.24)

Finally, we obtain the eight parametric curve (2.22), which combines 6 correla-
tions and 8 moments up to the fourth order inclusive:

(1) {¥) {ancayy). (axan?). (ay@axr?)

<Ax(Ay)3>’ <Ay(Ax)3>, <(AX)4(Ay)4>, <(Ax)2’3’4>, <(Ay)2*3»4>. (2.25)

The curve K (X, Y) in (2.22) can be separated in the polar coordinate system. We
present the desired curve in the form:
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x(p) = <x> + r(p) cos ¢,

¥ = () +r@sing, 226)

JB @) +414s(0) — 2(0) 712
r(p) = [ ] .
2q4()

The functions g, 4 () figuring in (2.26) are determined by expressions:

q2(p) = Ay cosz(go) + Bsinpcosp+ Ay sinz(go),

q4(p) = Oy cos4(<,o) -2 sinz(c,o) cos2(g0) + 0y sin* (p) + oy sing cos’ (@) +oay sin’ () cos .
(2.27)

This curve determines statistical proximity/difference between 2D random
curves/sets located in the plane. What happens if two random curves are identi-
cal to each other (x; = y;) for all numbers of the discrete points j = 1,2, ..., N?.In
this case as it can be shown (the details are given in the Mathematical Appendix) that
Oxy=4/3,0c,=-1/3, A, = Ay, B=—2A, and 14 = 0. Hence, from (2.26) it
follows that r () = 0. In this case, expression (2.22) is degenerated into a point with
coordinates (x) = (y) located on the line y = x. In the Mathematical Appendix, it
was found the form of the simplified curve (2.22) when two discrete sets x; and yi
(k=1,2,...,n) are becoming close to each other, i.e., Ay, = Ax; = Afi (Afy =
Jfr — (f)) - small factor distorting the set yy).

Concluding this section, one can say that we propose the complete invariant of the
fourth order (2.22), which enables to compare two random sets (sequences) located
on 2D plane. In general, this result shows that two random sequences have at least
the compact deterministic curve of the fourth order (2.22) combining 8 parameters
I4, Ay )y, B, 0y y, 0y y. These parameters, in turn, depend on 14 statistical parameters
(2.25) that help to compare one random set with another one. Therefore, we made a
next step and generalized the conventional Pearson correlation coefficient (2.9) that
is valid only for the correlations of the second order. A potential researcher receives
a new statistical tool for more “fine” analysis and comparison of a couple of random
sets with each other. In subsequent chapters, we want to show sow to apply this new
tool for comparison of random sequences of different nature.

Finishing this section, it is necessary to remind about another important possibil-
ity of a new approach that makes this DGI-tool more significant and general. The
previous results (expression (2.15) and below) were obtained for vectors (xx, yx)
(k=1,2,3...,n). Are the previous results conserved if one replaces the vectors
for matrices (M; j, L; ;) (i =1,2,...,1; j =1,2,..., J)? Attentive analysis of the
results obtained above shows that one can obtain a positive answer. Really, for this
case the mean values for (x), (y) are rewritten in the following form:

1
I. J

1,J
M; 117

(x) = i = (2.28)

1
-J

M

iJj
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and different moments and inter-correlations keep formally their forms:

1,J

Qup= <(Ax)q(Ay)P> = % ) (x — (x) — Axi,j)q(y —(y) - Ayi,j)p’
Vo | L
77 Aij. = A — (A).
= (2.29)

As it follows from last expression, the subsequent algebraic transformations
remained the same and, therefore the final result (2.26) and its simplified expression
(6.6) keep their structures, as well. This important generalization allows applying the
DGl-tool for analysis of different 2 D-images and 3 D-projections, especially in cases
when it is necessary to compare the random trajectories generated by unpredictable
movements of molecules, viruses, and other “small” objects. This new possibility,
undoubtedly, merits the separate research.

3 New “Reading” of the Weierstrass—Mandelbrot Function

As it is known [2], the WM-function is defined by the following relationship:

N

1
S(z) = b" - F(z-£"), F(z) =1—cos(z),b= —,
,,zZ,N ¢ 3.1)

v=2—-—D,N> 1.

The dependencies of these parameters with respect to the chosen parameter D are
shown in Figs. 6, 7, and 8. We omit the dependence x.(D) which keeps its constant
value equal to —0.02444 for all values of D from [0.5, 2.0]. As one can notice
from (3.1), one can generalize the conventional definition of the WM-function and
propagate it for more wide class of the functions varying the function F(z). The sum
(3.1) has the obvious property:

Sz&) = —+Up(z) Dn(z),

(3.2)
Up(z) = b" f(zE"*), Dn(x) =b~"""f(z&™"
Expression (3.2) satisfies approximately the functional equation (3.3):
~ . ln(l/b) B
Sz = —S(z) S(z) = 2" Pr(n(2)), e , (3.3)

Pr(ln(z) £In(&)) = Pr(ln(z)),
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Fig. 1 Verification of the
relationships (3.2) for the
WM-function for D = 0.6.
The contribution of the
functions Up(x) and Dn(x)
are negligible and therefore
they are not shown

Fig. 2 Verification of two
log-periodic functions
Pr(x) = Pr(z€) entering in
expression (3.3) for D = 0.6

=0.6

Wh-function for D

comparison of two log-periodic functions

R. R. Nigmatullin and A. S. Vorobev

—a— S(x)
—— S(xZ)=(1/b)S(x

3.90 4

3.87

®

4
=

0.0 05 1.0

if contributions of the functions Up(z) and Dn(z) on the ends of the corresponding
intervals are negligible. We want to stress here that expressions (3.3) are more correct
in comparison with expression (2.16) given in the book [2] that was found in the
results of numerical calculations [8]. Now it has a sense to formulate a problem that
can be solved with the help of the DGI approach. Is it possible to relate the parameter
D from (3.3) with parameters (20), (21), (23), and (24) forming the desired curve (26)
and test the relationships (3.2) and (3.3) numerically? For the aim we chose N = 60
in (3.1) and select the interval for D as [0.5-2.0]. Then we compare successively the
curve corresponding to the D = 0.5 with other curves from the interval [0.6, 2.0]
with step & = 0.1. The verifications of relationships (3.1) and (3.2) for the limiting
cases D = 0.5 and D = 2.0 are given in Figs. 1, 2, 3 and 4, correspondingly.
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—— S(%E

24

=1.9

WM-funcion for D

0.0 05 10
X

Fig. 3 Verification of the relationships (3.2) for the WM-function for D = 1.9. The contribution of
the functions U p(x) and Dn(x) are shown inside the small figure on the right. Their contributions
are small

Fig. 4 Verification of two
log-periodic functions
Pr(x) = Pr(z§) entering in
expression (3.3) for D = 1.9

—a— x"S(x)
——x"S(x£)

1.9

28 4

24 4

20 4

Comparizon of two log-periodic functions D

0o 05 10

Figure 5 shows that the deviation factor (6.6) for all selected ranges of D that do
not exceed the unit value. It allows to apply the simplified version of the DGI (6.5)
that contains only 4 parameters (x., Y., €/3Qo, B, Is).

Finishing this section, we want to stress one important point. As it has been men-
tioned at the end of the section two, the DGI-tool can be applied successfully for
comparison of different images having random fractal dimensions or their distribu-
tions. It helps to “read” quantitatively two sequences or 2 D projections: one of them
can be considered as the pattern one and another image can be defined as tested. The
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Fig. 5 This dependence —u—f =stdev(X-Y )stdev(Y )
demonstrates the criterion of
applicability of the simplified
version of the DGI shown in
the Mathematical Appendix.
It is calculated in accordance
with expression (6.6) and
signifies that for all values of
D from the interval [0.6-2.0]
the simplified version of the
DGI from (6.5) is applicable

08 4
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Fig. 6 The behavior of the

mean value of the compared 0.0024 =
curve relative to the
WM-function having
D =05

-0.016 o

-0.024 4 \

The diffrence between mean values
d

07 1.4 21
06<D=<20

new methodology helps to analyze two images in terms of the reduced number of
parameters (8 or 4) and express this comparison in the form of the DGI curves (2.26)
or (6.5), correspondingly.

This instructive example shows that the DGI can serve an additional source of
information that connects the fractal parameters of the WM function with the deter-
ministic curve as the DGI of the fourth order. It helps also to reduce the initial set of
data points (equaled 100) to some small number (4!) of significant parameters that
helps to compare the initial curves in terms of the integer moments and their mutual
cross-correlations defined by expression (2.25). Figure 9 demonstrates the form of
the DGI for two limiting cases (D = 0.5, 2.0), including also the intermediate case
D = 1.5. The next section demonstrates the results of the DGI application to real
data.
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Fig. 7 In this plot, we show the dependence of two other parameters as /3 Qg (central plot) and
B(D) (small plot above) with respect to the parameter D from the interval [0.6-2.0]. One can notice
that these parameters keep their monotone behavior with respect to D

[ —u— The behavior of invariant I‘(D)|

50 - -

[ e
(=] o
1 1

The behavior of invariant I (D)
L]
o
1

A

06<D=<20

Fig. 8 Finally, this plot shows the behavior of the invariant I4(D) defined by expression (6.4). This
is the biggest parameter keeping its monotone behavior
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—o—=X$)¥($)_D=0.6
—e—X@#)Y($)_D=1.5
—w—X($),Y($)_D=2.0

The form of the DGI of the 4-th order
for three values of D, Y(s)

T T T T
-2 0 2

The form ofthe DGl ofthe 4-th order for three values of D, X(¢}

Fig. 9 In this plot, we show the parametric dependence of the function X (¢) and Y (¢) or three
values of D = 0.6 (small segment in the middle), D = 1.5 (two “hyperbolic” red branches) and
D = 2.0 (green ellipse-like curve). It is hard to imagine that these different curves are generated
by a monotone set of parameters shown on the previous figures

4 Some Examples Based on Real Data

The question of the finding of additional relationships between input predominant
factor and the measured response/output was raised in many papers [9-11]. We faced
the same problem while studying the optical reflectance experiments associated with
changes in chemical properties of extra virgin olive oil with respect to some external
factor. One of the main input factors that can change the quality of the olive oil
studied is the influence of the surrounding temperature. The finding of the desired
olive oil parameter with the temperature is not new and was considered in some
papers [12—14]. The description of the experiment and the data processing algorithm
with the results obtained are described below.

4.1 Details of Experiment

The testing of the DGI method was carried out on the measured data, which we
obtained in the process of olive oil temperature variations by nonchemical method.
The results of the experiment were obtained in accordance with optical characteristics
of the used equipment. The task was in measuring the reflectance optical spectra
intensity with respect to the measurement of the internal olive oil temperature and
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(a) (b)
~—— Probe
Thermometer olie
oil
Optical source black
cardboard
Fiber
Spectrometer

Fig. 10 a Schematic ensemble of the experimental setup and b photo of the cuvette with the optical
fiber (located on the right-hand side) and the temperature probe (located above and placed inside
the cuvette)

in finding their expected correlations in the frame of new approach. Figure 10a, b
show the image and sketch of the experimental setup, respectively. The food olive
oil sample was chosen as a complex fluid. It has the Trade mark—*Desantis” (class:
“olio extra virgine di olive”, Italy).

Optical reflectance spectra in the wavelength range from 195nmto 1117 nm were
obtained with the usage the commercial software “SpectraSuite” and the “MAT-
LAB?” script that, in turn, were controlled by the optical spectrometer (Ocean Optics
HR4000CG-UV-NIR). The volume of 4 ml of the plastic (polystyrene) cuvette was
filled with 3.5 ml of the olive oil and then was illuminated with a light source (Edmund
MI150). The optical fiber (QR400-7-UV/BX) connected the optical source with
cuvette and then the reflected signal was transmitted to the spectrometer. Black card-
board was placed on the back of the cuvette to avoid undesirable optical reflection.
The temperature was monitored using a digital thermometer (Probe thermometer
TFA LT-101), its sensitive part was placed inside the olive oil (see Fig. 10b). All
optical absorptions were registered at the fixed temperature (7) in the range from
9.3 to 21.8 °C in dark conditions. Each measurement took a time of 3 s, and the
time duration for the whole experiment occupied 3 - 301 = 903 s, i.e. 15min. The
measurement time for the thermometer consists of one second; therefore, the averag-
ing over 3 points was carried out. This temporal requirement creates a possibility to
“feel” possible changes in the structure of the olive oil in accordance with possible
temperature variations.

The “zone of interest” for our experiments was in the range up to 20 °C. This zone
determines some chemical processes that take place in extra virgin olive oil. One of
the temperature ranges where these chemical reactions take place corresponds to the
interval 5-15 °C [15].
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4.2 The Data Treatment Procedure. Algorithm

In the frame of the new algorithm, we use the DGI approach to treat the measured
data. Without loss of generality, the proposed algorithm can be divided into the
following six steps:

ey

@)

3

“

The intensity reflectance optical spectra were measured in the full wavelength
range (195.98-1117.05 nm) and for each measuring cycle containing 3647 wave-
length points were obtained. As a final result, we had 301 measurement cycles,
corresponding to the measured 7 (see Fig. 11). Taking into account the averag-
ing procedure over 3 points, i.e., 903 (duration of the whole experiment) — 301
(cycles), we obtain the desired plot T'(number of cycle) shown in Fig. 12.
Reduction to 12 measured data points. One of the aims of our measurements
was to increase the speed of measurements (number of repetitions/per time).
Therefore, we tried to avoid the measurement repetitions for each data point
several times. However, keeping the desired speed it is possible to improve
the quality of data through the reduction procedure. In this case, all data were
reduced to 12 points, i.e., every 12 points from each measurement were reduced
to one averaged point (this was done for all 301 measurement cycles). We
can do this due to the fact that we used a “food” thermometer with an error
of £0.5°C (Err.). The admissible temperature interval for our measurements
was 12.5°C (from 9.3 to 21.8°C), the number of measurement cycles was
301 (N). Therefore, the number of reduced points (R.p.) can be calculated
as R.p = N/(Range/Err) =~ 12. Therefore, we obtained finally the number of
the reduced cycles equal to 301/12 & 25. In accordance with this requirement,
we obtained the same number of temperature and optical measurement cycles.
This reduction procedure helps to average the unwanted data fluctuations also.
The DGI (x, y,,) tool was used for data obtained by the optical method, where
x is the first reduced cycle (x = y; = const), y,, is the subsequent cycle (m =
2,3, ..., M). Therefore, 24 calculations of the desired DGI were obtained from
the total M = 25 y,, reduced cycles. Each compared curve has four quantitative
parameters ( f,, I4,¢/3Q, B) depending on T'.

In order to decrease the number of plots, it is necessary to establish the maximal
correlations between the calculated parameters (fy, 14, £/30, B) with T,,,. We
want to notice that all these parameters and temperature had the same number
of data points equal to 24. In order to obtain the reliable correlations of these
parameters with temperature, we used the value of the Complete Correlation Fac-
tor (CCF(Pr,T); Pr = (fy, 14,c/30, B)) that is calculated with the usage of
all admissible set of the fractional moments [16]. In the result of this evalua-
tion, the following values were obtained: CC F f = 0.8623, CCF;, = 0.8946,
CCF.;39 =0.8413, CCFp = 0.8563. The highest value of the CCF (in terms
of the correlation degree with temperature change) belongs to the parameter I
(below we use for it the simplified abbreviation 7). Its variations with temperature
is shown the Fig. 13 (black points).



Discrete Geometrical Invariants: How to Differentiate the Pattern Sequences ... 63

——Meas uremem1
600
Measurements

—Meas l.lfl?l"l"l&J"lTsI
— Measurement1 01

400 |- ——Measurement 4

51
—Measu rementwo

300

Intensity [count]

200

100

) i I L
200 300 400 500 600 700 800 900 1000 1100
Wavelength [nm]

Fig. 11 The visually selected 6 curves (chosen from a set of 301 measurement cycles) of the
reflectance optical spectra covering the range [196, 1117] nm

(5) Using the Procedure of the Optimal Linear Smoothing (POLS), it becomes pos-
sible to obtain a monotone and smoothed curve I (T) [17]. Itis depicted in Fig. 13
by green points (CCF for Ipo.s = 0.8964.)

(6) In order to test the reduction procedure, we realized the same calculation, how-
ever, for non-reduced data. In this case, we have 301 measurements cycles
including the same number of the temperature points with possible tempera-
ture deviations (AT = £0.5%C). We realized the similar steps (4 and 5) and
after the application of the POLS we obtained two other curves that take into
account the limiting values of temperature fluctuations. These limiting curves
(max;(40.5%C), min;(—0.5%C)) are shown by red and blues points, accord-
ingly.

The obtained results demonstrate undoubtedly the effectiveness of the DGI
approach that can be applied as a new working tool for the quantitative finding
of the “hidden” relationships between the correlation parameters of the DGI with the
predominant input factor (7). In addition, these relationships can be ordered with
the help of the CCF and smoothed by the POLS. Besides, one can confirm a similar
temperature trend found by researchers from Bulgaria [15] that discovered a quasi-
linear temperature dependence of the reflectance spectrum intensity with respect to
temperature in the range [9, 12-17] °C.
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Fig. 12 The temperature plot covering the given optical range and located in the interval [9.3, 21.8]
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Fig. 13 This figure demonstrates the variations of the curves I (T'). Black points characterize a
“true” curve obtained with the help of reduction procedure. The green, red, and blue curves show
the temperature variations of the curve I (7') obtained with the help of the POLS procedure. The red,
blue curves (maxj, miny) correspond to the limiting cases (obtained without reduction procedure)

5 Results and Discussion

In this paper, we showed possible applications of the DGI of the fourth order that
admits its separation and presentation in the parametric form (2.26), (2.27). Defi-
nitely, the frame of this paper does not allow demonstrating all possibilities of this
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new instrument. These new possibilities will be a subject of the further research.
However, based on the obtained results one can say the following:

1. The DGIs will help to compare two curves (including 2D random sets) with
each other. This comparison is universal and it will be useful especially in cases when
analytical expression for description of model/real data is absent.

2. The DGI helps to realize “automatically” the reduction procedure of 2N
data points to 8 statistical parameters: (I4, Ay y, B, 04y, 0« ). These parameters
are tightly related with 14 integer moments and inter-correlations (2.25) that signify
about the statistical proximity and differences of two compared random sets.

3. The simplified DGIs help to find the relationships between fractal dimension
D (3.2) and the reduced set of the statistical parameters (x., y., I4, €/3Q, B) in the
case of statistical proximity of the compared initial curves. It will give an additional
possibility for better understanding the random fractal sets and relate their basic
parameters with the inter-correlations of two random sets compared.

4. The simplified DGIs can help in finding additional relationships between three
basic parameters (I4, £/3Q, B) with respect to temperature 7', which are in optical
measurements described above, it was used as the predominant input factor. The DGI
approach can take into account the temperature fluctuations and confirm indepen-
dently some specific peculiarities found by other researches [15].

6 Mathematical Appendix

Expression for the invariant of the fourth order in the case when two sets are close
to each other.

In this Appendix, we want to obtain an approximate expression for the general
invariant (2.22) when the first set x; is distorted by the function f; and the second set
vk is expressed in the form Ay, = Axy £ Afi (Afx = fr — (f)). The evaluation of
this curve is not trivial because we should open the limit 0/0 that appears in calcula-
tions of the parameters o, in expressions (2.21). We take into account that deviations
of the factor Af; in the both sides relates its mean value equal to zero and there-
fore the average value =(AAf;) ~ 0 (where A represents some value). However,
the combination (£=(AAf;)) - (£(BAfi)) = ((AAfk)) - (BAfi)) # 0 because the
positive and negative compensations in this product do not take place. Taking into
account this remark, one can evaluate the expressions for A and o, , in expressions
(2.21). After some cumbersome and long calculations, one can obtain

o0 = %[3(Axmf>2)z - {@0ar)- (@) + (@ ﬂ
} (6.1)

0y=%[3<Ax(Af)2> (axrar)-{ar?)

a=zolaxan] -3(@xrar)- (@) +{@an?).
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As one can notice from (6.1) we kept the values proportional to O ((Af Y (A f )0,
inclusively. If we introduce the values:

00 = 3(axap?) - ((avar)an?)

5 (6.2)
3
e={ar),
then the parameters oy y, 0, , are expressed in the compact form:
4 n 8¢ 4 4e
o=+ —, 0y = — ——
3900 3900 6.3)

1 5¢ b =~ 1+ €
3900 77 3 900

The second terms in (6.3) are considered as corrections and have the order
O(Af)?. Based on (6.3), one can evaluate other parameters keeping the same accu-
racy:

~ )\ 2¢ 2
Ay = A, = —2<(Af) ) — ——<(Ax) > B=-24,
3 Qo
2 - (6.4)
I= 5 —(an2ar?)
3 Qo

As one can notice from expressions (6.3) and (6.4), the simplified invariant curve
contains four parameters: ((Ax)2), ((Af)?), ((Ax)*(Af)?), €/Qo.
Finally, the invariant curve of the fourth order takes the following form:

x = <X> + X (), X(p) =r(p)cos(p),
y=()+{1)+ 1@, Y =r@sin),

JPH@) T 4LPyo) — Pae) } 12
2P4(p) ’

P2(¢) = 3B cos() = sin(p))

r(p) = [

2
’

Pi(p) = (cos(<p) — sin(<,0)>4 + SLQOI:S(COS(QO)>4 + 8<cos(<p)>3 sin(go)]—i—
+SLQO[4(sin(<p))3 cos(p) — (sin(<p)>4].
(6.5)

As it follows from these expressions, when two sets coincide with each other
they are reduced to the point x = y = (x). Finally, it is necessary to demonstrate the
criterion for application of the simplified invariant:
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R = [W} < 1. (6.6)

stdev(Y)

The functions X and Y are defined by expressions (2.16) and (6.5) and the oper-

ation “stdev” is defined by the conventional expression:

1 N 172
stdev(F) = [5 > (F; - (F))2i| , (6.7)
j=1

The model examples considered in section (3.2) satisfy to criterion (6.6).
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Nonlocal Conditions for Semi-linear )
Fractional Differential Equations with L
Hilfer Derivative

Benaouda Hedia

Abstract This paper studies the existence of solutions for nonlocal semi-linear
fractional differential equations of Hilfer type in Banach space by using the non-
compact measure method in the weighted space of continuous functions. The main
result is illustrated with the aid of an example.

Keywords Semi-linear differential equations + Nonlocal initial value problems -
Hilfer fractional derivative - Fixed point theorems + Measure of non-compactness -
Condensing map

AMS (MOS) Subject Classifications: 26A33 - 34K37 - 37L05 - 34B10.

1 Introduction

Differential equations of fractional order have recently proved to be valuable tools in
the modeling of many physical phenomena [8]. There has been a significant the-
oretical development in fractional differential equations in recent years; see the
monographs of Kilbas et al. [16], Zhou [19, 20]. In [13], Hilfer proposed a general-
ized Riemann—Liouville fractional derivative, for short, Hilfer fractional derivative,
which is an interpolator between Riemann-Liouville and Caputo fractional deriva-
tives. This operator appeared in the theoretical simulation of dielectric relaxation in
glass-forming materials [14].

Recently, considerable attention has been given to the existence of solution of
initial and boundary value problems for fractional and semi-linear-fractional differ-
ential equations and inclusions involving Hilfer fractional derivative, see [12]. On
the other hand, when an existence result is proved for the fractional Cauchy problem
where the solutions are not unique, it is natural to discuss the topological structure
of the solution set [9, 10].
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Motivated by the papers cited above, in this paper, we consider a class of nonlocal
initial semi-linear fractional differential equation of Hilfer type described by the form

DS x(1) = Ax(t) + f(t, x(1)), 1€ (0,b], (1.1)

L7x@0) =) Xx(n), a<y=a+pf—-af, 1€©b, (12

i=1

where the two-parameter family of fractional derivative D** denote the left-sided
Hilfer fractional derivative introduced in [13, 14],0 < a < 1,0 < 8 < 1. The state
x(.) takes value in a Banach space E with norm ||.||, A is the infinitesimal generator
of semigroup of bounded linear operators (i.e., Co semigroup) 7 (¢),>o that will be
specified later in Banach space E. The operator Iolf " denotes the left-sided Riemann—
Liouville fractional integral, f : (0, b] x E — E will be specified in later sections.
Ti,1 = 1,2, ..., mare prefixed points satisfying0 < 7y < .-- <7, < bandI'(y) #
Y AT where I'(y) = 0+°° x!=Ye*dx.

Physically, condition (1.2) says that some initial measurements were made at the
times Oand 7;,i = 1, ..., m, and the observer uses this previous information in their
model. This type of situation can lead us to a better description of the phenomenon.
For example, [6], Deng considers the phenomenon of diffusion of a small amount of
gas in a tube and assumes that the diffusion is observed via the surface of the tube.
The nonlocal condition allows additional measurement which is more precise than
the measurement just at # = 0.

Our main aim in this work is to extend the result given in [18], by using a fixed
point principle for condensing maps combined with Browder—Gupta approach [4] in
a general setting, namely when the function right-hand side has values in infinite-
dimensional Banach space.

This paper is organized in the following way. In Sect.2, we give some general
results and preliminaries and in Sect.3 we present our main results.

I wish you the best of success.

Tiaret
February 14, 2018

2 Preliminary Results

In this section, we introduce some notation and technical results which are used
throughout this paper [5].

Let J :=1[0,b],b > 0and (£, | - ||) be a Banach space. C(J, E) be the space of
E-valued continuous functions on J endowed with the uniform norm topology

[*lloc = sup{llx (), 1 € J}.
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L'(J, E) the space of E-valued Bochner integrable functions on J with the norm

b
Il =/O ILf @) ldr.

We consider the Banach space of continuous functions

C1_,([0,b], E) = {x € C((0,b]. E) : lir0n+t1_"’x(t) < +00).

A norm in this space is given by

1—~
lxlly = sup 7 [lx(@®)].
tel0,b]

Obviously, C;_,([0, b], E) is a Banach space. For € a subset of the space C;_,
([0, ], E), define 2, by
Q,={x,: x €Q} 2.1

where 1

_ X, if 1 € (0, b);
e {limtﬁm t"x (), ift = 0. 2.2)
It is clear that x, € C(J, E). We note the following Ascoli-Arzela-type criteria.

Lemma 1l A set Q C C_,([0, b], E) is relatively compact if and only if Q. is rel-
atively compact in C ([0, b], E).

Proof See, for instance, [1].

Definition 1 Let X and Y be two topological vector spaces. We denote by P(Y) the
family of all nonempty subsets of ¥ and by

Pr(Y) ={C € P(Y) : compact},
Pp(Y) = {C € P(Y) : bounded}.

Let G : [0, b] — P(E) be a multifunction. It is called

(i) integrable, if it admits a Bochner integrable selection g : [0, b] — E, g(t) €
G(t) forae.t € [0, b];
(ii) integrably bounded, if there exists a function ¢ € L'([0, b]; R,) such that

IG®I :==sup{ligll: ¢ € G} =((@) ae.r€][0,b].

We give some concepts of fractional calculus. Let 0 < o < 1. A functionx : J —
E has a fractional integral if the following integral:
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I19%(t) = %/ (t — ) 'x(s)ds
0

is defined for r > 0. The Riemann—Liouville fractional derivative of x of order « is
defined as

« _ _ _ i 1-a
D%x(t) = —( VT (/ (t—s)" x(s)ds) = dtI x(1),

where I'(-) is the Gamma function, provided it is well defined for # > 0. The previous
integral is taken in Bochner sense.

The left-sided Hilfer fractional derivative of order 0 <« <1land 0 < (3 < 1is
defined by

a,p B(l—a d —B)(1—a
D@%(;):(ﬂ“ )E(l(l Aa >x)) (t).

for functions such that the expression on the right-hand side exists.

Lemma 2 ([7]) Let o, B € Ry. Then

v . T@T®
a—1 1— Jé] ld — ,
/0 DT = T

and hence

Yo N\B=1 g, a,+3_lr‘(a)r‘(ﬁ)
/Ot x—0""'dt =x —F(a+ﬂ)'

The integral in the first equation of Lemma 2 is known as Beta function B(«, ().
Let us recall the following definitions and results that will be used in the sequel.

Definition 2 Let E be a real Banach space and (Y, <) a partially ordered set. A
function  : P(E) — Y is called a measure of non-compactness in E if

B(£2) = [(co2)

for every Q C P(E), where coS2 denotes the closed convex hull of 2.

Definition 3 ([15, 17]) A measure of non-compactness /3 is called

(i) monotone if ¢, 2; € P(E), Qy C Q) implies 5(2g) < £(21);
(i1) nonsingular if S({a} U Q) = B(R2) foreverya € E, Q2 € P(E);
(iii) invariant with respect to union with compact sets, if S({K} U ) = 5(£2) for
every K € Py(E) and Q € P(E);

If Y is a cone in a normed space, we say that the MNC is

(iv) regular if 3(£2) = 0 is equivalent to the relative compactness of €2;
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(v) algebraically semi-additive, if 3(2¢p + 21) < 6(2) + 5(21) foreach g, 2 €
P(E).
One of most important examples of a measure of non-compactness possessing all
these properties is the Hausdorff measure of non-compactness defined by

x(2) = inf{e > 0 : Q has a finite € — net}.

Definition 4 A continuous map F : X C E — E is said to be condensing with
respect to a MNC 3 (8-condensing) if for every bounded set 2 C X, that is,

B(F () < B(82),

we have  is relatively compact.

Lemma 3 ([3, 15]) If {u,}20 € L'(J, E) satisfies |u,(t)|| < k() a.e. on J for

n=1
all n > 1 with some k € L'(J, Ry.). Then the function X({un(t)}jiol) belongs to
L'(J,R}) and

X ({/ u,(s)ds : n> 1}) < 2/ X, (s)ds : n> 1)ds. (2.3)
0 0

The application of the topological degree theory for condensing maps implies the
following fixed point principle.

Thegrem 1 ([2, 15]) Let V C E be a bounded open neighborhood of zero and
I' : V — E a [3-condensing map with respect to a monotone nonsingular MNC (3 in
E. If T satisfies the boundary condition

x # A(x)

forall x € OV and 0 < \ < 1, then the fixed point set FixI' = {x : x = ['(x)} is
nonempty and compact.

3 Main Result

Definition 5 The Wright function M, (9) defined by

M, (0) = 3 o
A gf (n — DIT(1 — gn)

is such that o C(l+s
/ 0,00 =~ s> 0.
0 I'(1+¢qd)
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Define the operators K, S 3
[o¢]
Ko(t) = 1*7' P, (1), Po(1) =/ aOMz(O)T (1*6)d0,
0

3(1—
Sa,ﬂ = I(§+( &):K(y(t)~

The properties of these operators were explored by Zhou [19, 20].
Suppose that there exists the bounded operator B : E — E given by

m -1
B=[1—§:&&ﬁmq . (3.1)

i=1

Lemma 4 The operator B defined in (3.1) exists and is bounded if one of the fol-
lowing two conditions holds:

m
(i) The reals numbers \; satisfies M Z [Ai] < L
i=1
(ii) T (t) is compact for each t > 0 and the homogeneous linear nonlocal problem

Dg;;‘ﬁx(t) =Ax(), te€(0,b], 1 <a<1,0<pB<1

I7x() =) Nx(m), a<y=a+—af, 7 € (0,b]

i=1
has no nontrivial mild solutions.

Definition 6 A function x € C, ([0, b], E) is called mild solution of the problem
(1.1)—(1.2), if it satisfies the following equation Dg;ﬂx(t) = Ax(t) + f(t, x(1)),
t € (0, b] and the condition (1.2).

Lemma 5 (See (5) Theorem 2.3) Let f(.,u(.)) € Ci—,(la, b]) for any u € Ci_,
[a, b]. A function u € C_,[a, b] is solution of the fractional initial value problem

D“x(t) = f(t,u(®), 0 <a<1,0<f =1,
Ia]:ﬁle"a, 7=(X+ﬂ_aﬂ~

If and only if u satisfies the the following Volterra integral equation.

tﬁ/_l Ug 1 ' a—1
) + m/(; =) (Ax(x) + f (s, x(s)))ds. (3.2)

x(t) =

According to the Lemma (4) and (5) we have the following lemma which will be
useful in the sequel:
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Lemma 6 Let h be a continuous function, x is solution for the fractional integral
equation

xX(1) = S0 5IT| ) \iB(g(m)) + &) if and only if

i=1

DY x(t) = Ax(t) + h(1), t € (0,b],

m
L7x(@0) =Y N\x(r), a <y=a+B—af, 7 € (0,b],

i=l1

where

g(m) = /T Kps(ri — s)h(s)ds,
0

g = / %5t — $)h(s)ds
0

1
T := ym .
C(y) — Zizl AiTi

We prove an Aronszajn-type result for this problem. We need to make the follow-
ing assumptions:

(H1) T(z) is continuous in the uniform operator topology for # > 0, and {7 (¢)};>0f
is uniformly bounded, i.e., there exists M > 1 such that sup |[T(¢)| <

te[0,+00)
m
M, M Z <1.

i=1
(H2) The map f : [0, b] x E — E is continuous.
(H3) There exists a function p € C([0, b], Ry) such that

£, 0l < pt)(1+177|x])), forallz €[0,b]and x € E.

(H4) There exists a constant ¢ > 0 such that for each nonempty, bounded set 2 C
Ci1-,([0, 0], E)

xX(f(t, Q) <cx(Q()), forallt e [0,b],

where x is the Hausdorff measure of non-compactness in E.
(H5) There is a constant M > 0 such that
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M

MIB|T ) _Ai
(Mllplloob'_%ﬁ) ;
r@E+1 NG

> 1. (3.3)

+1[(1+M)

To prove the existence of solutions to (1.1)—(1.2), we need the following auxiliary
lemmas.

Lemma 7 ([11]) Under assumption (H1), P3(t) is continuous in the uniform oper-
ator topology fort > 0.

Lemma 8 ([11]) Under assumption (H;), for any fixed t > 0, {Kz(t)};~0 and
{84.3(t)}i=0, are linear operators, and for any x € X

(-1 S M B—Da=D
a,f e TR NN
NG Xl 118a,5()x]] Fol -0+ 0

1Ks@)x]l < llxl

Lemma 9 ([11]) Under assumption (H,), {X3(t)}i=0, and {8, 5(t)}i>0 are strongly
continuous, which means that for any x € X and 0 < t' <t < b we have

15t x — Kp)xll — 0, [[8a,5(t)x — Sapt")x]l — O,

ast',t" = 0,

Theorem 2 Assume that (H1)-(H5) are satisfied. Then the set S(f,{1;}}_,) is
nonempty and compact.

We transform the problem (1.1)—(1.2) into a fixed point problem. Consider the
operator N : C;_,([0, b], E) — C;_([0, b], E) defined by

NGO(@) = 805(0) (T S AB [ /0 Ko — )£, y(s))dsD
i=1
+ /0 Kp —s)f(s, y(s))ds.

Clearly, from Lemma 1.12 [18], the operator N is well defined and the fixed points
of N are solutions to 1.1-1.2. Thus FixN = S(f, {r;}]_,). Next, we subdivide the
operator N into two operators P and Q as follows:

(Px)(t) = 8a.5(1) (T > AB [ /0 Ko — )£, y(s))dsD .
i=1

and
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(Ox)(@) = /0 Kt —5)f(s, y(s))ds.

Now, we show that S(f, {7;}7_,) # 9, the proof is devised into several steps.
Step 1. P is continuous.

Let {x,} be a sequence such that x, — x in C;_, ([0, b], E). Then

t'"P(x,) () — P(x)(@)]|
_MIT|

- I'(y)

m

ZA B [/ 1Ks(7i = NS sy xn(s)) — (s, x(S))IIdS]

MITIIIBII
F(ﬁ)F(’Y)

}:&A|m—n*%%WNJA»—f@u»mw
i=1

_ MITIIBI
RGN

S NTTTBEL AN G xa () = FCxO)

i=1

B—
MﬁMM}jA”*‘
i=1

INGIINEE)

B(y, DI Cxn () = fEx(y

and

Q) (@) — Q) (@) (3.4)
sr“{/nxﬂr—wwfumﬂm>—fmxmnws 3.5)
< HW/erW‘w“wumx@»—fmxmww (3.6)
X)) " '
<M”7/a—w*%%WNJu»—fmﬂ»nm (3.7)
X)) !

MbP

< —— B, DI fC x0()) = FC x|l ds. (3.8)

RN(C))
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Hence
ING) = NGOl < [” o ZA bﬁmﬁ}
M B(v, B)
x WTII]‘& 5 () = £ 3O

Using the hypothesis (H,), we have

IN(x,) — NxX)||lo« > 0, asn — +o0.

Step 2. N maps bounded sets into bounded sets in C{_, ([0, b], E).

B. Hedia

Indeed, it is enough to show that there exists a positive constant £ such that for each

RS Br/ ={x € C1_([0,Db], E) : ”x”’) = 77} one has “N(x)”"/ <

Let x € B,,. Then for each ¢ € (0, b], by (H3) we have

!N (@) <

(1"(7) ZA |:/0 | 1Ks(ri — S)||||f(SaX(S))||ds):|

+,1—v[ 1K 5t = )11 (5, x(5)1ds

1BIT M2||p||ooZA

< F(ﬂ)l“(fy)l l / (1i — )71 A 4+ s"x () Dds
1—v
””“F"(—’g)tfo (1 — )11+ 57 x(s) ds
1B plaT M1+ l1xll) S A7
i=1

= I+ D)

1P oo MB'5 (1 + [1x]1,)

rg+1
IBIT M> > N7

e = s

= TG+ roy M

Step 3. N maps bounded sets into equicontinuous sets.

First, we prove {Px, x € B, }is equicontinuous. Let #(, ; € (0, b], t; < 15, let B, be

a bounded set in C;_ ([0, b], E) as in Step 2, and let x € B,,, we have
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Ity Px(ty) — 1) Px (1)) ||

B 80,5(12) (TZAiB [ / Ks(r; — )£ (s, y(s))dsD

=
i=1

—tf_”’Sa,ﬁ(tl)(TZ/\iB [/ Ko(mi —5) f (s, y(s))ds )‘
i=1 0
0

i=1

_tll_hl/s(y,ﬂ(tl) (T Z)\IB |:/0 l Ka(Tt - S)f(S, y(S))dS )H
i=1

from the fact that tll _78(!, 4(t) is uniformly continuous on J, we deduce then { Px, x €
B, }is equicontinuous. Using condition (H>), one has

Ity Qx(02) — 1" Qx (1),
<| / 1_’(1‘2 — s)‘j Py(ty — 5) f (s, x(s))ds||

+ II/ 0t — $) 7 Ps(ty — 5) f (s, x(5))ds

- f tllﬂ(n — )7 Pa(ta — 5) £ (5, x(s))ds ||
0

+ / | f1l_w(f1 - S)‘ﬁ*lP@(tz —8)f(s,x(s))ds
0

- / U = 9P Pyt — $) £ s, x(9))ds |
0

M| plloc(1 + [Ix1l5) /" 1—y 31
< | t, "(th — )"~ 'ds|+
T 22

Mlplloo (1 + llx1l,)
L)

3]
/ [tllﬂ(tl _ S)ﬁfl _ tzlfv(t2 _ S)ﬁ—l] ds
0
+ Iplloo (X + [1x[15)]
151 P
/ 1,7t — )7 [Pt — ) — Py(ty — 5)] ds]|
0

L +5L+ I

where
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MIpllao(l + IIxIl5) / - P
I = t, "(th —s)" " ds
! NE) I), » ”

1 MIpleo(1 + lxll)
T r(B)

n
/ [tll_”(zl L A (o s)ﬁ"] ds
0
L=+ IxIDIpllool

/‘ 171y — 5] [Ps(ty — 5) — Ps(t; — 5)]ds],
0

which yields lim;,.,;, I; = 0. Similarly, we can prove that lim,,_,, I = lim,,_,,
;=0
Thus {Qx, x € B,} is equicontinuous.

Step 4. N is v-condensing.
We consider the measure of non-compactness defined in the following way. For every
bounded subset 2 C C_([0, b], E)

v(2) = max (?(Q),modcl_ﬁ (2)). 3.9)
QEA(Q)

A(L2) is the collection of all countable subsets of 2 and the maximum is taken in
the sense of the partial order in the cone Rﬁ_. 5 is the damped modulus of fiber
non-compactness

F(Q) = sup e x(Q,(1)), (3.10)
tel0,b]

where Q2. (1) = {x,(t) : x € Q}. modc,_ (£€2) is the modulus of equicontinuity of the
set of functions €2 given by the formula

modc, . (Q) = (lsigg) sup max llx, (t1) — x, ()]l (3.11)
xXe —
Let ,
g(L) := sup /(t—s)“_]s“_le_L(’_S)ds. (3.12)
te[0,b] JO

It is clear that ,
sup /(t—s)"_ls“_le_”’_s)ds — 0.
1€[0,6] JO L—+00

‘We can choose L such that
2cTM? Y Ni|IBlig(L)

_— i=1

INCEINGD

(3.13)

N =
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and
_ 2cMb' g (L)
g =——— - <

1
—. 3.14
@) 2 G149

From Lemma 1, the measure v is well defined and gives a monotone, nonsingular,
semi-additive, and regular measure of non-compactness in C;_, ([0, b], E).
Let Q C Ci—,([0, b], E) be a bounded subset such that

V(N(R2)) > v(R). (3.15)

We will show that (3.15) implies that €2 is relatively compact. Let the maximum on

the left-hand side of the inequality (3.15) be achieved for the countable set {y"}1%
with

V') =81 fu) + 82 fu(), X"} C Q (3.16)

with
S1.fu(®)

= 80,5(1) (T Y NB [ f " Kai =) (s))ds]) ,
i=1 0
$2£1(0) = [ Kalt =503 0ds
and f,(t) = f(t, x"(t)). So that
FAY" D) < FUSL LI + FUS2 £l 2D (3.17)
We give now an upper estimate for 5({y"}'>)). By using (H,) we have

XKt =) [

= M T 1)
—Fw) VA =

IR OB

F(ﬁ) (3.18)
< ;é‘;) (t —s)'s7! LYOSup e X ()1

_ cM o=l =1 _Lsx n+00

=gl TS

forall t € [0, b], s < t. Then applying Lemma 3, we obtain
XS /(D)) <

2cM2T||B|| ol 1 Lem
TA() Z/\ / (1 = )T A (), S ds
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and
!X {S fu (1)) <

2eMb' [ b
Tﬁ)/ (t — )L el T (xS ds.
0

Taking (3.13) and (3.16) into account, we derive
T < @+ aF" ). (3.19)
Combining the last inequality with (3.15), we have
T < @+ @A "E).

Therefore
FAx"E) = 0.

Hence by (3.19), we get
"2 = 0.

Furthermore, from Step 3, we know that modc,_ (N (€2)) = 0 and (3.15) yields
modc,_ (£2) = 0. Finally,
v(€2) = (0,0),

which proves the relative compactness of the set €2.

Step 5. A priori bounds.

Let x = AN (x) for some 0 < A < 1. This is implied by (H3), (Hs) follows
Ixll, # M.

Set L
U={xelxll, <M}

From the choice of U, there is no x € OU such that x = AN (x) for some A € [0, 1]
yielding the desired a priori boundedness.
By Theorem (1), JixN = S(f, {r;}/_,) is nonempty compact subset of C|_,
([0, D], E).

4 Conclusion

In this paper, I have given a new result concerning the existence of solution of a class
of semi-linear Hilfer fractional differential equation with nonlocal conditions using
a measure of non-compactness combined with condensing map in Banach space.
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Abstract This chapter presents a simulation of a study to improve the ability of an
offshore wind system to recover from a fault due to a rectifier converter malfunction.
The system comprises: a semi-submersible platform; a variable-speed wind turbine;
a PMSG; a SLC-MPC; a fractional PI controller using the Carlson approximation.
Recovery is improved by shielding the DC link of the converter during the fault using
as further equipment a redox vanadium flow battery, aiding the system operation as
desired in the scope of Energy 4.0. Contributions are given for: (i) the fault influence
on the behavior of voltages and currents in the capacitor bank of the DC link; (ii)
the drivetrain modeling of the floating platform by a three-mass modeling; (iii) the
vanadium flow battery integration in the system.
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1 Introduction

Wind energy conversion into electric energy through wind power systems either
onshore or offshore plays a significant role in a future shaped by the need for sustain-
able development concerning energy usage [1-40] and smart energy in the context
of Energy 4.0. The wind system quota has increased in capacity into the mixed gen-
eration of electric grids, improving the diversification of resources and contributing
to matching the needs in the usage of electric energy [6]. Fluctuation on the side
of the conversion into electric energy is expected to increase due to the uncertainty
inherent to the intermittency of exploitation of wind or solar energy sources [16].
Fluctuation on the side of the usage of electric energy is also expected to increase
in the future, for instance, due to the use of electric vehicles. Both fluctuations are
prone to lead to new challenges and threats to be faced in the scope of smart energy
in the context of Energy 4.0. Particularly, if not properly conduced, the exploitation
of wind energy sources for conversion into electric energy is a power system inter-
connection menacing the quality of energy and the transient stability of electric grid
[37] (Table 1).

Grid codes establish interconnecting guidelines, i.e., instructions specifying tech-
nical and operative requirements to conduce power production and other parties
involved in the production, transportation, and usage of electric energy. Indeed, in
the context of sustainable power production in the scope of Energy 4.0, more restric-
tive grid codes are expected to be in force to conduce the operation of wind systems
to avoid abnormal behavior leading to menace, for instance, as loss of power quality
or of stability- appropriated margin into the electric grid. Wind systems must cope
with acceptable performance regulated in grid codes to integrate the electric grid. So,
after a failure, the recovery of normal operation in due time is of great importance
to avoid eventual coming off from the electric grid. Rethinking how a wind system
can satisfy grid codes and capture more value from the participation into the mixed
production of an electric grid while mitigating faults are challenges of research in
the way of Energy 4.0. Furthermore, abnormal behavior in the operation which is not
avoided in due time can lead to a fault going into a failure, needing human interven-
tion on the wind system. This is hampered for offshore wind systems by the access
of the place of exploitation, often impossible in days with severe weather in fall or
winter seasons [17, 20]. So, improving the recovery of normal operation, particu-
larly Fault Ride Through capability [25], is of vital importance for offshore wind
systems. Research contributing to the operation continuity of wind systems in the
occurrence of an eventual failure is a promising line of research. A way of ensuring
operation continuity and capture more value often stated and justified as an advanta-
geous option is the use of energy storage. Energy storage through the technology of
VRFB has the advantage of a full depth of discharge without affecting performance
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VRFB Vanadium redox flow battery

BMS Battery management system

IGBT Insulated gate bipolar transistor

MPC Multiple point clamped

PMSG Permanent magnet synchronous generator

S5LC Five-level power converter

u Wind speed value with disturbance

ug Average wind speed

n Index of eigenswing excited

Ay Magnitude of the eigenswing n

Wy Eigenfrequency of the eigenswing n

n Wave elevation at the point x, y

MNa Vector of harmonic wave amplitudes

Y Vector of harmonic wave frequencies

¢ Vector of harmonic wave phases (random)

10) Vector of harmonic wavenumbers

W Vector of harmonic wave directions

P, Mechanical power with perturbation

Py Mechanical power without perturbation

m Order of the harmonic in an eigenswing

Anim Normalized magnitude of gy,

Gnm Distribution of m-order harmonic in
eigenswing n

hy, Modulation of eigenswing n

©Onm Phase of m-order harmonic in eigenswing n

Usk Rectifier input or inverter output voltages

Ui Voltage in the capacitor bank j

icj Current in the capacitor bank j

Uge Total DC voltage

C; Capacitance of the capacitor bank j

itk Currents injected into the electric grid

L, Inductance of the electric grid

R, Resistance of the electric grid

U fi Voltage at the filter

ik Input or output current in MPC five-level
converter

Uy Voltage at the electric grid, k € {4, 5, 6}

n Fractional order of the derivative or of the

integral
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Fig.1 VREFB reaction, charge/discharge process

and the useful life of the battery, customizable scalability high power, long duration
of about 15,000 cycles of charge/discharge, fast response, large capacity, and a fair
balance of energy efficiency and costs [12]. In comparison with other technologies,
VREFB technology is pointed out as an appropriate storage for electric grids, [2, 3,
14], contributing to smooth the impact of uncertainty on the availability of renew-
able energy and allowing satisfaction of conditions imposed by grid codes [15]. A
schematic diagram of the electrochemical reactions charge/discharge processes of
the VRFB [2] is shown in Fig. 1.

In Fig. 1 are shown the two tanks to store the electrolytes to be gradually pumped
into the stack of the electrochemical cells, where by chemical reactions the elec-
trolytes are charged or discharged. So, augmenting the volume of the tanks allows
scaling up the storage capacity. The membrane carries a selective transmission of
protons from the two sides of the VRFB. Each vanadium ion by a process of oxida-
tion drops at the positive terminal an electron during charge. The flow of electrons is
controlled by the BMS and directed to be collected by a vanadium ion at the cathode
by a process of reduction during charge, during discharge the process is reversed. A
VREFB is recognized by having not only capability to respond nearly instantaneously
to demand, standing in for the traditional means of meeting peak demand, but also the
ability to convey energy when required over significant periods of time, for instance,
a time of twelve hours as pointed out in [10]. So, the technology of VRFB at utility
scale is expected to be the way of the future for energy storage in the scope of Energy
4.0. The technology of VRFB is already in the way of application at utility scale.
In the Isle of Gigha, Scotland, a VRFB is in use due to the ability to balance vari-
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able generation from renewable sources and due to the cost-effective time shifting.
In Dalian, China, a 200 MW/800 MWh VRFB utility scale is to be implemented
for peak-shaving and grid stabilization. Advantages pointed out are reliability, full
recyclability of the electrolyte, and more than 20-year useful life-time [9].

Many of the faults in wind systems can occur in power control and sensor elec-
tronic devices [39]. Faults are susceptible to disturb the operation and cause an inabil-
ity to perform within specified requirements, i.e., grid codes, or going into failure.
Hence, not only fault avoidance, but also tolerance to fault, i.e. the ability to continue
to perform within specified performance in the presence of a fault is regarded as
crucial. In this regard, a VRFB can be used during a short time span to replace the
delivery of energy coming from the generator interrupted, for instance, by a fault
in the rectifier converter. This replacement is intended to preserve the wind system
connection to the electric grid during a time span that ends with the recovery of the
full operation, avoiding a failure, implying the disconnection of the wind system
[35]. The VRFB can be incorporated into a wind system by a direct current circuit
a BMS required for: monitoring the state; processing and reporting secondary data;
protecting and controlling the environment of the VRFB [2]. However, a convenient
control strategy for the selection of voltage vectors to maintain the equilibrium of the
voltages in the capacitor bank must be carried out to further aid in avoiding failure
of the wind system. One part of the scope of the research in this chapter is the above
convenient control strategy for the selection of voltage vectors, aiding in avoiding a
failure of the wind system subject to a rectifier converter fault. This control strategy
is implemented by a convenient exploration of the use of the redundant vectors and
the dominant currents in the capacitor bank.

The chapter is concerned with a wind system equipped with a MPC-5LC and
the main contributions are: (i) the study of the fault influence on the behavior of
voltages and currents in the capacitor bank; (ii) the consideration of the dynamics
of the floating platform by a three-mass modeling drivetrain; (iii) the study of the
incorporation a VRFB assisting the recovery of operation. The rest of the chapter is
organized as follows: Sect. 2 is concerned with the integration of wind systems in
the scope of Energy 4.0. Section 3 presents the model. Section 4 presents the control
method. Section 5 presents a case study and discusses the consequence of the results.
Section 6 presents the concluding remarks.

2 Energy in a Sustainable Way

The industry of energy is at the brink of a new industrial revolution, not only shift-
ing the present, but also the way of the future, in what regards information pro-
cessing, control and action of intervenient agents. Availability of energy has been
of paramount importance and a key influence on all Industrial Revolutions and is
expected to remain so in the future. But another important influence is the paradigm
for the organization of the energy business, which is expected to play a substantial
role.
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The mix of sources of energy used in the power systems has changed, because
of the integration in an unprecedented scale of intermittent renewable sources of
energy, of nuclear phase-out, and of the appearance of utility-scale technology for
storage of electric energy. Also, new concepts for grids at the level of transmission
and distribution of electric energy are expected to happen together with the operation
of power systems in a sustainable way under Energy 4.0.

The increasing use of intermittent renewable energy, and in particular of wind
systems, requires control acting in due time, and needs to be balanced with flexible
generation, demand management, energy storage, or interconnection devices. Wind
systems must embrace Energy 4.0 concepts to cope with the future, implementing
convenient monitoring, transferring, and analyzing data in a smart grid and IoT
way. Systems interconnection and energy sustainability is the ambition of the future
energy business, using information not only from monitoring systems of the energy
industry, but also from other industrial systems [4, 28]. Advanced smart technology
and better control systems for wind systems operation connected with electric grid
allow some flexibility on the requirements for the performance of electric generators.
But one of the most severe requirements in the case of offshore wind system could be
the black start capability, which requires the ability to recover from a total or partial
shutdown within a set timeframe, without any external supply. Under the Energy 4.0
framework, the integration of offshore wind systems in a smart grid is expected to
be aided by real-time monitoring and safety actions to mitigate the impact of faults
[34], improving efficiency and sustainability.

3 Modeling

The wind system under consideration is equipped with the following main compo-
nents: a semi-submersible platform of the category used in the WindFloat project
[29] anchored to the seabed by suspended cables; a platform where is placed the
variable-speed wind turbine and the equipment for power control by blade pitch
angle; a PMSG; the MPC-5LC; and an energy storage system assumed to be, but not
necessary a VRFB. What is necessary is that the energy storage system device has
enough energy to aid in avoiding failure due to the fault.

3.1 Wind and Marine Wave

The wind speed is modeled by a sum of harmonics ranging from 0.1 Hz to 10.0 Hz

as in [35] given by
u = ug [1 + ) Aysin (wnt):| (1)
n
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The marine wave elevation is described as a phase/amplitude model as in [32] con-
sidered by a convenient sum of harmonic waves given by

N, y.2) = »_ na(i) cos [0it + G — v;(x, )] )

where
vi(x,y) = ¢; (x cos); + ysiny);) 3)

In (3) is computed the inner product of the position vector in the horizontal plane
(x, y) by the wave vector, having the information concerned with the displacement
of the wave, pointing in the normal direction to the wave front.

3.2 Wind Turbine

The turbine mechanical power is modeled as a sum of a function of the magnitude
of three eigenswings as in [31] given by

3 2
P =Pr, [1 +) 4, (Z - (r)) hna)] )
n=1

m=1

where

1
G = sin ( / men(t') df’ + sonm) 5)
0

The data considered for (4) and (5) are reported in [1].

3.3 Drivetrain Model

The aerodynamic loads to which wind turbines are subject have an important influ-
ence in the design of their structural components, due to the need to resist fatigue.
Fatigue-oriented design [13] is needed for the tower, the blades, and also the driv-
etrain. The model followed in this chapter (consisting of three masses coupled by
elastic elements) can be found to be reported in technical literature (e.g., [23, 36]).

The reason why the drivetrain is modeled with several masses is its flexibility,
which is needed to increase reliability in the presence of fatigue [5, 13]. In fact,
the vibrations of the structure, revealed by noise in the aerodynamic blades, can be
reduced by a better aerodynamic design, and so the efforts are now shifted to the
drivetrain itself.
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3.4 Generator

The generator is a PMSG, and its model is that usually employed for a normal
synchronous electric machine. This has been reported in technical literature such

s [22]. An additional constraint is needed: the direct component of the electric
current in the stator is imposed to be zero. This constraint is intended to prevent the
demagnetization of the permanent magnet in a PMSG [33].

3.5 Five-Level Power Converter

Figure 2 shows the details of the MPC 5LC rectifier. It shows that the MPC-5LC
rectifier and the inverter have 24 unidirectional commanded IGBTs. The IGBTs are
modeled as ideal components. Branch k of the converter consists of a group of eight
IGBTs connected to the same phase. IGBTs are identified by S;; withi € {1, ..., 8},
corresponding to a branch k € {1, 2, 3} (in the case of the rectifier) or k € {4, 5, 6}
(in the case of the inverter) [32]. Figure 3 shows the MPC-5LC, equipped with the
VREFB. For details, see [18].

The voltages in the rectifier (input, k € {1, 2, 3}) and the inverter (output, k €
{4, 5, 6}) are given by

p—1
Usk = = Z 26]llk Z 6}11,, ch (6)

a=l,a#k

On each capacitor bank Cj, the current i.; can be found as

3 6
iq:Zénkik—Zénkik, kell,..., 6} (7
k=1 k=4

The currents in each capacitor banks are, in (7), the input and output currents of
the MPC-5LC. The state equation the DC bar voltage Uy, is

dUdc

p—
ZC—C,, jell..,p=1) ®)

Note that (8) is valid even if the BMS has called the VRFB.
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Fig. 2 MPC 5LC rectifier

3.6 Electric Grid

The current injected into the electric grid is modeled by the following state equation:

di 1
Uit~ D Rip—w). kel ®

This model consists of an ideal voltage source, in series with the short-circuit
impedance.
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3.7 VRFB

The VRFB is a DC source with a value of 7.14 kV, 2% plus of the DC link voltage.
Although this type of source can have significant discharge times [15], the capability
to respond nearly instantaneously is the most important for the purpose of the chapter.

4 Control Method

4.1 Fractional-Order Controllers

Fractional-order controllers are those designed by the application of fractional-order
derivatives, having advantageous robustness as the main reason for being useful in the
applications. Usual fractional-order controllers include fractional PIDs, introduced
in [27] and so-called because of their similitude with PID controllers, and CRONE
(Commande Robuste d’Ordre Non Entier) controllers [19, 26]. The CRONE con-
trollers are designed according to a methodology conceived with control robustness
in mind. In the system under study, the controller for the variable-speed operation is
fractional PI controller [35], from the PID family, combining a fractional derivative
with a constant gain at low frequencies. The transfer function for the controller for
the variable-speed operation is given by

1
C(s) = 2.6 +0.65% (10)
0
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Several tuning methods have been proposed for fractional PIDs, including tuning
rules such as in [11], or numerical methods as in [24]. Controller (16) was designed
according to the rules in [21]. The term s°° is the Laplace transform of a half-
derivative. More about fractional derivatives is presented in [30, 38]. An implemen-
tation of a term such as s* is usually carried out by means of an approximation. The
most usual approximations [38] are the CRONE approximation, due to the work of
Alain Oustaloup, the Matsuda approximation, and the Carlson approximation, the
one used for the system under study. It was introduced in [7], and is based on the
Newton—Raphson method for finding numerical solutions of equations, which can
be used to obtain numerical values for a!/” finding the roots of f(x) = x" — a. The
method can also be used if a is not a positive real number, but rather the Laplace
transform variable s instead. In this way, iterative approximations of s'/”, n € IN
can be found. Some calculations show that, beginning with the trivial (and far from
accurate) approximation

sV~ Gi(s) =1, (11)

further approximations given by

(n —DGE(s) + (n+ Ds
(n+1DG(s) + (n — Ds’

s'" A Gryi(s) = Gi(s) (12)

can be found, which are rather accurate in a frequency range that increases with
n, centered on frequency 1 rad/s. The approximation used to implement (10) was
obtained with two iterations:

s* 4 36s% + 12652 + 845 +9

1
02X G =
s 38) = T 84y 1 12657 £ 365 1 1

13)

Transfer function (13) provides a good approximation a limited frequency range [wy,
wy] = [107', 10] rad/s. Finally, (10) was implemented as C(s) ~ 2.6 4 0.6G3(s).

4.2 Power Converter Control

The modeling to be considered for the MPC-5LC control is of fractional order com-
plemented with a sliding mode control associated with PWM by space vector mod-
ulation. The output voltage vectors in the («, 3) space for the SLC are shown in
Fig. 4.

In Fig. 4, the required selection for the output voltage vector in the (a, ) space
is carried out in function of the discrepancy between the current of the stator and the
reference current. A power converter is a time variable structure due to the IGBTs
switching blockage/conduction states [32]. The operation of time-variable structures
subject to uncertainties and external disturbances must be suitably complemented by
sliding mode control as is reported in the literature. This operation of the power con-
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is the one presented by the authors in [35].

5 Case Study

The case study is carried out using the computer application MATLAB/Simulink and
has a time horizon of 10 s. The electric grid voltage is of 5 kV at 50 Hz. A 10 kHz
switching frequency is assumed for the IGBTs. The capacitor bank reference voltage
U}, is of 7 kV. The main data concerned with the wind system [36] is summarized

in Table 2.

The wind speed is shown in Fig. 5. The marine wave elevation is shown in Fig. 6
that shows a significant perturbation due to marine wave with a period of about 10 s
subjecting the wind system to a significant perturbation. The data for (1) and (4) are
up = 14.5m/s; A; =0.01; A, =0.08; A3 = 0.15; w (1) = w;(t); wa(t) = 3w, (1);

and w3 (1) = [g11(®) + g21(1)1/2, g11(¢), g21(¢) given by (5).
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Table 2 Wind system data

Turbine moment of inertia

5.5 x 100 kgm?

Turbine rotor diameter 90 m

Hub height 45 m

Tip speed 17.64-81.04 m/s
Rotor angular velocity 6.9-31.6 rpm
PMSG rated power 2 MW

PMSG inertia moment

400 x 103 kgm?

Fig. 5 Wind speed

Fig. 6 Marine wave
elevation

Wind speed (m/s)

Surface elevation (m)

20

18

—————

Time (s)
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Fig. 7 Power coefficient

Fig. 8 Voltage in the
capacitor bank
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This simulation is carried out with no-fault consideration for purpose of comparison,
i.e., is a normal operation with intermittent availability of wind energy, having the
wind speed shown in Fig. 5. The power range satisfaction due to the action of the
maximum power point tracking imposes the power coefficient shown in Fig. 7. The
voltages in the capacitor bank are shown in Fig. 8. The current in the capacitor
bank is shown in Fig. 9. These last two figures show that the control of the converter
surmounts the imbalance voltages in the capacitor bank, having appropriated currents
in the capacitors and almost a steady behavior for voltage in the DC link. So, normal

operation is pursued.
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Fig. 9 Currents in the 2
capacitor bank
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5.2 Failure

In what concerns the data, this simulation has the same wind speed and the marine
wave as the first one. It also has the same equipment for the wind system, but with
a fault. This fault imposes that a circuit breaker at the input of the rectifier is open
between 1.15 s and 1.65 s. So, during this period no energy flows to the capacitors,
i.e., the capacitors are not charged by the rectifier, implying a hovering menace of
fault going into failure on the wind system. This menace is in accordance with the
simulation results given for the voltages in the capacitors as shown in Fig. 10. In
this figure, it is shown that the voltage drop across capacitors is significant and the
level of voltage is not recovered in due time to avoid the disconnection. So, this
simulation is in accordance with the wind system having an inevitable fault going
into failure, i.e., the system goes into the necessary disconnection to avoid further
worst consequences.

The input voltages in the rectifier are shown in Fig. 11. Here it is once more
shown that the wind system is unable to recover voltage for feasible operation in the
rectifier. Again, this simulation results are in accordance with the wind system not
being able to avoid disconnection.

The currents in the capacitor bank are shown in Fig. 12. This figure shows that
after 1.15 s the currents in the capacitor bank have a smaller positive oscillation
than the negative one, meaning that the capacitors are discharging. The control of
the converter is trying to surmount the imbalance on voltages in the capacitor bank,
but there is not enough electric charge to sustain the drop on the voltages dropping
significantly near 1.65 s.

The main conclusion of this simulation is in accordance with the fact that the
system is unable to maintain the interconnection with the electric grid. So, ride
through fault is feasible for the wind system. The ability to perform within specified
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performance requirements, i.e., in the way of fault tolerance in the way of the future
at Energy 4.0, is not feasible and disconnection is to happen to avoid further worst
consequences of equipment damage.

5.3 Ride Through Fault

In what concerns the data, this simulation has the same wind speed and the marine
wave as the first one. It also has the same equipment for the wind system, and a
fault considered as imposing that a circuit breaker at the input of the rectifier is open
between 1.15 s and 1.65 s. That is to say, the simulation has the same data as that of
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Fig. 12 Currents in the 2
capacitor bank
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Sect. 5.2, but with the addition of an energy storage system device assumed—but not
necessarily—to be given by the technology of VRFB. What is important to assume
is that the energy storage system device is designed to have enough energy to aid in
avoiding the fault going into failure during the time without energy flowing from the
rectifier converter. So, the simulation is concerned with the wind system calling due
to the fault the aid of the energy storage system device by the BMS to conveniently
charge the capacitor bank during the period of transient operation between 1.15 s
and 1.65 s. The behavior of the system during this period tends to be described by
the arrangement shown in Fig. 13.

In Fig. 13 is shown the VRFB call during the period of transient operation to
contribute with a convenient charge of the capacitors. So, recovering of normal
operation is feasible after fault clearing. The voltages in the capacitor bank are shown
in Fig. 14.

In Fig. 14 is shown that when the VRFB is called a transient occurs while the
returning of the VRFB to standby is done more smoothly. The voltage drop across
capacitors is not significant and the level of voltage is recovered in due time to avoid
the disconnection. So, this simulation is in accordance with the wind system having
a fault but not going into failure. The system can ride through the fault due to the halt
dropping of the level of voltages in the capacitor bank. The control surmounts imbal-
ance voltages on the capacitors, giving a recovering of the appropriated behavior of
the voltage in the DC link in a way of fault tolerance feasibility. The input voltages
in the rectifier, the currents in the rectifier, and the current in the capacitor bank are,
respectively, shown in Figs. 15, 16 and 17.

In Fig. 15, it is shown that the wind system can recover the normal operation of
the rectifier converter, the system went into a state of the fault and goes into normal
operation after fault clearing. In Fig. 16, it is shown as expected that the input currents
in the rectifier are null during the period 1.15 s to 1.65 s. After this period, the currents
accommodate values given by the wind system control to achieve maximization of
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energy conversion in the power range of the wind system. In Fig. 17 is shown that
when the VRFB is called a transient occurs and the returning of the VRFB to a standby
state has smooth picks on currents in the capacitor bank. After the disconnection of
the VRFB, the rectifier can provide an electric charge to the capacitor bank to avoid
the imbalance voltages. Hence, the wind system can recover the feasible operation
after the fault clearing due to the assistance of the VRFB, conveniently charged. The
total harmonic distortion (THD) of the electric current injected into the electric grid
for the simulations with No fault and with Ride through fault are shown in Table 3.
These figures show, as expected, that the THD of the electric current into the electric
grid is not significantly greater and the difference is faded after fault clearing.
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Fig. 15 Input voltages in the 6 . T . . . . -
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Table 3 Average THD of the current injected in the electric grid

Case study THD
No fault 0.51
Fault with VRFB 0.54

6 Conclusions

Grid codes are important tools to mitigate threats coming into the electric grid. But
faults in wind systems are likely to disable the ability to perform within grid codes.
Worst still, due to their location, offshore wind systems may require a considerable
time of disconnection due to the maintenance and repairs needed because of a fault
going into failure. If a wind system in fault does not have the Ride through fault
capability and is not disconnected in due time, then equipment damage and negative
impacts are to be expected in the electric grid. Consequently, not only fault avoidance,
but also tolerance to faults are of crucial importance for offshore wind systems, to
avoid the need of disconnecting from the grid, to reduce the economic consequence of
being not able of injecting energy into the grid, and to remain within the requirements
of grid codes.

A model is proposed for the simulation of a wind system having a threatening
on the continuity of the operation due to a fault in the rectifier converter. The fault
creates an interruption in the energy delivery from the PMSG to the electric grid. The
simulation of the fault is in accordance with an inability to maintain energy injection
into the grid, tapping the system in a state of no recovery, i.e., the system goes from
fault into failure and disconnection is expected. Then a VRFB controlled by a BMS
is suggested as an aid to introduce Ride through fault in a strategic hardware solution
with the MPC-5LC to satisfy grid codes in what regards continuity of the operation.
The strategic hardware solution of the VRFB with the MPC 5LC must be reinforced
with a convenient selection of voltage vectors to maintain the equilibrium of the
voltages to further aid in avoiding failure of the wind system when subject to the
rectifier fault. This strategic hardware solution and the reinforcement is in the line of
the objectives of Energy 4.0. The simulation carried out shows that normal operation
isrecovered after rectifier fault clearing and imbalance voltages on the capacitor bank
are circumvented due to the action of the convenient selection of voltage vectors.
Also, the quality of energy injected in what regards the total harmonic distortion is
not significantly affected.
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Convergence Analysis for L
Time-Fractional Partial IDEs

Constrained by Neumann Conditions

Omar Abu Arqub, Mohammed Al-Smadi and Shaher Momani

Abstract Some scientific pieces of research are governed by classes of partial
integro-differential equations (PIDEs) of fractional order that are leading to novel
challenges in simulation and optimization. In this chapter, a soft numerical algorithm
is proposed and analyzed to fitted analytical solutions of PIDEs with appropriate
initial and Neumann conditions in Sobolev space. Meanwhile, the solutions are rep-
resented in series form with strictly computable components. By truncating n-term
approximation of the analytical solution, the solution methodology is discussed for
both linear and nonlinear problems based on the nonhomogeneous term. Analysis
of convergence and smoothness are given under certain assumptions to show the
theoretical structures of the method. Dynamic features of the approximate solutions
are studied through an illustrated example. The yield of numerical results indicates
the accuracy, clarity, and effectiveness of the proposed algorithm as well as provide
a proper methodology in handling such fractional issues.

Keywords Partial integro-differential equations *+ Reproducing kernel algorithm -
Fredholm and Volterra operators - Fractional derivatives
1 Introduction

In the past years, fractional calculus theory has gained a considerable attention in
diverse fields of science and engineering according to the enormous range of real-
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world applications and the critical role that it plays to describe the complex dynam-
ical behaviors to such models including fluid dynamic model, traffic flow model,
convection-diffusion model, heat flux model, and so forth [1-4]. As well as, this
topic aids to simplify the controlling design without any shortage of hereditary. The
derivatives of fractional order are powerful to interpret several physical problems,
for instance, electrical circuits, damping laws, and controlled damper. Further, frac-
tional partial differential equations (FPDEs) are constructed due to attention among
the scientists and engineers to exact explanation of nonlinear phenomena which
appear, for example, in fluid mechanics wherever continuum assumption does not
well, and therefore fractional model can be deemed to be the best operator [5—10].
Developing numeric-analytic techniques to the solutions of PIDEs of fractional order
is an essential task. Since it is challenging to get closed-form solutions to fractional
PIDEs in many situations. So a lot of efforts have been made to introduce and improve
analytical techniques that help us to obtain the analytic solution of those fractional
differential equations [11-17].

The reproducing kernel (RK) technique is a well-known systematic approach
in obtaining a feasible solution of both linear and nonlinear differential or integral
operators involving ordinary differential, partial differential, integral and integro-
differential, fractional differential, fuzzy differential, and delay differential equa-
tions [18-30]. The RKA is a superb, suitable, and useful tool to provide accurate
and appropriate algorithms for numeric simulations to natural phenomena arising
in physics, chemistry, biology, ecology, and engineering such as diffusive transport,
viscoelastic materials, fluid rtheology, intelligent transportation systems, electromag-
netic theory, and probability [31-46]. Inspired by the areas mentioned above, the RK
method has been successfully implemented and utilized directly in solving nonlinear
initial or boundary value problems without the need for unphysically tied hypotheses,
linearization, transformations, discretization, or even perturbation.

In this chapter, we display a soft numerical algorithm, called reproducing kernel,
for handling classes of time-fractional PIDEs restricted by initial and Neumann
functions as follows:

o0, &) + 1107001, €) + 120yp (0, €) + p3p(0, €) + P (0. O + Q (0. )1 = F (. 6),

1
Plp(m, Ol =M /0 ki (n, & p) (mc‘?iw(n, p) + ksOp(1, p) + pep(n, p)) dp,

n
QUom 1= [ k2 6. ) (110201, ) + sy 000 ) + o0 )
(1

with the initial and Neumann conditions

©(,0) =wn), @)
Oyp(0, &) = v1(8), Oyp(1, &) = 11(E),

where0 < <1,0<n,&,p <1, p,i =1,2,...,9 are real finite constant, \; and
A, are constant parameters, k; (1, &, p) and k; (n, &, p) are arbitrary continuous ker-
nel functions on the cube [0, 1]°, wm), v1(£), 12(&) and F(n, &) are continuous
functions over the required domain, and (7, p) is an analytical solution to be found
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numerically. Hereby, we assume that Eq. (1) with conditions (2) has a unique smooth
solution. Further, 821 denotes the time-fractional Caputo derivative of order «, which
is given by

1

3
6?@(7}, & = m / E—=1)"%0;p(n, T)dT. 3)
0

The rest of this chapter is organized as follows. In Sect. 2, the Hilbert spaces
required are extended, as well the reproducing kernel functions are provided. The
issue is formulated and the computational RK algorithm is presented in Sect. 3.
Meanwhile, some necessary theoretical results and convergent validity are studied
in the same section. In Sect. 4, numerical results are discussed to show the reliability
and efficiency of the proposed algorithm. Finally, this chapter ends with conclusions.

2 Preliminary Spaces

For clarity of presentation, some necessary definitions and preliminary facts are pre-
sented. Henceforth, ||u||21-I ={u@®m,u@)g,ucIl, nel0,1], and IT is a Hilbert

space, and L?[0, 1] = {r | fol r2(p)dp < oo} )

Definition 1 [17] If IT is a Hilbert space defined on a nonempty set €2, then F :
Q x € — R is called a reproducing kernel function (RKF) of the space IT when
both two conditions are met:

1. Foreachn € @2, we have F (p, n) € II.
2. Foreach € ITand eachn € 2, we have (¢ (p) . F (p, n)) = ¥ (). (Reprod—
ucing Property)

The space IT that possesses a reproducing kernel is said to be reproducing kernel
Hilbert space. The RKF F of the space IT completely determines the Hilbert space
IT.

Next, the required Hilbert spaces ,H21 [0, 1] and dH22 [0, 1] will be defined, which
are possessing RKFs rRr{;l} (&) and dR,{Iz} (&) , respectively.

Definition 2 [17] Let 7/(n) be in the space L [0, 1]. The space , H, [0, 1] given by
,H21 [0, 1] = {r = r(n) : r is absolutely continuous over [0, 1]}. The inner product
is equipped by

1
(ri(m), ra(m), gy = 11 (0) 12 (0) + [ r{(p)ri(p)dp. 4)
0

Remark 1 The space ,H, [0, 1] is complete reproducing kernel and the RKF is
obtained as follows:

RO = 1+ mim{y, €). ®)
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Anyhow, if [0, 1] is the desired domain in direction of 7, then the complete
reproducing kernel space ?Hzl [0, 1] can be defined. Further, the inner product is
equipped by

1
(ri(1), r2(1)), gy = 11 (0) 2 (0) + [ ri(p)ri(p)dp.
0

The kernel function is 7R§” & =14+ mim{r, &}.

Definition 3 Let 7 (n) be in the space L? [0, 1]. The space ,H; [0, 1] is given by
dH22 [0, 1] = {r = r(n) : r, r’ are absolutely continuous over [0, 1], and r (0) = 0}.
The inner product is equipped by

) 1
(r (), (), = Z ) ry? ) + [ (p)ry (p)dp. 6)
i 0

Remark 2 The space 4H; [0, 1] is complete reproducing kernel and the RKF is
obtained as follows:
hy(€),n < &,

7
he(m),n > &, @

1
{2} —
aR) (&) = 12{

where h, (€) = 12n¢ + 6n¢? — 263,

Definition 4 Let 7" (n)) be in the space L? [0, 1]. The space 4H; [0, 1] is given by
dH23 [0,1] = {r =r(n) : r, ', r" are absolutely continuous over [0, 1], and r' (0) =
r’(1) = 0}. The inner product is equipped by

(r (). 2(0)) g3 = er” 0)r3” (0) + ri(Dra(1) + fr{”(p)r’”(p)dp. ®)

Remark 3 The space 4H; [0, 1] is complete reproducing kernel, and the RKF is
obtained as follows:

(A=) gy(©.n <&,

(5) 120{((1 —m)3&) ge(m), n > &,

€))

where g, (&) = 61*¢? + 3n&(€ — 5n) + (100> — 5né + &%),

Next, to extend the novel inner product spaces and to fit its reproducing kernel
functions, we construct a reproducing kernel space W(A), A = [0, 1] ® [0, 1], in
which every function satisfies the constraints homogeneous initial and Neumann
conditions of the above-mentioned time-fractional PIDEs.

Definition 5 Let be 823 8533 ¢ in the space L?(A). The Hilbert space W (A) is defined

as W(A) ={p=p0n,&: 622852299 are complete continuous functions in A, and
w1, 0) = 0,¢(0, &) = 9yp(1, £) = 0}. The metric system structure lies in
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Theorem 1 The space W(A) is a complete reproducing kernel, and its RKF is
defined by

RY (0.6 = ((RP ) (4R ©). (1

where the functions th{z} &) and dR){f} (n) are RKFs ode22 [0, 1] and dH23 [0, 1],
respectively.

Proof By utilizing the features of (r1(n), r2(n)}, H2 and (r (n), r2(n)), H > it follows
that
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Zo(d’ #1.0).q RY <n>> 302, RO
=

. .
Za’,wo,s)ajﬂle O +¢184 RE (1)

f 2, R (5) i=0 "
‘ 30500005 1 o)

1
= 23’ P00 RO+ [0 R © 0 [0 019 R ) s dé
2

Za o 00, R <0>+f R © 00 (.6 de

(wx 9.a k7 ©) y =,

Hence’ (@(Wv 6)’ R(X,t) (n’ §)>W = SO (xv t) . .
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Definition 6 Let be 0,0:¢ in the space L*(A). The space H(A) is given by
H(A) = {p=¢(n,§) : pis continuous functions on A}, and the metric space can
be obtained by

(10,920, Oy = (01 (1,002 (0, 0)), 2 (12)

1 11
+ { Depr (0,6 Deor (0, €) dE + {{872]5901 (0, €) e o2 (1, &) ddé.

Theorem 2 The space H[A] is complete reproducing kernel, and the RKF is
R{ 1,6 = GRY (©) (R (©), (13)

where the functions , R,,{]” &) and ?Ri” (&) are RKFs oferl [0, 1] and ¢H21 [0, 1],
respectively.

3 Numerical RK Algorithm

In this section, the statement of PIDEs (1) and (2) is being redrafted in Hilbert
space W(A). After homogenizing the inhomogeneous restriction conditions using
appropriate transformation, the differential operator 7' : W(A) — H(A) of frac-
tional order «v can be defined, which is invertible, linear, and bounded, such that

To(1.€) = 0¢uip(, &) + 03200, &) + 12059 (1. &) + p39(, &) + P [p(0. O + Q [p (1, O]

Therefore, the original FPIED statement will be converted equivalently into the
following form:
Ten, O =F,Q, (14

with respect to the homogeneous initial and Neumann conditions

¢(n,0) =0, (15)

87/90(0’ £ =0, 67/‘?(17 §=0.

The orthogonal function systems of W (A) can be constructed by choosing a count-

able dense set {(1;, §)}o, of A, and defining w; (1, §) = R{{lh&) n, & andyy;(n, §) =

T*w; (n, £), in which T* is the adjoint operator of T such tah 7* : H (A) =W (A).

While, the orthonormal basis {1[), n, &) }i | of the space W (A) can be obtained using
the procedures of G-Schmidt normalization to {t; (1, £)};2, such that

%m@=§mwm@. (16)
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Theorem 3 The system {1); (1, §)}2, is complete orthogonal basis of the space
W (A) as follows:

_ w
wi (777 5) — T(x,t) (R(x,t) (777 f))|(x,l):(7],',f,')’
where Ty ;) indicates that the operator T applies to the function of (x, t).
Proof Clearly that
Gi (1, €) = T*w; 0, &) = (T*w; (x, 1), Ry ¢ (x, 1)),
= <wi (.X, t) ’ Yw(x,l‘)R(vZ,g) (-xa t))H

= T (Rl e (v, t))|<x.z>=(n,-,f,->
= Tun (R(V)lc/,r) ™, 5))|(x,t):(7]is§i) € WA).

a7)

Consequently, for each fixed ¢ € W(A), let (¢(n, &), i (1, E))w =0,i =1,2, ...

Then, (p(n, &), i (1, O)w = (o, &), T*w; 7, Olw = (Tp(1,8), pi (X))y =
To(n;, &) = 0. Since {(1;, &)}i2, is dense on A, therefore Lp(n, £) = 0. It follows
that ©(n, &) = 0 by applying T~ ¢. [ |

o0
Remark 4 The sequence {R(W)ﬁ (0 {)}A 1 is linear independent basis on W (A).

i=

Theorem 4 Suppose that A,, =Y i, Bix F (i, &)- Let p(n), §) € W (A) be the the
analytical solution of Egs. (14) and (15), then it has the following form:

0.9 = 3 Autn 0.6). (18)

Proof By utilizing the features of (1 (n, £), p2(n, &)y, it follows that

o0

e, &) = 2 (e, ). %m (0, )y Ym (1.6

m=1

2
3

= 2_:1 kg:l Bmk (99(,'7’ 5)7 wk (777 f))W 1z)m (T]v 5)

= Z Z Bk (90(77! &), T*Wk ™, £)>W @Lm 0,9

m=1k=1

= Z ﬁmk (T@(n’ E)’ Wk (”]7 5))H {Z}m (7]! 5)

2

8
3

3
I
—-
~
I
_

ﬂmk (F(TI’ 5)1 Wk (T/’ f))H ’17)m (7/’ g)

Mg iM2
s

Mz

Bk F (Mg fk)ﬂ)m ., &)

=
il
~
I
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Remark 5 The n-term approximate solution of the analytical solution described in
Eq. (18) can be given by

on (1, &) = ;kg B F (e, €01 (1, €). (19)

According to the proposed algorithm, the required domain A can be divided into
finite 7 xs grid points with respect to 7 space-direction, An = }, and to £ time-
direction, A¢ = % over [0, 1], respectively, r, s € N, r, s > 0. Anyhow, the ordered
pair (1, &) of A can be given simultaneously by

M, &) = (AR, mAE),1=0,1,...,r, m=0,1, ..., 5.

The following computational RK algorithm is given to summarize the procedures
of the proposed method in solving those time-fractional PIDEs.

Algorithm 1 To obtain approximate solution ¢, (n, £) of the analytical solution
p(n, &) of BVPs (14) and (15) on A, the following steps can be carried out:
Step A: Divide the required domain A into grid points suchasn =rs, r, s € N,
r,s > 0;
Step B: Put v, (. &) = T (RY, (1,9)) :
(x,0)=(1n,&n)

Step C: Find orthonormal coefficients (,, then let En My &) = ZZ=1 Bk thn
(77n, fn) ,n=12,..rs
Step D: Ues the initial data ©o(71, §1); then do the following subroutine:
Forn=1,n4++;
Let Ay = 370 BucF (i, &0

Set 0n (s &) = Yokoy 2t Aty (ks &)
Step E: If n<rs, then let n =n+1 and go to Step D; Otherwise, Stop.

Theorem S Let ||o(n, &)||yw be bounded on A, then the n-term approximate solution
wn(n, &) in Eq. (19) converges to the analytical solution p(n, &) of Egs. (14) and (15)

in W(A) that is given as o(n, £) = Z Z Bir F (i, &0); (1, €).
i=1k=

Proof Let 6, = |, &) — pn(m, E)|lw the nature error at (n,&) € A,

_ o0 ‘ 2
thend?_| = Vi (M, 9| = (lel Bir F (., fk)) and 02 =
i=nk= w i=n
o0 . 2
i F (i, €00 (1, 5) =) (Z;(:] @'kF(nksfk)) . Thus, 6,1 > ;.
i=n+1 k= w i=n

o0 -
Consequently {d,},2 is decreasing with respect to the norm of W(A). If Y~ A;v;
i=1
(n, &) is convergent, then, ||p(n, ) — v, (1, )|l — 0 as soon as n — oo0. [ |
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4 Numerically Gained Results

In this section, some examples are quantitatively discussed at certain grid points on
A to demonstrate the ability and performance of the proposed method in solving
those fractional PIDEs. For computation, all symbolic and numerical calculations
are performed using the Mathematica 9.0.

Example 1 'We consider the linear time-fractional PIDE in the following form:

8?&90(77, &+ 9,2]299(?7, §) — O, &) +x0(n, ) + P lem, O] — Q lwn, )] = F(1, ),

1
Plomn, Ol = /O E—pertr (3,2,290(77, p) + I, p) + ¢, p)) dp,

7
Qlp(n. &)1 = f LT (Dot ) + 300000, ) + 400, )
(20)
with the initial and Neumann conditions

©(n,0) =0, @1
Dyp(0,6) = 712, 9,0(1, &) = 26T + 1,

where0 <7, ¢ < 1,0 < a < land F(n, &) are given functions such that the selected
solution will be satisfied in the both left- and right-hand sides of BVPs. Equations (20)
and (21) over the domain A . Here, the exact solutionis (1, &) = ne1£2® 4 n2¢at!,

Example 2 Consider the following nonlinear time-fractional PIDE:

Tgasp(, &) — 33,2 @, &) + €193 (1, &) + sin (P? (1, &) + Dy, &) = Plp(n, O1 = Q Lo, O] = F(n, &),

1
Pl )= [ €+ m e (ot n + 0,000+ 2. ) dp.

n
Olp(n, 1= /0 sin (n) (37272 P, p) — Oy, p) — p(n, p)) dp,
(22)
with the initial and Neumann conditions

¢(,0) =0, 23)
A0, 6) = &%, 9yp(1, §) = In (0.5,

where 0 <7, < 1,0 < a < 1and F(n, £) is given function such that the selected
solution will be satisfied in the both left- and right-hand sides of BVPs (20) and
(21) over the domain A. Here, the exact solution is ¢(n, ) = (1 —n) In (1 4+ n)
cos? (3mn) &3+,

To demonstrate the effectiveness of the RK solutions, the examples above are
tested across the domain A. Anyhow, results from numerical analysis are an approx-
imation, in general, which can be made as accurate as desired. Because a computer has
afinite word length, only a fixed number of digits are stored and used during computa-
tions. Following, absolute errors of approximate solution ¢, (1, &) for both Examples
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Table 1 Absolute errors of Example 1 over A

O. A. Arqub et al.

t

a=0.25

a=0.5

a=0.75

a=1

0.25

1.5202955220 x 1077

8.5851595338 x 10~/

9.3131586223 x 1077

1.6088074877 x 108

0.5

3.1310929434 x 10~°

2.9629678339 x 1077

4.4292618364 x 1077

9.7271247494 x 1077

0.75

4.0499972764 x 10°

1.6829336033 x 10~°

8.1459842130 x 10~°

5.9375835113 x 10~/

1

8.9639505999 x 10¢

9.9022004243 x 10~°

2.3384483768 x 107°

8.1051406404 x 10~°

0.25

0.25

8.2373427553 x 1077

6.5983172765 x 10~/

9.3054980205 x 10~7

7.6310676740 x 1077

0.5

2.7232898676 x 10°

1.0693336383 x 1077

3.9973040691 x 10~7

7.7728964454 x 1077

0.75

32714639390 x 107°

3.4265168332 x 107°

8.9924037150 x 107°

8.1729535402 x 10~°

1

1.8522344410 x 10~°

8.6625479440 x 10~°

9.7462801838 x 10~°

1.1749765902 x 10~

0.5

0.25

4.5870682134 x 1077

3.1634826495 x 1077

2.7065700155 x 10~7

5.9471694210 x 1078

0.5

9.9056258776 x 10~°

44738559389 x 107°

4.6166202647 x 107

6.8824054303 x 1077

0.75

3.0618500642 x 106

67163511298 x 10~°

69702799521 x 1076

3.8457050803 x 1077

1

2.7560569249 x 107°

4.2505438452 x 10~°

8.1256012945 x 10~°

8.2173135294 x 107°

0.75

0.25

1.7835134763 x 1077

7.3344192438 x 1077

3.6082013498 x 10~7

6.2822299556 x 1078

0.5

32605016445 x 107°

3.4355177778 x 1077

5.8928801842 x 1077

8.8955534782 x 1077

0.75

1.9684148538 x 10°

8.5361825235 x 107°

5.8141127051 x 107°

3.1743929263 x 1077

1

5.3327573861 x 10~°

6.2303305719 x 10~°

2.0146526217 x 10~°

8.0470697269 x 10~°

0.25

4.8687548990 x 1077

1.4518234026 x 1077

7.3231124692 x 107

6.7200224276 x 107

0.5

5.3763575915 x 10~°

8.8579046722 x 10~°

2.5430060005 x 10~7

7.4596696195 x 107

0.75

5.9469042577 x 10~°

7.7876144332 x 10~°

6.8853386269 x 107°

3.6563750502 x 1076

1

1.3313627925 x 107°

8.9735110839 x 107°

2.2569043006 x 1076

4.8476533804 x 107°

Table 2 Absolute errors of Example 2 over A

X

t

a=025

a=0.5

a=0.75

a=1

0

0.25

7.9776844684 x 1077

3.4840685648 x 1077

2.0885121979 x 10~

4.1424682191 x 10~8

0.5

8.3783958819 x 1077

4.1528820307 x 1077

7.1702389557 x 1078

6.1668778742 x 108

0.75

3.3967362498 x 1077

6.6991474431 x 1077

8.4884903069 x 1077

2.0811339500 x 1077

1

53104194940 x 10~°

5.2032473529 x 1077

1.8581559833 x 1077

5.1027116115 x 10~8

0.25

0.25

7.7999626080 x 10~7

2.4640451071 x 1077

2.8311662609 x 1077

8.6689276035 x 108

0.5

8.3989967791 x 1077

5.7091389550 x 1077

4.8072774473 x 1077

52358140673 x 1077

0.75

6.9639358686 x 107

2.8087915523 x 1077

7.0935196083 x 107

6.6709448740 x 10~8

1

5.1420418936 x 10~°

4.0159489813 x 1077

2.2581468314 x 1077

3.2212477612 x 1077

0.5

0.25

6.9540160215 x 1077

5.6446045032 x 1077

7.8194176413 x 10~8

1.3560757675 x 108

0.5

1.8873258794 x 1077

8.7256088711 x 1077

73103863842 x 1077

6.1796585570 x 10~7

0.75

9.3946809462 x 1077

5.5063241201 x 10~/

3.0104629974 x 10~7

1.7518180465 x 10~8

1

9.4341574440 x 10~°

9.3968995759 x 107

8.0664793597 x 1077

6.1269428722 x 1078

0.75

0.25

4.7458237332 x 1077

2.7794343641 x 107

1.2112309375 x 1077

4.8362338856 x 1078

0.5

3.4525853552 x 107

5.0629795416 x 107

4.0379454165 x 1077

9.4477540589 x 10~/

0.75

6.6148187244 x 1077

2.9964614478 x 1077

2.2900033128 x 1077

8.9941236417 x 103

1

9.8926059525 x 107°

2.6698929941 x 10~

6.7181321202 x 10~3

1.1564777914 x 1078

0.25

2.8313095737 x 1077

6.6972801239 x 10~

7.4614502464 x 1077

3.0846376150 x 10~8

0.5

6.5203528576 x 1077

5.8144559231 x 1077

4.3056435055 x 1077

7.5776950397 x 108

0.75

3.2788169448 x 10~/

6.3469459479 x 1077

6.2841762561 x 1077

7.8177679269 x 107

1

4.9070667887 x 10~°

4.9990426724 x 1077

9.2211292620 x 1077

6.7229592233 x 1077
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1 and 2 for different values (1, &) in A with step-size 0.25 are listed in Tables 1 and 2,

respectively. From these tables, it can be observed that the error estimate confirm the

accuracy of numeric results related to fill time &, = mA&, m =0, 1, ...,r, Al = %

and distance n; = [An,[ =0, 1, ...,s, An = Al Hence, more accurate numeric solu-
tions can be found by utilizing more grid points (7, £).

5 Concluding Remarks

In this chapter, the RKM has been applied to obtain approximate solutions for both
linear and nonlinear PIDEs of fractional order. The fractional derivative has been
described in the Caputo sense. Two examples have been tested to show the efficiency
of the proposed method. By comparing our results with the exact solution for integer
and non-integer orders derivative, one can observe that the proposed method yields
accurate approximations. This adaptive can be used as an alternative technique in
solving several nonlinear partial fractional problems arising in diverse engineering,
chemistry, biology, and physical sciences.
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Abstract In order to deal with some difficult problems in fractional-order sys-
tems, like computing analytical time responses such as unit impulse and step
responses; some rational approximations for the fractional-order operators are pre-
sented with satisfying results in simulation and realization. In this chapter, several
comparisons in the time response and Bode results between four well-known meth-
ods; Oustaloup’s method, Matsuda’s method, AbdelAty’s method, and El-Khazali’s
method are made for the rational approximation of fractional-order operator (frac-
tional Laplace operator). The various methods along with their advantages and limi-
tations are described in this chapter. Simulation results are shown for different orders
of the fractional operator. It has been shown in several numerical examples that the El-
Khazali’s method is very successful in comparison with Oustaloup’s, Matsuda’s, and
AbdelAty’s methods.
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1 Introduction

Many attempts have been made by many researchers to obtain different forms
of finite-order rational approximation to the fractional-order Laplacian integro-
differential operators. Such attempts allow one to develop realizable models of dif-
ferent systems and processes using passive or active electronic devices to mimic the
behavior of such operators. For example, a diffusion process in the electrochemical
process, which exhibits fractional-order dynamics, can successfully be modeled by
finite-order electrical circuits using different approximation algorithms [1, 2].
Fractional-order systems provide more freedom in control theory. For example,
fractional-order controllers proved to show superior performance over their integer-
order counterparts. It widens the scope of applications in systems and, in some
cases, simplifies the design of controllers. The Laplace transform of the input—output
relationship provides a powerful tool to investigate the frequency response of linear
systems. It is extended to systems that exhibit fractional-order dynamics [1-5]. The
frequency response of an integro-differential Laplacian operator, s can be defined

) (o = o cos ()  jsin (<) 0

It is not possible to estimate the exact time response of a fractional-order transfer
function since the analytical inverse Laplace transform does not exist [2], one may
compute the system time responses, namely the impulse and the step responses,
which may be described by fractional-order transfer function, by constructing rational
approximations of the fractional-order operators, s*“. Such approximation can be
used to generate equivalent integer-order transfer functions that describe the original
system within a limited frequency band [1].

There are several popular approximation methods that are used to approximate
st such as the Continued Fractional Expansion (CFE), least square method,
Oustaloup’s, Carlson’s, Matsuda’s, Chareff’s, AbdelAty’s et.al., and El-Khazali’s
approximation methods [1-5]. In the latest paper by the authors in [6], the numerical
time-domain solution of fractional-order systems is obtained using two methods; the
first one uses the Fourier series representation of a square wave, and the second one
uses the inverse Fourier transform. The two methods use the exact numerical data of
the system frequency response to obtain accurate representations of the fractional-
order dynamics.

In this chapter, some basic concepts about the fractional-order models, the fre-
quency domain analysis, and some rational approximations of fractional-order oper-
ators are presented in the first four sections. Section 5, however, includes the main
comparison results in both time and frequency domains using four different approxi-
mation methods of the Laplacian operators, s namely, the Oustaloup’s, Matsuda’s,
AbdelAty’s et.al, and El-Khazali’s approximations [1-5].Two numerical examples
are given to provide detailed comparison and to highlight the advantages and disad-
vantages of each method.
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Furthermore, providing modular approximating to s**,0 < a < 1, by finite-order
rational-transfer functions simplifies the realization of larger class of fractional-order
controllers such as fractional-order integrators, / A fractional-order differentiator,
DY, a combination of PI*, P.D°, to design PI* D? controllers (FOPID). The proper-
ties of these controllers and the effect of their fractional orders on system transient
response are briefly highlighted for completeness and compared with their integer-
order counterparts.

2 Fractional-Order Models

Figure 1 shows a general classification of LTI systems. It is well known that sys-
tems, which exhibit hereditary effect, are described by fractional-order differential
equations. The fundamental definitions of fractional-order calculus are used to char-
acterize such systems [7]. The integer-order dynamics, however, is considered as a
subset of larger class of fractional-order systems. Furthermore, it was shown in [7-9]
that fractional-order controllers outperform their integer-order counterparts due to
their flexibility in accommodating more parameters, and due to the constant-phase
frequency response, which provides more robustness to the controlled plants.

The class of linear time-invariant systems that will be considered here is described
by the following fractional-order differential equations [7]:

a D y(1) + - -+ agDy (1) = by D" u() + -+ byDPu(t)  (2)
where u(t) and y(¢) are the control and output variables, and D defines a fractional-
order differential operator (according to Caputo definition) of different fractional

orders ay; k =1,2,3,...,n,and §;;1 = 1,2,3, ..., m, are arbitrary constants and
n,m e N.

Fig. 1 Classification of LTI
systems
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The system of (2) is said to be of commensurate order if all its orders are integer
multiples of a base of a fractional order, ¢, such that a; Bx = ky; g € RT. The system
can then be expressed as [4]:

Y aDbyt) =Y bDlu() 3)

k=0 k=0

Obviously, if one sets g = %, where n > 1; then (3) defines a typical fractional-order
system of commensurate order. A fractional-order linear time-invariant (FOLTT)
system is mathematically equivalent to an infinite-dimensional LTI filter. In order
to model such systems, one has to realize finite-order approximate models that best
describe the original fractional-order systems. Obviously, the size of approximation
depends on the type of the numerical algorithms used to implement such models.

Discrete-time fractional-order systems are usually approximated by higher order
FIR or IIR filters of integer orders [10]. The size of the FIR filters needed to model
such systems are usually much larger than those of IIR filters. Therefore, most
researchers focus on developing a set of rational-transfer functions of much lower
orders. The presence of the feedback action imbedded in the rational transfer func-
tions compensate for the need to realize larger size of either continuous or discrete
FIR filters for the FOLTI systems [11, 12]. Figure 1 shows a classification of FOLTI
that is of interest in this chapter.

The frequency response of systems is usually carried out by using transfer func-
tions. The transfer function of a linear time-invariant system is defined as the ratio of
the Laplace transform of the output (system output response) to the Laplace trans-
form of the input (system input) under the assumption that all initial conditions are
zero [11], i.e.,

_ Z(output) _Y(s)

G = — =
(S) A (input) zero initial conditions U (S)

4)

A typical form of a fractional-order LTI (FoLTI) system can be described by the
following transfer function [11]:

_ Y(s) _ bmsﬁ’" + bmflsﬂ””' 4+t blsﬂl + bosﬂo
CUGS) aps a5 4 - 4 ags 4 ags

G(s) (5)

The next sections outline a complete comparison between the different types of
approximations used to evaluate the time and frequency response of the approximated
integro-differential operators. In addition, the finite-order rational approximations
will be used to model and design fractional-order PID (FOPID) controllers, and
compared with the ideal controllers.
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3 Frequency Response of FOLTI Systems

The frequency response of F O LT I systems (5) may be obtained by replacing, s, in
(5) by a generating function, s = (w(z~")) [11] to yield

Goy = @@ b s @GET P 4 b D+ b )

an (W@ + ap1 (W1 + -+ ar(w(z™))™ + ao(w(Z‘l))“("@
where s = (w(z~!)) denotes the discrete equivalence of the Laplace operator s,
expressed as a function of the complex variable z or the shift operator z~!. Sys-
tem (5) defines an irrational continuous transfer function in the Laplace domain
or/and an infinite-dimensional discrete-time transfer function in the z-domain [5]. In
both cases, FOLTI systems have unlimited memory size, while integer-order ones
are described by finite-dimensional models [1].

4 Rational Approximation of Fractal-Order Operators

The rational approximation of fractional-order Laplacian operators simplifies the
realization of fractal elements of real orders, which can also be characterized as
Constant-Phase Elements (CPE) [13]. Such elements provide a good description of
these operators over a limited frequency range. In this study, our interest is limited to
fractional-order operators of real order. The electronic circuit realizations of different
fractional-order operators are left for future consideration [13].

The following section describes briefly the different approximation methods of
the fractional-order integro-differential Laplacian operators, s*“, that are used in
many applications [1, 3-5, 14].

4.1 Oustaloup’s Approximation

Oustaloup’s approximation is a popular one and generates rational-transfer functions
of odd order only. The bandwidth over which the approximation is considered can
be customized to yield a good fitting to the fractional-order elements s** within
a predefined frequency band. Thus, for geometrically distributed frequencies over
the frequency range of interest (wp, wy), the following rational function is used for
approximating s [1]:

ﬁ s—l—w,’( _ B,s" + B,_1s" '+ --- 4+ Bys + By e
stwr A" H A, s+ As + A

)
12

k=—N
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where the poles, zeros, and gain are evaluated from

k+N+0.5(1+)

W = wp (ﬂ) 2N+1 (83)
Wh
k+N+0.5(1-a)
’ W, T2N+T
Wy = wb(_h) N (Sb)
Wh
Wi\ e w
k=) 1= (8¢)
Wp N Wy

Due to the geometrical distribution of frequencies, the unity gain geometric fre-
quency wy, is calculated from

Wy = /W - Wy €))

where the approximation depends on the order of the filer N and the upper and the
lower frequency range (wp, wy). Observe that the order of the transfer function (7)
will alwaysben = 2N + 1,i.e., only odd-order approximations are possible through
the Oustaloup’s method. In the special case where the limited frequencies w;, and
wy, are symmetrical around the center frequency w, = lrad/sec, (i.e., wp = 1/wy),
then the coefficients of (7) are correlated to each other as follows [12]:

A,_i=5B;,i=0,1,2,...,N. (10)

One can define the fractional-order derivative using the a fractional-order integral
as follows:

D f@t)y=D"J"f(1) (1)

where m is a positive integer such thatm — 1 < o < m.
Consequently, for the case when the fractional orders o > 1, one may rewrite
s¢ as

sC=s"s" (12)

where n = a — v denotes the integer part of « and s7 is obtained by Oustaloup’s
approximation using (7).

For digital implementations, the obtained approximation may be discretized to
using suitable discretization methods [5].
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4.2 Matsuda’s Approximation

This method provides continuous approximation by calculating gain at logarithmi-
cally spaced frequencies. If the value of a function F(jw) is known over a set of
frequencies wy, wi, wy, ..., wy, then the following set of functions is recursively
defined by [15]:

do(w) =[ F(jw) | (13)

W — Wk

YTk =0.1,2,....N (14)
dr(w) — di(w)

dry1 (W) =

Then, an (N 4 1)(N + 1) superior upper triangular matrix is formed as follows:

do(wo) do(w1) do(w2) ... do(wy)
di(wy) di(w?) ... di(wy)
D— dr(w2) ... da(wy) (15)

dy(wy)

The desired approximation is then given by the following continued fraction:

F() n S —wo +s—w0 S —w; S—w (16)
S)=a — = da
a2 T T A et a

a+ prrum

such that the set of coefficients is defined as

| F(jwo) |, if k=0
a = a7

Wk —Wk—1 : —
di—1 (W) —di—1 (We—1) ifk=123,....N

4.3 AbdelAty’s Approximation

The approximation is based on using a weighted sum of 1st-order high-pass fil-
ters. The parameters of the filters are obtained using a flower pollination algorithm
(FPA) for each fractional order [16], which can be synthesized using Forster II RC
realization [4] and given by

n

a_ 1 ' s
P F(@rad-—a) Zk‘ o+ 75) (18)

i=l1

where 7; and k; are two constants found using the FPA optimization algorithm.
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Notice that the high-pass structure of each filter section of (20) creates larger
phase errors for fractional orders less than 0.5 than other approximation methods,
since the phase value of each section is 7/2 at low frequency.

4.4 El-Khazali’s Integro-Differential Approximation

Fractional-order integro-differential Laplacian operators, s*®, can be approximated

using a biquadratic approximation algorithm introduced in [17], where s* defines a
differential operator, while s~* defines a fractional-order integrator. The orders of
both the numerator and denominator are equal, where the reciprocal of one approx-
imation yields the other one. Thus, realizing fractal elements (i.e., fractional-order
capacitors or inductors) is straightforward and only depends on the order of differ-
entiation or integration. For a single module, it enjoys a flat phase response at its
center frequency, but with a narrower bandwidth than its counterparts. It consists of
cascaded several 2nd-order biquadratic transfer functions of the form [13, 17]:

N Pt M)
(w_) _EHi(S/wi)—ll:!Di<w;_%)) (19)

where w;, i = 1,2, ..., n, is the center frequency of each biquadratic module and

n

,1 . . .
wy = T, wi is their geometric mean.

If one selects the first center frequency, w, of the first section, then to obtain a
constant-phase element, the subsequent center frequencies of each section can be
calculated from the following recursive formula [17]:

wi =W Ve i =2,3,...,n (20)

where w, is the maximum real solution of the following polynomial:

apany* + ai(az — ap)y® + (@i — a3 — a})my* + ai(ax — ag)y + apazn = 0

(2D
and where n = ran(am/4). Each biquadratic module in (21) is given by
5\ s Ni(L) _ao( XY 4ai(E)+ar
(—) = z(—) = = 5 n ,i1=1,2,3,... (22)
Wy wi Di()  a(5)+ai(}) +ao
where
a =a“+2a+1
ay =Oéa—20(+1 (23)

ay =(a - ao)tan<(2f+)”> = —6a tan((2+4(?v)7r)
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Observe that (24) is the only approximation that yields H;(-) = (5-) asa — l;ie.,

Hi( s ) _ ao(%)z +ao(%) _ ( s ) (24)

Wi ap(Z) + ao wj

Moreover, the reciprocal of (21) approximates a fractional-order integrator [17],
or simply:

n n Di ws_m,
(s/wg) " =[] Hi(s/wp) =] M (25)

i=1 i=1 Nz(m)

5 Comparison Results

In this section, we introduce a comparison simulation result between the four dif-
ferent approximation algorithms discussed in section (4) in both time and frequency
domains. Two numerical examples are investigated to highlight the main differences
of these methods; the first one approximates a fractional-order Laplacian differen-
tiator s*4, and the second example is the approximation of a closed-loop transfer
function of a FOLTT system.

Example 1 The integer-order of a rational transfer function that approximates s%4

using Oustaloup’s, Matsuda’s, AbdelAty’s, and El-Khazali’s approximation, respec-
tively, are given by

— Oustaloup’s approximation

6.31s3 +77.145% + 41.74s + 1
04 _ O A TAGT AL A ALy 20 (26)
3 1 417452 + 77145 + 6.31

— Matsuda’s approximation

oa 10.01s3 + 163.65% + 83.01s + 1
§04 —

= > 27
s3 + 83.01s% 4+ 163.6s + 10.01
— AbdelAty’s approximation
412.4858 + 206415397.69s7 + 11956108280000.565° -+ 94706047639064780s°
04 + 104739477770482730000s + 1.616¢225% + 3.399¢235% + 8.429¢23s (28)
Ka—

58 + 14433273457 + 190377994705.85° + 3320443435965385.557
+8064411171562614000s* + 2.737¢215% + 1.285¢235% + 7.801e235 + 3.550¢23
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Bode Diagram
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Fig. 2 Bode plot of the approximations (26), (27), (28), and (29)

— El-Khazali’s approximation

04 2.493s7 4+4.9245 4 0.8931
"~ 0.8931s2 + 4.9245 + 2.493

(29)

The Bode diagrams and the step response of (26)—(29) are shown in Figs. 2 and 3,
respectively. Figure 2 shows the frequency response of four different approximations.
They all show similar frequency response, except for AbdelAty’s approximation
since the phase error at low frequency is larger than the rest of approximations. This
error would increase for lower values of «. Figure 3, however, shows an almost
identical response of the fractional-order derivative of the unit-step function using
the four approximations given by (26)—(29). However, the 8th-order approximation
of AbdelAty does not give the right time response.

Example 2 Consider the following fractional-order transfer function reported in [6]:

1
H(s) = 30
() = T 08508 1 1 G0
If one wishes to sufficiently simplify (30) by a lowest integer-order transfer func-
tion using the four approximations discussed in Sect. 4, one needs to replace s*!' and
578 by their integer-order equivalence to be able to develop integer-order approxima-
tion to (30). Using Oustaloup’s Sth-order approximations for s%! and s°® yields [1]:
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Step Response
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Fig. 3 Fractional-order derivative of order 0.4 of the unit-step function using (26), (27), (28), and
(29)

o1 1.585s° +68.37s* + 403.35% 4+ 367.9s% + 51.87s + 1
s =

= 31
$° + 51.87s* +367.9s3 + 403.352 4 68.37s + 1.585 @D

0g  39.81s% +901.4s* 4 2790s° + 133652 + 98.83s + 1
ST =
s 4 98.83s5* 4 133653 4+ 279052 4+ 901.4s + 39.81

(32)

Substituting (31) and (32) into (30) yields a 10th-order transfer function of the form:

$10 4 150,752 + 683058 + 1.088¢0557 + 6.769¢055° + 1.619¢065°

+ 1.551065* + 5.711€055> + 8.211e045% + 41515 + 63.1 (33)

Hy, )=
" 3.175'2 4+ 45051 + 1.859¢04510 4 2.745¢055° + 1.593¢0658 + 3.871e06s’ + 4.771¢065°

+3.953¢065> + 2.293¢065% + 6.858¢0553 + 8.9610452 + 43315 + 64.36

Repeating the same procedure using the following Matsuda’s Sth-order approxima-
tions of s%! and s°8:

o1 1.891s% +175.35% + 13295 + 11975 + 126.3s + 1
s =

65 4 3 2 (34)
55+ 126.35% + 119753 + 132952 + 175.35 + 1.891

05 _ 313.35% 4+ 1.188¢04s* + 4.261¢045° + 1.826¢04s> + 809.3s + 1
T 55+ 809.35% + 1.826¢04s7 + 4.261¢04s% + 1.188¢04s + 313.3

(35)
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yields the following 10th-order rational-transfer function of (30) of the form:

510 4 935,657 + 1.216€0553 + 3.317¢06s” + 2.831¢075° + 7.689¢07s7

+7.406¢075* + 2.366¢07s7 + 2.579¢0652 + 7.739¢04s + 592.3

H, )=
“ 378512 4+ 3411511 +3.557¢05510 + 8.757¢065° + 6.709¢0755 + 1.806¢085” + 2.219¢085°

(36)

+ 1.815¢08s> + 1.041e085* + 2.725¢0753 + 2.722¢0652 + 7.875¢04s + 593.8

In similar manner, the 8th-order AbdelAty’s approximations of s*! and s%# are given
by
4.515% + 3722617.69s7 + 390344733034.45° + 64454832006852905

0.1 + 17462315946623164000s* +7.739e2153 + 5.437¢2352 + 5.054¢24s 37)
s =
5% 4 1053025.1557 + 133752991203.545° 4 26491657102881965

+ 85977544552563560005% + 4.569¢215 + 3.872¢2352 + 4.503¢24s + 1.386¢24

228721.34s8 + 56105355367. 145" + 16714242110824855° + 7107665167043685000s°
08 +4.418¢215 +4.005¢235% + 5.176¢245% + 7.867¢24s

s (38)

58 4+ 3327245.9557 4 518122071483.895° + 10400295711020872s°

+30071114886647075000s + 12732253 +7.848¢23s5% + 6.793¢24s + 6.216¢24
Consequently, the 16th-order approximation of (30) is

10 4 4380271.1515 4 4155548728273.07s 4 + 1003674131746307100s '3 + 8.911¢225'2
+2.82427s'1 + 360631510 + 1.732355% + 3.401¢385% + 2.529¢4157 + 7.661e435°

+8.707¢455> + 3.923¢47s* + 6.210e485> + 3.408¢4952 + 3.741¢49s + 8.618¢48

H,..=
9.025!8 + 37456993.85517 + 30226279998733.275 1 + 65617885132567270005

(39)

+5.251e235 1 + 1.514¢28513 + 1.758¢325'2 + 7.688¢35s ! + 1376510 + 9.315¢415°
+2.574¢4458 +2.655¢4657 + 1.090e4850 + 1.558¢495> + 7.889¢495% + 9.057¢495>
+ 6.816¢495% + 4.613¢49s + 8.618¢48

In addition, the biquadratic approximation method of El-Khazali yields the following
rational transfer function for s%! and s°8, respectively.

o1 1.994s 45.082s +1.594
 1.594s2 4 5.082s5 + 1.994

(40)

0 34365 4 4.404s +0.236 a1
T 0.2365s2 + 4.404s + 3.436

Substituting (40) and (41) into (30) gives a 6th-order approximation of the form:

0.377s% + 8.22253 + 28.333s2 + 26.247s + 6.852
0.94356 4 19.96855 + 63.984s54 + 76.78s3 + 62.97852 + 34.234s + 7.22%42

Hy(s) =
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The frequency and the unit-step responses of all four approximations given by
(33), (36), (39), and (42) are shown in Figs. 4 and 5, respectively. Obviously,
El-Khazali’s approximation yields a competitive frequency response to those of
Oustaloup’s and Matsuda’s approximations, but gives larger steady-state errors than
its counterparts as depicted in Fig. 5. This is due to using a 2nd-order approxima-
tion to the fractional-order derivatives in (40) and (41). Increasing their order of
approximation to a 4th-one, for example, would improve the rational approximation
of s%1 and s°% and consequently, it would improve the steady-state step response.
Furthermore, the parameter values of El-Khazali’s approximation are smaller than
its competitive counterparts and that would imply less expensive circuit design.

The effectiveness of the approximation methods in designing different types of
controllers is further investigated in the next section.

Bode Diagram
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Fig. 4 Bode diagrams of (33), (36), (39) and (42)
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6 Approximation of Fractional-Order Controllers

The commonly used proportional-integral—derivative (PID) controller, which con-
sists of three parameters has been successfully used in industrial applications for
several decades. The popularity of the PID controller lies in the simplicity of the
design procedures and in the effectiveness of its system performance [18]. Some
applications of PID controller show undesirable system performance, which may be
enhanced by using fractional-order PID (FOPID) controllers [7-9, 19-21].

A FOPID controller was introduced in [7]. it is a generalization of the conventional
integer-order PID controller and denoted by PI* D, where ) and ¢ are the fractional
orders of the integral and the derivative components, respectively. Thus, adding two
more parameters to tune the original three parameters of the classical integer-order
PID controllers, which add more degrees of freedom [7]. The PID controller processes
the present, past, and future values of the error signal, e(¢). A digital implementation
of such controllers grew rapidly and overcomes the difficulties embedded in the
realizations of the continuous versions.
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Fig. 6 Block diagram of a controlled system using integer-order PID controller

Figure 6 shows a typical block diagram of an integer-order PID controller. The
proportional controller amplifies the present value of the error signal. The integral
part refers to the accumulation of the past errors, while its derivative part predicts
the future values of the error; i.e., acts on the anticipated value of the error signal.
One may use the weighted sum of these three actions to make a final adjustment to
tune its parameters [7].

6.1 Proportional-Order Controllers

Proportional controllers are widely used and are simple to design. They simply form
a direct scaling of the error signal to alter the transient and steady-state system
responses, i.e.,

() = K pe() (43)

where e(¢) = r(t) — y(t) is the error signal between a reference signal, r(¢), and the
output signal, y(¢). Thus,
Y(s) = K,E(s) (44)

The steady-state error in a proportional controller, C(s) = K, is inversely pro-
portional to the controller gain [22, 23]. It is well known that increasing it makes
the system response faster and minimizes the steady-state errors, but increases the
system overshoot [15].
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6.2 Fractional-Order Integral Controllers (1 A-Controllers)

The fractional-order integral controllers (I*- controllers) produce the control signal
y(t), which is proportional to the fractional integral of the error signal e(¢). It can be
described by the following relation [23]:

(1) = Tp.e(t) = T;,.D (1) 45)
which is described by the following transfer function:

Y(s) T
By =1 = (W ) (46)

where C(s, \) denotes a fractional-order controller, (I*-controller) of order \.

Obviously, increasing A reduces the steady-state error. The fractional-order inte-
grator, s, eliminates the offset error when A\ > 1 without increasing the integral
constant 7;. It is possible to reduce the offset error when A < 1 by adding a pole and
zero at the origin. Therefore, s~ in this case can be expressed as [22, 24]:

s 1
o250 g<a<d (47)
S S

1
sh s
Equation (47) shows that s~ can be expressed as a product of a pure integral (1/s)
and a fractional-order differentiator s!=V.
Now, we briefly summarize the effects of extending the integral control actions
to the fractional case. Let us first explore s —* with A = 0.4 and 7; = 1. The transfer
function of the 7%*-controller is then given by

1
Cs) = w04 (48)

Using the approximations discussed in example (1), the /%*-controller, (48), can be
expressed by the following transfer functions:

Con(s) §34+41.74s* +77.14s + 6.31 “9)
us(8) =
o 6.3153 + 77.14s2 + 41.74s + 1

s3> + 83.01s% 4+ 163.6s + 10.01
o = 50
Mar(8) = 00T + 163,657 + 83.015 + 1 (50)

58 + 14433273457 + 190377994705.85% + 3320443435965385.557

+ 8064411171562614000s* 4 2.737€21s3 + 1.285¢2352 + 7.801¢23s + 3.550¢23 (51)
4124858 + 206415397.69s7 + 11956108280000.565° -+ 94706047639064780s°

Capd(s) =

+ 104739477770482730000s* + 1.6166225° + 3.399¢2352 + 8.429¢23s
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Fig. 7 Bode diagram of an integer I- and a fractional-order 1°*-controller approximated by
Oustaloup’s, Matsuda’s, AbdelAty’s, and El-Khazali’s approximations for 7; = 1

and
0.8931s2 + 4.924s + 2.493

2.493s5% + 4.9245 + 0.8931

Cr(s) = (52)

Figure 7 shows a numerical simulation of the ideal 1%*-controller’s four of its

approximations using Oustaloup’s, Matsuda’s, AbdelAty’s, and El-Khazali’s meth-
ods.

6.3 Fractional-Order Differential Controllers
(D?-Controllers)

The fractional-order differential controllers of order §, denoted by D’-controllers,
produce a control signal, y(¢), that is proportional to the fractional-order derivative
of the error signal e(#). It described by the following expression [23]:

y(t) = T;.De(r) (53)
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Hence, the corresponding transfer function of (53) is given by

Y(s) N 5
EG) Ty.s (54)

where T} is a constant of the differential controller, C(s) = T.s°.

The fractional differentiator, s%, acts as a & -predictor that predicts the future value
of the error signal. It reduces the rate of change of error, which improves the control
performance. Notice that s° cannot be implemented alone since it does not eliminate
the steady-state errors. Thus, it must be augmented at least with a proportional con-
troller, P, to form a PD controller, known as lead controller, to shape the frequency
response of the controlled system. Notice that the Jth-differential controller amplifies
noise signals when § increases and has no effect on the steady-state error [9, 23].

For comparison, let us consider the case when 6 = 0.4 and T; = 1, then, the
D%#_controller is given by C(s) = s%*. Figure 8 shows the frequency response of
the rational approximation of C(s) = s** using (7), (16), (18), and (19). Obviously,
the low-frequency deviation of (18) cannot be avoided due to the presence of the

Bode Plot: Magnitude Response
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Fig.8 Bodediagram ofa classical D- and D%*-controller approximated by Oustaloup’s, Matsuda’s,
AbdelAty’s, and El-Khazali’s approximations with 7; = 1
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differential effect of the high-pass filters approximations. However, the biquadratic
approximation of (19) does behave like a proportional controller for both the low-
and high-frequency bands, thus suppressing signal noise.

6.4 Fractional-Order PI Controllers (PI*-Controller)

The fractional-order PI controller (P/ ’\-Controller), or lag controllers, combines both
the proportional and the fractional-order integral action and is defined as [23]

y(1) = Kpe(t) + T;.1 e(r) (55)
which yields a lag controller of order A of the form:

Y(s)
E(s)

T,
=C6) =K, + (56)

As ) increases, this controller has the following features [23]:

e It reduces the steady-state error.

e It decreases the rise time.

o It filters out the noise at high frequencies.

e It increases bandwidth of the system.

e It increases the order and type of the system.

Consider the case when A =0.4, K, =1, and T; = 1, the following transfer
functions approximate PI** = 1 + 1/5%*using (7), (16), (18), and (19), respectively:

731s% + 11888s% + 11888s + 731

Cous(s) = 57
Ous (5) 631s3 + 771452 + 41745 + 100 7

1101s3 + 24661s% 4+ 246615 + 1101
Cumar(s) = 3 5 (58)

1001s3 + 16360s2 + 8301s + 100
sg + 502710.5s7 + 29376520704.24s6 + 237079034998476.75s5
+ 27281846816271 1600‘\-4 + 45699052676123180000s3
14 S2 . e. N . e

Capals) = + 1.133e215“ 4+ 3.925¢21s + 3.859¢05 (59)

0.99765% +499219.7857 + 28916087705.215° + 229048475943137.665°
+253314527978607520s + 390786737857580400005>
+ 82201209840122120000052 + 2.039¢21s

and

52 +2.908s + 1
Culs) = 60
€)= 736257 + 1.454s 1 02638 (60)
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Bode Plot: Magnitude Response
80 T T T T T T T

= = = pI®*-Khazali
PI°'4—0ustanup

e p[04-Abdel Aty
PI%4-Matsuda

m—— |deal-controller

=2
o

Magnitude (dB)
'S
1)

N
o

10 10 10 10 10° 10 10 10° 10*

Bode Plot: Phase Response
T

T = = T
—-
e =

Angle (deg)

-100 : : :
-2 =1

10 10 10° 10 10
Frequency (rad/s)

Fig. 9 Bode diagram of an approximated PI**-controller using Oustaloup’s, Matsuda’s, Abde-
1Aty’s, and 2nd-order El-Khazali’s biquadratic form with K, = T; = 1

Graphically, we make the following comparison in the frequency domain, shown
in Fig. 9, between a classical PI-controller and P/ 04_controller.

Figure 10 shows the same approximation shown in Fig. 9, except for El-Khazali’s
approximation, where the following 4th-order biquadratic form is used to approxi-
mate s** instead of a 2nd-order one:

104 _ 70137s* + 1374500s° + 34220005 + 13745005 + 70137
~7977s* + 36250053 + 171100052 + 1012000s + 62160

(61)

Clearly, the frequency response of all approximations match that of the ideal con-
troller except for AbdelAty’s one, which has large deviations in both the magnitude
and phase responses for low frequency. If one considers the simplicity of the real-
ization and construction, one would choose the biquadratic approximation given by
(61) since it depends only on a single parameter, which could be the order of the
integrators or the differentiator.
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6.5 Fractional-Order PD Controller (PD°-Controller)

The transfer function of the fractional-order controller (Iead controller) of order ¢ is
given by
CGs)=K,+Tys° (62)

As ¢ increases, the P D° or the fractional-order lead controller enjoys the following
properties [19]:

o [t reduces the overshoot.

o It improves transient response.

o It reduces the settling time.

o It improves the bandwidth of the system.
o It may make noises at high frequencies.
o It does not affect steady-state errors.

Now, to summarize the effects of extending the derivative control actions to the
fractional case; let us explore the case when § = 0.4, K, = 1, and T; = 1. Then,
the P D%*-controller becomes C(s) = 1 + s%*. Now using (26), (27), (28), and (29),
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Bode Plot: Magnitude Response
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the frequency response of the P D%# is shown in Fig. 11. All approximations yield
a good match with the ideal lead integrator, however, the AbdelAty’s one gives a
perfect match with the ideal lead controller at high frequency only.

7 FOPID Controllers

It is well known that the time response of the PID controllers output is given by the
following expression [7]:

u(t) = Kpe(t) + T / e(r).dr + de—te(t) (63)
0

and its transfer function is given by

O L
CW) =5y =Kot +Tas (64)

where E(s) = Z{e(t)},and U (s) = Z{u(t)} are the Laplace transforms of the error
and control signals, respectively.

The Zeigler—Nichols design method is a popular one that can be used to design
integer-order PID controllers for most systems [15, 20, 21]. The integer-order PID
controller is applicable for many control problems and it often yields satisfactory
performance and, in some cases, it requires parameter tuning [21].
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The concept of the fractional-order PID (FOPID or PI* D?) controller was intro-
duced by Podlubny in [23]. This controller has an integrator of an order A and a dif-
ferentiator of order 4. It was shown that the fractional-order controller outperforms
its integer counterpart [19, 25]. When controlling industrial plants, they require a
complete satisfaction of a wide range of specification, where wide ranges of tech-
niques are needed. Recently, FOPID controllers are used for industrial applications
to improve system performance. They provide extra degrees of freedom by adding
two more parameters to tune (namely, A and ¢) to the original three parameters,
(Kp, Ti, Ty), thus increasing the complexity of tuning its parameters [20].

7.1 FOPID Controllers

The fractional-order integro-differential equation that describes the FOPID con-
trollers is given by [23]

u(t) = Kpe(t) + T;.Ie(t) + T;.D'e(t) (65)
The Laplace transform of (65) is given by
Cis) =K, +T.s +Tys° (66)

Obviously, one can get the classical integer-order PID controller by taking
A = 6 = 1. With more freedom in tuning the controller, the four-point PID diagram
can be seen as a PID controller plane, which is depicted in Fig. 12 [7].

Notice that the integer-order controllers are classified as particular cases of the
more general FOPID controller, which provides more flexibility and robustness and
gives the capability for better adjustment of the dynamical properties of fractional-
order control system [21, 26]. For example, by assuming 6 = 0 and 7; = 0, then a
PI*- controller is derived, and so on.

The FOPID controller can be considered as an infinite-dimensional linear filter
due to the fractional orders of the differentiators and the integrators. Since PID con-
trollers are ubiquitous in industry process control, then fractional-order PID control
will also be ubiquitous when tuning and implementation techniques are well devel-

Fig. 12 Generalization of )
the FOPID controllers
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oped [27-35]. As compared to PID controller, a FOPID is supposed to offer the
following advantages [30]:

o If the parameter of a controlled system changes, a FOPID controller is less sensitive
than the classical PID controller.

e Fractional-order controller has two extra variables to tune. This provides extra
degrees of freedom to the dynamic properties of fractional-order system.

Now, we will study the effects of extending the integral and derivative control
actions on the fractional-order case. Let us first explore s* and s° with A = § = 0.4
and K, = T; = T; = 1. Then, the PI**D"*-controller is given by

1
Cls)=1+—7 45" (67)
50

Moreover, the PI%*D%*-controller expressed in (67) can be approximated by
Oustaloup’s, Matsuda’s, AbdelAty’s, and El-Khazali’s approximations using Egs.
(26), (27), (28) and (29), respectively, as follows:

4712615° + 1397506257 + 121221630s* + 2063815775°
+ 12122163052 + 139750625 + 471261 (68)

Cous(s) = 6 3 Py 3
6310050 + 340519455 + 37483170s% + 7733623353
+ 3748317052 + 34051945 + 63100
111210150 + 443582215° + 5094576235* + 8811860425>
+ 50945762352 + 443582215 + 1112101
Citar(s) = (69)

100100s° + 9945301s° + 153010820s% + 33756820253
+ 15301082052 + 99453015 + 100100

510 +1003151.6251 + 309946795646.825 14 + 297423268908491645 '3 + 1.086e21512
+1.389¢25s 1 + 6.992¢28510 + 1.256¢325° + 8.960e3458 + 2.301¢37s7 + 2.360¢395°

+8.778¢40s° + 1.303¢425* + 6.770¢425> + 1.283¢43s2 + 5.003¢42s + 7.391¢41 (70)
0.0024510 + 4700.995'> + 2277382680.285'4 + 340180953977873.35 '3 + 3.491¢235!1

+ 18186425387598578000s 2 + 2.5300275'0 + 6.727¢305” + 6.79733s% + 2.523¢36s”

Cabd(s) =

+3.548¢3850 + 1.8150405° + 3.437e41s* + 2.223¢425 + 4.563¢4252 + 1.755¢42s

and
s* 4+ 5.4134s5% 4+ 9.5961s2 + 5.41399s + 1

0.241s* + 1.8047s3 4 3.383452 + 1.8047s + 0.241

Ci(s) = (71)

A direct comparison in the frequency domain is shown in Fig. 14 for the approx-
imated PI°*D%*-controller given by (68), (69), (70), and (71). Observe that for
AbdelAty’s method, an 8th-order approximation was used for simulation purposes.
In spite of using a higher order approximation, a larger magnitude and phase error
is demonstrated for low frequencies.
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The following example introduces further comparison in both time and fre-
quency domains between the previous three methods; Oustaloup’s, Matsuda’s, and

El-Khazali’s methods by considering a closed-loop controlled system.

Example 3 Let us consider Fig. 13 with FOPID controller and integer-order plant

transfer function below:
13
C(s) = 18+ —= + 65"
0.

and
1

GO = T D613

Then, the open-loop transfer function of the controlled system is given by

6522 + 18598 + 13

L(S) — C(S)G(s) = S3-8 + 6S2'8 + 5s1.8

and the closed-loop transfer function for a unity feedback system is equal to

P(s) L) 6522 4 185"% + 13
S) = =
L+ L(s)  $38 46528 + 6522 4+ 5518 4 18598 + 13
That is,
652(s92) + 185°8 4 13
P(s) = s7(s77) + 18s7° +

s3(s98) + 652(s98) + 652(502) + 55(s08) + 18598 413

(72)

(73)

(74)

(75)

(76)

Obviously, (76) includes s%? and 5% such that the Oustaloup’s 5th-order approx-
imation of s°® was given previously in equation (32), while the Oustaloup’s approx-

imation of s°2 is given by

PID* Controller

Ui Plant ¥is)

Procens | Outpur

Unity gam foedback

Fig. 13 Block diagram of a FOPID controller with unity gain feedback
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Fig. 14 Bode diagram of a frequency response of a classical PID controller and PI* D® controller
approximated by Oustaloup’s, Matsuda’s, AbdelAty’s, and El-Khazali’s approximations with A =
0=04,K, =T =Ty =1

02 251257 4+98.835s% +531.75° + 442.35> 4 56.87s + 1
5%+ 56.87s% + 442353 + 531.752 + 98.83s5 + 2.512

(77)

One can obtain an approximate closed-loop transfer function P(s) by substituting
(32) and (77) into (76). Similarly, the Matsuda’s approximation of s°2 is given by

02 3.357s* + 16153 + 453.95% + 955 + 1
T 5% 49553 +453.952 + 161s + 3.357

(78)

The approximated closed-loop transfer function can now be obtained by using (35),
(78) and (76). On the other hand, El-Khazali’s approximation for 5% is given by

02 21255450515 + 1.325
T 1.32552 +5.051s + 2.125

(79)

The closed-loop transfer functions of the three approximations are, respectively,
given as follows:
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and

Pr(s) =

POuS(S) =

Pyus)=

0.3786512 + 52315 4 2076.37510 + 30424.885% + 190374.23s3
+629279.3257 + 1343379.50s® + 1723054.7857 + 1136020.90s%
+340700.7253 + 44471.775% + 2181.14s + 33.79 (80)

513 +85.89512 4 2334.45511 + 27839.995'0 4 171865.80s°
+587969.7558 + 1207365.5057 + 1776199.71s° + 1881971.425°
+ 1162206.67s* + 3424681357 + 44515.7552 + 2181.465 + 33.79

0.0643s 11 + 55.11510 + 3695.995° + 685074058 + 371769.5757
+ 1075594.57s% 4+ 2020717.975> + 1873642.245* + 711212.265°

+102240.1952 + 3913.165 + 43.839
12 11 10 9 8 (8 1)
s 4 138.98s" " 4+ 5049.835"" 4 59864.8457 + 344954.58s

+1012528.04s” + 1745850.165° + 2331027.675° + 1932393.815%
+714332.3453 + 102286.1852 + 3913215 + 43.83

0.66235° + 13.91s° + 58.25s5% 4 142.353 + 20252 + 1185 + 22.84

s7 4+ 11.765% 4 56.03s5 + 125.45% + 189.153 + 214.352 4+ 118.6s + 22.84(182)

The exact step and frequency response of the systems are shown in Figs. 15 and 16.

Obviously, the three approximations yield almost identical step response. However,
using the 2nd-order biquadratic approximation of El-Khazali reduces the size of the
controllers needed for similar cases.
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Fig. 15 Bode diagram of the closed-loop controlled system using FPID controllers
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Fig. 16 Step responses for the closed-loop controlled system FOPID controllers

8 Conclusions

Four different approximation methods were used to approximate fractional-order
Laplacian operators. These are Oustaloup’s, Matsuda’s, AbdelAty’s, and
EL-Khazali’s methods. Oustaloup yields only odd order of rational-transfer func-
tions, while Matsuda’s method yields an unrealizable model if the sum of poles and
zeros is odd. Both methods require high order of approximation with large coefficients
to generate constant phases in the frequency domain. AbdelAty’s method, however,
is a sum of high-pass filter that yields large phase error for small fractional orders
(say below 0.5). It depends on using optimum phase algorithm (OPA) to calculate
the parameters of the approximations. It yields large parameter values than expected,
which is expensive to design. The fourth method is the biquadratic approximation of
El-Khazali. It yields an exact phase response at the center frequency of the approx-
imation with unity gain. In most cases, lower order approximation of El-Khazali
is very competitive to higher order approximations of other methods, which yields,
most of the time, reasonable parameter values. Notice that one may approximate
fractional-order integrators using El-Khazali’s method by simply using the recipro-
cal approximation of the fractional-order differentiator. This feature is not possible
by the other three approximations. It is worth mentioning that when discretizing
these approximations using bilinear transformation, which is left for further study,
it showed that EL-Khazali’s method gave the most accurate and stable discrete-time
version of the given approximation out of all four methods.
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Appendix: Springer-Author Discount

1. Oustaloup’s Approximation

clear all
alf=input (’'Enter value of ALFA = ')
% frequency range
w_L=0.1; w_H=10.
r=alf; NN=2;
%
[vl,v2,D_N_K, sysO_tf]l=ora_foc(r,NN,w_L,w_H) ;
%%
% Oustaloup-Recursive-Approximation for fractional order differentiator

G

Input variables:

r: the fractional order as in s”r, r is a real number

N: order of the finite TF approximation for both (num/den)

(Note: 2N+1 recursive z-p pairs)

w_L: low frequency limit of the range of the frequency of interest

w_H: upper freqg. limit of the range of the frequency of interest
Output:
sys_foc: continuous time transfer function system object (TF)
Sample values: w_L=0.1;w_H=1000; r=0.5; N=4;
Existing problem: Be careful when doing "c2d", I met some problems.
function [vl,v2,D_N_K,sys_N_tfl]l=ora_foc(r,N,w_L,w_H)
w_L=w_L*0.1;w_H=w_H*10; % enlarge the freqg. range of interest for % goodness

9P 9P o° of O o° I o of

mu=w_H/w_L; %

w_u=sqgrt (w_H*w_L) ;

alpha=(mu) " (r/ (2*N+1)) ;
eta=(mu) " ((1-x)/(2*N+1));

k=-N:N;

w_kp=(mu) .” ( (k+N+0.5-0.5%r)/ (2*N+1) )*w_L;
w_k=(mu) ." ( (k+N+0.5+0.5%r)/ (2*N+1) )*w_L;
D_N_K=(w_u/w_H) "r * prod(w_k) / prod(w_kp);
D_N_P=-w_k;D_N_Z=-w_Kkp;

[num, den]=zp2tf (D_N_Z’,D_N_P’,D_N_K) ;
sys_N_tf=tf (num,den) ;

vl=num; v2=den;

sys_foc=tf (num, den) ;
end

2. El-Khazali’s Approximation

%

alf=input (’Enter value of ALFA = ')

n= input (’No. of Biquadratic Modules = ')

% wc is the initial selection of the center frequency of the first %$biquadratic form
we=1;

% This is a call statement of the function "Biquad_K" that generates

% a modular structure of biquadratic approximations using EL-Khazali % approximation.

[Nk, Dk, sysk]= Biquad_K (alf,n,wc)
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%%
function [Numk,Denk,sysk]=Biquad_K(alf,n,w)
% This function generates a normalized modular bigquadratic structure
% structures of order 2*n.
%
et=tan(alf*pi/4);
we (1) =w;
ao=alf alf+2*alf+1;
a2=alfalf-2*alf+1;
al=(a2-ao) *tan((2+alf) *pi/4);
if (n>1
% The solution of the following polynomial is used to generate
% a recursive formula to select the next center frequency for the
% next modular structure.
Y=roots ([ao*a2*et al*(a2-ao) (al"2-a2”2-ao0”2) al*(a2-ao) ao*a2*et ]);
wx= (abs (max (Y)))

for k=2:n
we (k)= (wx" (2* (k-1))) *wc (1)
end
% normalizing by the geometric mean;
wnm= (prod(wc)) " (1/n) ;
sysk=1;
for 1=1:n;

N=[ao al*wc(l)/wm a2*(wc(l)/wm)"2];
D=[a2 al*wc(l)/wm ao*(wc(l)/wm)"2];
sysk=sysk* (t£(N,D)) ;
end
[Numk , Denk]=tfdata (sysk) ;
else
Numk=[ao al*w a2*w"2];
Denk=[a2 al*w ao*w"2];
sysk=tf (Numk, Denk) ;
end
end
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Multistep Approach for Nonlinear )
Fractional Bloch System Using Adomian | @&
Decomposition Techniques

Asad Freihat, Shatha Hasan, Mohammed Al-Smadi, Omar Abu Arqub
and Shaher Momani

Abstract Inthis chapter, a superb multistep approach, based on the Adomian decom-
position method (ADM), is successfully implemented for solving nonlinear fractional
Bolch system over a vast interval, numerically. This approach is demonstrated by
studying the dynamical behavior of the fractional Bolch equations (FBEs) at differ-
ent values of fractional order « in the sense of Caputo concept over a sequence of
the considerable domain. Further, the numerical comparison between the proposed
approach and implicit Runge—Kutta method is discussed by providing an illustrated
example. The gained results reveal that the MADM is a systematic technique in
obtaining a feasible solution for many nonlinear systems of fractional order arising
in natural sciences.

Keywords Multistep approach - Fractional system + Bolch equations *+ Adomian
decomposition method

1 Introduction

During the past few decades, a growing interest in the study of complex systems has
been observed including glasses, amorphous systems, microemulsions, polymers,
biopolymers, and so forth. The term “complex” is due to a broad distinction of the
elementary units, intense interactions between the units, or an irregular evolution of
units over time. Nowadays, such complex systems are investigated on all structural
levels from microscopic to macroscopic and in all fields of physics, biophysics, engi-
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neering, chemistry, and medicine. For instance, nuclear magnetic resonance (NMR),
magnetic resonance imaging (MRI), or electron spin resonance (ESR) are physical
phenomena that are widely utilized to study complex systems. Indeed, these systems
have nonlocal interaction and a long memory due to the disorder that appears in the
magnetic relaxation in complex environments. In this aspect, Bloch equations are
a set of macroscopic equations that are used to calculate the nuclear magnetization
M = (M., M, M) as a function of time in the presence of the relaxation times 7}
and T, where the components M, (t), M,(t), and M,(t) are the system magnetiza-
tion, 7) is the spin—lattice relaxation time that characterizes the rate of which the
longitudinal Mz component recovers exponentially toward the thermodynamic equi-
librium, and 7, represents the spin—spin relaxation time that characterizes the signal
decay in the NMR and MRI systems. For more details, see [1-3] and the references
therein.

The standard Bloch equations are a set of first-order ordinary differential equa-
tions that describe the magnetization behavior in static, varying magnetic fields, and
relaxation. However, to study the heterogeneity, complex structure, and memory
effects in the relaxation process, the classical Bloch equations were generalized to
fractional order by extending the first-order time derivative to a derivative of non-
integer order [4]. From this point of view, the fractional operator is considered as a
robust framework to account for anomalous diffusion in structurally heterogeneous
tissues, porous and composite materials. This is due to the nonlocal nature of frac-
tional derivatives. On the other hand, the utility of generalizing the FBEs with their
contributions have recently appeared in the literature. For example, numerical and
simulation models of integer and fractional orders of the BEs have been proposed
in [5]. In [6], the FBEs have been used to describe anomalous NMR relaxation phe-
nomena. Also, these equations have been considered with time delays, and different
stability behaviors for 77 and 7, processes were analyzed [7].

Our motivation for this chapter has been devoted to studying approximate solu-
tions for nonlinear Bloch models of fractional order utilizing a numerical multistep
approach based on the Adomian decomposition method (ADM). The problem under
consideration is subjected to appropriate initial conditions over a vast domain. Indeed,
the ADM is efficiently used to provide approximate solutions for many nonlinear
fractional problems in convergent series formula with accurately computable struc-
tures. Unfortunately, such approximations are found to be not valid for the large
values of ¢ for some systems. So, the multistep approach is needed that offers an
accurate solution over a longer time frame compared to standard ADM.

Consider the following fractional-modified transformed model of nonlinear BEs
that govern the evolution of the magnetization:

D*x(t) = 8y (1) + 72(t) (x(1) sin(e) — y(1) cos(c) — 21y,
Dy(t) = —6x(t) — z(t) + vz(1) (x(t)cos(c) + y(t) sin(c) — %) J (1)
D®z(t) = y(t) + v sin(c) (xz(f) +y20 - %71) ’
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subject to the initial conditions
x(0) = x0, y(0) = yo, 2(0) = zo, @)

where 1 > 0, xo, yo, Zo are real finite constants, J, v, ¢, ['1, and ', are physical
parameters, D%,i = 1,2, 3, are the fractional derivatives of order «; in Caputo
sense that will be introduced in the next section, and x (¢), y(¢), and z(¢) are analytical
unknown functions to be determined.

Anyhow, some of the well-known analytic and numeric techniques were modified
for solving the FBEs such as the finite difference method [8], the homotopy pertur-
bation method [9], the predictor-corrector method [10], the Chebyshev polynomials
method [3], the operational matrix methods based on Legendre scaling and Laguerre
polynomials [11], and the multistep generalized differential transform method [12].

This chapter introduces MADM for fractional nonlinear problems and contains
the following sections:

Introduction

Preliminaries for fractional calculus

Principle of Adomian decomposition method

Multistep Adomian decomposition method

Nonlinear fractional Bloch equations and its modification
Multistep approach for modified fractional Bloch equations.

SRR

2 Preliminaries for Fractional Calculus

The subject of fractional calculus is not new. It is a generalization of classical calcu-
lus that deals with the ordinary differentiation and integration of arbitrary order. The
basic idea of fractional calculus goes back to Leibniz in a letter to L.‘Hospital in 1695
“Can the meaning of derivatives with integer order be generalized to derivatives with
non-integer orders?”. This concept was developed almost in tandem with the evolu-
tion of the classical ones. Anyhow, the fractional operators highlight the intermediate
behaviors that cannot be modeled by traditional theory [13]. Nowadays, fractional
calculus has become an effective instrument in theoretical and applied fields including
physics, bioengineering, finance, signal processing, and so forth [14-21]. Moreover,
fractional models can be used to describe the memory and transmissibility for mul-
tiple types of materials. So, it plays a vital role in modeling many scientific issues,
especially in the anomalous transport process and Hamiltonian chaos.

Unlike the classical calculus, which has unique definitions and clear geometri-
cal and physical interpretations, there are numerous definitions for the operations
of differentiation and integration of fractional order. Riemann-Liouville, Riesz,
Griinwald-Letnikov, and Caputo are some examples of these definitions. In this
chapter, the Caputo concept was preferred due to the facts that the derivative of any
constant is equal to zero, and the initial conditions are treated in similar form to those
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for integer order [22-31]. Next, some main definitions and results concerned with
fractional calculus theory are briefly mentioned.

It is well known that the Cauchy’s formula forn € N, a, t € R, t > a holds such
that

L@ = ff] 71 fm)dmy..dndr = D! NG — 7 f(rydr.

Thus, if n replaced by a positive real number o and (n — 1)! by Gamma function
I'(n), then a formula of fractional integration can be obtained as in the following
definition:

Definition 1 The fractional operator J* of order « for a function f (¢)

JOF(t) = %/ (t =)' f(rydr, 0<T <1, a > 0,

is called the Riemann-Liouville fractional integral operator.

The following are some of the interesting properties of the operator J;':

—_

For o = 0, J;' is the identity operator.

2. The operator J* is linear, thatis, J' (cf (t) £ g(t)) = ¢J f(t) £ J{g(¢), for any
ceR.

3. If f(¢) is continuous for ¢ > 0, then limOJu“f(t) = f().

4. J (Ja““zf(t)) = JMT2 (f(r) = J® (Jf‘f(t)) , ap, ap > 0.

Definition 2 The fractional operator D’ of order « for a function f(z)

1 dn ! f(r)
Df(t) = — ———dr, n—1 , N,
@) T —oydrm ), =y T, n <a<n,ne

is called the Riemann—Liouville fractional derivative operator.

Here, it should be observed that if « € N, then the operator D}“ is reduced to
the standard integer-order differential operator D" = j;. In 1967, an alternative

operator to the above Riemann—Liouville fractional derivative has been presented by
Caputo as follows:

Definition 3 The fractional operator D of order o for a function f(¢)

o 1 A CD)
DYf(t) = F(n—a)/a (I_T)a_anT, n—1l<a<n, nelN,

is called the Caputo-fractional derivative operator.
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The following are some of the interesting properties of the operator D*:

—_

For a = n, we have D f () = %f(t).

2. The operator D is linear, that is, D*(cf (t) = g(¢t)) = ¢D* f(¢t) £ D*g(t), for
any c € R.

3. D% = 0 for any constant ¢ € R.

4. For v > n — 1, we have D7 =

to zero otherwise.

C(y+1) ¢

Tl -« _ .
Foti—a) forn — 1 < a < n, and is equal

3 Principle of Adomian Decomposition Method

The Adomian decomposition method (ADM) is an alternative systematic technique
for providing a robust algorithm for analytically approximate solutions and numerical
optimization of several fractional applications in physics and engineering. The main
features of ADM lie in that it can be directly applied for solving nonlinear fractional
problems without the need for unphysical restrictive assumptions such as lineariza-
tion, discretization, perturbation, guessing the initial data, etc. [32-35]. Indeed, the
ADM concept evolved to deal with the linear, nonlinear, stochastic, and determinis-
tic operator problems of Taylor’s analytical series with an easily computable, easily
verifiable, and rapidly convergent sequence of analytic approximate functions.
For understanding the ADM concept, consider the following nonlinear problem
in general form:
u=~Nu+f, 3)

where f is the system input, u is the system output, and N is the nonlinear operator
which is assumed to be analytic.
The ADM decomposes the solution into a series

00
U=y up,
n=0

and decomposes the nonlinear term Nu into a series

Nu=) A,
n=0

where A,,’s are called the Adomian polynomials, which are depending on the values
of ug, uy, ..., u,.

In the first approach given by Adomian, A,’s are obtained from the following
equalities:
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where ) is a grouping parameter of convenience.
Formally, the Adomian polynomials A,,’s for the nonlinearity are obtained by the
following formula:

1 d" X
A, = — N Nuy ,n=0,1,2, ..
n!d\n =0 A=

Consequently, the above process leads to the equality

o0 o0
Z ul’l = Z An + f’
n=0 n=0
in which the Adomian polynomials A,, can be listed, inclusively, by

Ay =f,
A1 = Ag(uo),
Ay = Aq(uo, uy),

Ay = A1 (uo, U, ..., Up—1).

Therefore, the solution u can be written as a series of functions u,, such that

o0
> unl < oo.
n=0

4 Multistep Adomian Decomposition Method

Multistep Adomian decomposition method (MADM) is effectively utilized due to
many advantages in the scientific application. Indeed, since it is based on ADM, so
there is no need for unphysical restrictive assumptions or small and auxiliary param-
eters. However, the approximate solution obtained by ADM is usually converged in
a small interval but it is not valid or completely divergent over the broader term. So,
the MADM is needed to partition the domain of interest into small time steps, which
offers a powerful accuracy, especially for the nonlinear problems [36—40].

For perception of Ms-DTM basic idea, consider a general system of fractional
differential equations

D%x(t) = Fi(t, x1(t), ..., X, (1)),
D x,(t) = Fo(t, x1 (1), ..., X, (1)), @

DOy (1) = Fy(ts 21 (1), ooy xn (1)),
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subject to the initial conditions
xi(0)=c,i=12,..n, ®)

where0 <t <T,c; e R(i =1,2,...,n), D%’s are the Caputo-fractional derivative
oforder o;, 0 < o; < 1,fori =1,2,...,n,and F;’s, i =1, 2, ..., n are linear or
nonlinear functions in terms of x;(¢), ..., x,,(¢).

To illustrate the MADM for solving such fractional system, the main ideas of the
multistep technique are introduced as follows:

Suppose that the interval [0, T'] can be divided into m-subintervals of equal length
At, such as [ftg, t11, [t1, 2], [t2, 3], ..., [tm—1, tm] Withtg = O, t,, = T. Let t* be the
initial value for each subintervals and let x; ;(¢), i = 1,2,...,n, j=1,2,...,m be
approximate solutions in each subinterval [#;_1, ¢;], j =1,2, ..., m.

Consequently, system (4) can be converted equivalently into

D%x; ;(t) = Fyj(t, x1,; (1), ..., X, (1)),
Daz-xZ,j(t) = Fz,j(tv -xl,j(t)s '-"xn,j(t))v

(6)
Du”-xn,j(t) = Fn,j(t7 -xl,j(t), ceey xn,j(t))v
where 0 < o; <1,i=1,2,...,n,and j = 1,2, ..., m.
By applying J“ on both the sides of (6) for j = 1, 2, ..., m, it follows that
x1,; () = x1; @)+ TJNF (@, x0, (1), ..., Xn, j (1)),
X0, j(t) = X0, ;(t*) + T, (£, x1,; (), ..., X, j (1)), @

X, j () = X j (1%) + T Fy (8, %1, (0), . X, (2)),
Here, by employing the ADM to system (7), we have the following equalities:

X0 =xi )+ Y X0, i=12,...n j=12..m (8
k=1

[o.¢]
Frj(t, 1), X i)=Y Aiju i=1,2,....n, j=12,..m, (9
k=0

where A; ;i’s are Adomian polynomials, which are depending on the values of

X1,j,000ees X1, ks X2,7,000005 X2, j koeres X, j,050005 X, jiko
Consequently, the above process leads to the equality
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o0 o0
in,j,k(t) =x; (") + J <Z A j k(X1 7,05 coos X1 jk» wons Xn j,00 oes xn,j,k)> ,

k=0 k=0
(10
i=12,....,n,j=1,2,..,m.
Now, fori =1,2,...,n, j=1,2,....m,andk =0, 1,2, ..., set
Xijo(t) =x;; (%),
Xi 1 (1) = YA j1(X1,7,00 X1,j,1s oes Xn, 05 Xnji1)s an

Xijk1(8) = JY9A (X1 .0 oo X1 jiks oes X 05 oovs Xn k)

To determine the Adomian polynomials A; ;; introduce a parameter g into (9)

such that
o0 oo (o]
Fij(, le,j,qu» ce an,j,qu) = Z A jxg", (12)
k=0 k=0

(o]
thus by letting x; ; , (1) = Z xi jxq", one can get that
k=0

1
Aijr= —Dﬁ,m [Fijug(t, X1, --~7~xn,j.q)]q=()a q=0,1,2,..

k!
1

00
= _Dka |: qu(l lejkq PIREEY) Z-xn,j,qu):| s (13)
k=0

9=0

l o0
k=0

k=0 q=0

Hence, forq =0, 1,2, ..., j =1, 2, ..., m, the following recurrence relations are
satisfied:

Xij0(t) = x;; ("),

o0 o0
xip 1) =J% |:Fi,j,q(ta le,j,lq, cees an,j,ICI):| ,
k=0 k=0

a=0 (14)

(o] (o]
1
Xijhp1 (1) = J % [ED’J“NL/(I, > " x1juqh Y xn,j,kq")]
k=0

k=0 q=0,

The N-term approximate solution xlNJ (t) can be given by
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N
X = in,j,k(t)a

k=0

suchas lim xN, = x; J.
N—soo '/ ’

For the convergence of MADM, if the system (4) admits a unique solution, then
the MADM will produce a unique solution, while if the system (4) does not possess
a unique solution, then the MADM will give a solution among many (possible) other
solutions [41].

The solution of system (4) in each subinterval [#;_y, ¢;], j = 1,2, ..., n, has the
following form:

o0
R =Y Xt —ti0), i=12...n j=12..m, (15)
k=0

while the solution of system (4) in the interval [0, T'] can be given as

Xia(t) telt,n],
Xi2(t) telt, ],

xi(t) = (16)

}\i,m(t) te [tmflv tm] 5
subject to the initial guesses

xi1 (%) = ¢,

xi () =% (tjm) =X jo(tj—), i =1,2,..,n, j=2,3,...,m.

5 Nonlinear Fractional Bloch Equations
and its Modification

MR experiments are mostly performed with a large number of electron spins’ reso-
nance and nuclear spins that measure the behaviors and quantities of identical spins.
The BEs describe the spin systems of electronic and nuclear resonance in arbitrary
magnetic fields over the time—space from transient processes to steady states. The
classical BEs is derived from a magnetization M processing in the magnetic induc-
tion field with the presence of a constant radio frequency and given in the following
form:
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dM, (1) M. (1)
= M. (1) — s
dt “o y( ) T,
dM, (1) M, (@)
—_— MX t) — _—, 17
i wo M, (1) 3 (17
dM (1) Mo — M. (1)
dt - T, ’
subject to the initial conditions
M,(0) =0, M,(0) =100, M,(0) =0, (18)

where M is the equilibrium magnetization, wy is the resonant frequency in terms
of the static magnetic field By (z-component) given by the Larmor relationship
wo = YBoy, /27 is the gyromagnetic ratio, T; is the spin—lattice relaxation time
that characterizes the rate of which the longitudinal M, -component recovers expo-
nentially toward the thermodynamic equilibrium, 75 is the spin—spin relaxation time
that characterizes the signal decay in the NMR and MRI systems, and M, (t), M, (1),
and M, (t) represent the system magnetization in x, y, and z component, respectively.
Here, the set of analytical solution is given by

M. (t) = e/ (M, (0) cos wot + M, (0) sinwot) ,
M, (t) = e/ (M,(0) cos wot — M (0) sinwot) (19)
M.(t) = M. (0)e™"/" + My (1 — /™).

Some fractional models have been proposed for the BEs, for instance, the follow-
ing model is investigated in [42] by utilizing the Caputo sense with fractional order
0 < a < 1 to study the spin dynamics and magnetization relaxation, in the simple
case of a single spin particle at resonance in a static magnetic field By:

. , M, (1)
DM, (1) = wyM, (1) — T
2
DM, (t) = —woM,(t) — M;(,t), (20)
2
My — M (¢)

DM, (t) =

’

T/

where w) = wo/758 !, T/ = 7/ 7T, Ty = 7, “T», and 7, and 7, are fractional time
constants.

The next anomalous model is investigated in [43] by utilizing the Riemann—
Liouville with fractional orders 0 < «, 8 < 1 to fit the derived spin—spin relaxation
T, decay curves to relaxation data from normal and trypsin-digested bovine nasal
cartilage:
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dM. (1) DM, (t)
=woM,(t) — ——,
dt wolM (1) 1
dM, (1) D' M, (1)
— = —woM, (1) - ————, 21
= woM (1) T @h
AM:(0) _ 1Mo — Mz (1)
dt T 7

where D!=® and D'~? are the time-fractional Riemann-Liouville derivative. For
more details about these models, see [10] and the references therein.

Furthermore, the following modified model of nonlinear BEs governs the evolu-
tion of the magnetization M:

dm, . M
— =pM, + GM (M, sintp — M, cosyp) — —,
dt ’ T,
M, . M,
o = —pM,; —w M, + GM_ (M, cos ) + M, sinv)) — TJ , (22)
2
aM. M, — M,
= = wiM, — Gsiny (12 + (m,)7) - —==,
1

where p = w,r — wo, w,s is the frequency of a constant radio frequency field with
intensity wj /7y, /2 is the gyromagnetic ratio, G is the enhancement factor with
respect to the magnitude of the transverse magnetization, ¢ is the feedback field, T;
and T, are the longitudinal time and transverse relaxation time, respectively. This
model can be transformed by introducing

G P .
t—)wlt,G—>—:’y,§—>—,Fi—>w1Ti,l:1,2,

w1 w1
and
M, — x:x,M - 2= , M —>—Z=Z,
! M, Y M, > M

into dimensionless variables model in the following form:

d

d—); =0y + yz(x siny) — ycos ) — F%,

d .

& —6x —z 4+ ~yz(xcosy + ysiny) — l, (23)
dt )

d -1

G =) -

In this chapter, we consider the modified transformed model by utilizing the
Caputo-fractional derivative of order o;; (0 < o; < 1,i = 1, 2, 3) described in Eqs.
(1) and (2).
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6 Multistep Approach for Modified Fractional Bloch
Equations

The objective of the section is to obtain the approximate solution of the fractional-
modified transformed model (1) and (2) using the MADM. To perform so, set the
values of the magnetization parameters as follows:
v=235 0=—-126, c=0.173, T{ =5and ', = 2.5, (24)
and set the initial conditions as
x(0) =0.5, y(0) = —0.5and z(0) = 0. (25)

For j =1,2,3, ..., n, define the nonlinear terms by

Ni,j(q) = 6y;j(g) +vz;(q)(x;(gq) sin(c) — y;(gq) cos(c)) — iC

Iy
o0
E Alni,m’
m=0

Ny j(q) = —0x;(q) — z;(q) +7z;(g)(x;(g) cos(c) + y;(g) sin(c)) — y’f—(:])
=Y Asjm: (26)
m=0
(q)—1
N (@) = vi() — 7 sin(@)(3(g) + ¥2(@) — %

o0
= § A3,j,m,
m=0

where
K K K
(@)=Y xim®g", ;@) =Y yim®)q", 2(@) =Y zm(t)g",
m=0 m=1 m=1

and the Adomian polynomials A; ; ,,, i = 1,2, 3, is given by

1 mao .
[DyNis @],y =12 inom =12, K.

m!

Ai,j,m =

So in this case, we have to satisfy the initial conditions at each subinterval
[tj-1,t], j =1,2,3, ..., n, such that
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x1(t%) = 0.5, x;(t%) = x;(tj=1) = x;_1(tj1),
y1(t*) = =05, y;(t") = y;(tj—1) = yj-1(tj-1),
21(t") =0, z;¢™) = z;(tj—1) = zj—1(tj—1),
where t* is the initial value for each subinterval.
For j =1,2,3,...,n,m =0,1,2,..K, the Adomain decomposition series (11)
leads to the following scheme:
Xj0=x;(t"), Xjmp1 = J"ALjm,
Yio =Y, Yims1 = I Az jm,
Zj0=2;t"), Zjmp1 = TP Az jm.

The solutions of system (1), (2) in each subinterval [t;_y, t;], j = 1,2, ..., n,has
the following form:

K
i) =) xjmt —1j0),

m=0

K
i) =Y yimt —1;-0),

m=0

K
0 =Y zimt —tj-1),

m=0

and the solution in the interval [0, T'] is given by

xi(t) teltnl,
X)) teln, ],
x(t): N .
B0) 1 € [tn;l, ],
yit) telt,nl,
yi(t) telt, n],
y@) = . .
Vi(0) 1 € [tarsta],
Zi1() 1 el nl,
() teln, nl,
z(1) = . .
Zu(t) 1 € [tato 1]
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Table 1 Numerical results of x(¢) at fractional order o = 1

A. Freihat et al.

t MADM IRKM Absolute error Relative error

0.5 0.0900899 0.09009 2.63948 x 1078 [2.92983 x 10~
1.0 0.0100309 0.0100309 1.28886 x 1078 |1.28489 x 10~°
1.5 0.0362608 0.0362609 1.63743 x 1078 | 4.51568 x 1077
2.0 0.0289491 0.0289491 1.28465 x 1078 |4.43762 x 1077
2.5 0.0289752 0.0289751 5.42791 x 102 | 1.87330 x 107
3.0 —0.00164103 —0.00164104 1.23807 x 108 | 7.54445 x 10~°
3.5 0.0399933 0.0399933 1.02814 x 10~% | 2.57077 x 1077
4.0 —0.0277855 —0.0277855 5.37176 x 102 [1.93330 x 10~
4.5 0.0100665 0.0100664 1.23103 x 108 | 1.22291 x 10~°
5.0 0.0967854 0.0967853 5.44949 x 108 |5.63049 x 1077

Table 2 Numerical results of y(¢) at fractional order o« = 1

t MADM IRKM Absolute error Relative error

0.5 —0.139658 —0.139658 1.54080 x 10~% | 1.10327 x 10~
1.0 —0.0178745 —0.0178746 2.15256 x 1078 | 1.20426 x 10~°
1.5 —0.0000591291 | —0.0000591296 |5.18577 x 10~10 | 8.77018 x 10~°
2.0 0.0142948 0.0142948 3.69011 x 1071 |2.58144 x 10~°
2.5 0.0231906 0.0231906 1.42967 x 1073 | 6.16489 x 107
3.0 0.020148 0.020148 3.34537 x 1072 | 1.66039 x 10~/
3.5 —0.0321054 —0.0321054 1.83989 x 10~ | 5.73080 x 108
4.0 0.0174674 0.0174673 6.89852 x 1072 [3.94938 x 10~
45 0.100417 0.100417 478751 x 1079 |4.76763 x 1078
5.0 0.187399 0.187399 5.27830 x 102 [2.81661 x 10~8

For numerical simulation, we have compared the MAD results from the implicit
Runge—Kutta method (IRKM) at the fractional order o; = 1, i = 1, 2, 3, over the
interval [0, 5] with step size 0.5, K = 5, n = 800, and the numeric results are listed
in Tables 1, 2, and 3. From these tables, it is observed that the accuracy by the MADM
is compatible with the IRKM at the value of fractional order . All the results are
calculated by using the Mathematica software package.

The graphical results and parametric plots of the MADM and IRKM are given
in Figs. 1, 2, and 3 at fractional order o; = 1, i = 1, 2, 3, over the interval [0, 5].
While Figs. 4 and 5 are given for the MAD solutions at fractional order o; = 0.9,
i =1, 2,3, over the interval [0, 5].
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Table 3 Numerical results of z(¢) at fractional order a = 1

167

t MADM IRKM Absolute error Relative error

0.5 —0.519828 —0.519828 1.75095 x 10~ | 3.36833 x 1078
1.0 —0.398178 —0.398178 1.51377 x 1078 |3.80175 x 1078
1.5 —0.263365 —0.263365 1.44217 x 108 |5.47591 x 1078
2.0 —0.142461 —0.142461 8.71885 x 1072 |6.12018 x 10~8
25 —0.0286219 —0.0286219 1.27388 x 1078 | 4.45072 x 1077
3.0 0.0786463 0.0786463 1.34023 x 10~% | 1.70413 x 1077
3.5 0.158251 0.158251 7.90765 x 1072 |4.99689 x 10~8
4.0 0.237731 0.237731 8.78612 x 1072 |3.69582 x 10~8
45 0.288485 0.288485 1.02007 x 1078 |3.53596 x 1078
5.0 0.285525 0.285525 2.49369 x 1078 [8.73371 x 10~8

ot

x(t) solution

(b) y(¢) solution

(c) z(t) solution

Fig. 1 The MAD solutions and the corresponding IRKM at « = 1 and ¢ € [0, 5]

(a) the MADM

(b) the TRKM.

Fig. 2 The parametric plots of the solution x versus y at « = 1
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Fig. 5 The 3D parametric 02—
plots of the MADM ¥ 00
solutions at &« = 0.9 '
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Simulation of the Space-Time-Fractional | M)
Ultrasound Waves with Attenuation L
in Fractal Media

E. A. Abdel-Rehim and A. S. Hashem

Abstract In this paper, we are interested in studying the propagation of the over
diagnostic ultrasound waves through complex biological vascular networks such as
the tumor tissue. Evidence shows that the over diagnostic wave propagates through
complex media with power law of non-integer order =", 1 < v < 2.Evidence shows
also that the vascular morphology of the tumor is non-smooth and is a complex media
that means it is a fractal media. The wave propagates through this fractal media
which exhibits with extremely long jumps whose length is distributed according
to the Lévy long tail ~ |x|~'=%, 0 < a < 2. Therefore, the space—time-fractional
forced wave equation with attenuation, or the so-called multi-term wave equation,
mathematically models this medicine problem. This equation mathematically models
many other physical, biological, chemical, and environmental problems. We get the
approximate solution of this model to study the time evolution of the propagated wave
by adopting the backward Griinwald—Letnikov scheme joining with the common
finite difference method. We investigate numerically the effect of the time fractional
on the propagation of the wave as well as the effect of the space-fractional order
for the three cases as: 0 < a < 1, 1 < a < 2, and o = 1. The stability condition of
each approximate solution is also discussed separately. Finally, we prove that the
space-fractional order « has no effect on the stability condition.

Keywords Attenuation *+ Over diagnostic wave equation - Explicit scheme -
Caputo time derivative + Stability + Space—fractional derivative - Backward
griinwald—Letnikov scheme - memory process * vascular morphology of tumor
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1 Introduction

The propagation of the ultrasound waves with attenuation in a smooth biological
tissue is mathematically modeled by the forced wave equation with attenuation.
Whereas attenuation means loss of wave amplitude due to all mechanisms including
absorption, scattering through the tissues, and mode conversion [1]. This equation is
defined as

82u(x,t) _kau(x,t) n 82u(x,t)
a2 o T oxz

- g(F(x)u(x,t)), —R<x<R,t>o0,

! (1.1
here u(x, t) is the pressure amplitude, a > O is the general positive constant, and
0 < k < 1 is the attenuation coefficient. F'(x) represents the external force, which
supplies energy to the ultrasound wave.

It is known that the vascular morphology of tumor is significantly different from
normal tissues. Vascular networks are developed and ordered with a hierarchical
vessel arrangement. While the tumor vascular networks randomly consisted of a dis-
orderly tangle of vessels. In other words, tumor vasculature has long been known to
be more chaotic in appearance than normal vasculature. Complexity, irregularities,
and poorly regulated growth are some of the known characteristics of cancer. Tumor
vasculature, in particular, defines the optimized growth patterns of healthy vascula-
ture and is known to contain many tortuous vessels, shunts, vascular loops, widely
variable inter-vascular distances, and large vascular areas. This complex structure
represents a fractal media. That means, when the over diagnostic ultrasound wave
propagates in tumor vasculature, it propagates in fractal medium. For more infor-
mation, see [2-8]. In other words, the over diagnostic ultrasound wave propagates
with large deviation from the stochastic process of Brownian motion. The Lévy sta-
ble motion is the natural generalization of the Brownian motion but it is different
because of the occurrence of the extremely long jumps whose length is proportional
to the Lévy tail ~ |x|~'~%, 0 < o < 2. This long jump requires not finite velocity.
Evidence shows that the velocity of propagation in fractal media has a power law
of non-integer frequency of order =, 1 < v < 2, see [9-11, 18]. Then to study the
space—time-fractional forced diagnostic ultrasound wave propagation with attenua-
tion, Eq. (1.1) should be modified to

Ou(x,t)

B + axDO“u(x, t) — %(F(x)u(x, 1) , (1.2)

tD‘Bu(x,t) =k

where 1 < 8 <2 and 0 < a < 2. The used time-fractional derivative operator
D? u(x,t) is called the Caputo-fractional operator, see [12] for more informa-
%

tion about the relation between Caputo-fractional derivative and the Riemann—
Liouville-fractional integral operators. The used Doau(x, t) is the Riesz—Feller
X

space-fractional differentiation operator, see [13]. Time-fractional wave equations
with attenuation term have been studied by Szabo [1], Caputo [14], and Treeby and
Cox [15]. The recent works [16] proposed transient-wave propagation in porous
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materials using fractional modeling to take into account the frequency variability of
some dynamic coefficients of the medium like tortuosity and compressibility. Other
authors, like Tarasov [11], gave a space-fractional formulation of the hydrodynamic
equations to describe fluid flow in fractal media. Casasanta and Garra [17] studied
the space-fractional wave equation in relation to the propagation of acoustic waves
with space-dependent sound speed. We have given the approximate solution of the
time-fractional wave, forced wave (shear wave), and damped wave equations, see [9,
18].

In this paper, we are interested in finding the approximate solution of the studied
model (1.2). The approximate solution is given by adopting the backward Griinwald—
Letnikov scheme joined with the common finite difference method. We investigate
numerically the effect of the time fractional on the propagation of the wave as well as
the effect of the space- fractional order for the three casesas: 0 < a < 1,1 < a < 2,
and « = 1. The paper is organized as follows: Section 1 is devoted to the introduction.
Section 2 is to introduce the approximate solution of the space—time-fractional forced
wave equation with attenuation term for all the fractional-order values. In Sect. 3, the
proof of the stability conditions are studied. Finally, Sect. 4 is devoted to simulate the
propagation of the waves of the previous model for different values of the parameters
0B, a, f(x), and ¢. The interpretation of the numerical results with investigations of
the effect of the memory is also given.

2 Approximate Solutions

In this section, we discuss the approximate solution of Eq. (1.2) for all values of «
and (. To do so, identify first the used external force F(x). There are many forms
of F(x), which can be used depending on the kind of the model. In this paper, we
consider F(x) = —bx, b > 0, i.e., F(x) is a linear attractive force. So far, Eq. (1.2)
takes the form

Ou(x,t)
ot +

D% u(x,1) =k a D%u(x,t)+ bﬁ(xu(x,t)) , 2.1
t *x x 0 8)(

we solve this equation with the initial conditions
u(x,0) = f(x), u(x,00=0 , 2.2)
and the boundary conditions
u(—R,t) =u(R,t) =0 . (2.3)
Discretize x and ¢ by the grid {(xj, tn) :—R<j<R,n>0}withx; = jh,t, =

nt. Where h > 0, and 7 > 0 are the steps in space and time, respectively. Introduce

the clump y™ = { yﬁll)e, y(j;e JEPREEI yl(;’ll, yl(e")}T to approximate the integral of the
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pressure function u(x, t) over the small interval /4. The initial value y© is obtained

by the aid of initial condition u(x, 0) = f(x). To discretize D’ u(x,t), we utilize
%
the backward Griinwald-Letnikov scheme as

,1<B<2.,YneNy. (24)

n+l1
(B 2i (1-m) =y, (10)
TDjy,-(th):mZ:O(—l) (m> e

This scheme has been successfully utilized at [9, 18-20] for modeling and simulation
the time-fractional diffusion processes. The used space-fractional operator DO“, is

the symmetric Riesz—Feller operator, see [21]. We use here the Zaslavski notation
[13] to define the inverse Riesz—Feller, see also Oldham and Spanier [22], Ross and
Miller [23] and Samko [24], as

-1
DY = ——[I;“4+1],0 <2, 1, 2.5
0 2cosoz7r/2)[Jr +170<ox *7 23)

where 1. are the inverse of the operators I, being called the Wey! integrals. So far,
the discretization of the Riesz potential operator is as follows:

Dy (1) = (174 1 ™yt). 0<a=2a#ljeZ. (26

ZCOS% h+

This scheme has been effectively used for finding the approximate solutions of the
space-fractional diffusion processes, see also [20] and the references therein. D ¢

x 0
has three different discretization schemes depending on the values of « as follows:

o0

“a 1 sfo
hli yj(ta) = e ;(—1) <S> Vitigs, l<a<2, 2.7
while
I =0yi) = - 3 (¢ 0 | (2.8)
P Yjlln _I’lo‘;(_ s YiFs s <a<l1. .

Finally, for the case o = 1, which is related to the Cauchy distribution and because
of Eq. (2.6) one cannot use the Griinwald-Letnikov to discretize it, instead we use
the method introduced by Gorenflo and Mainardi [25].

Now joining the discretization of the time- and space-fractional differential opera-
tors, one can give the discretization of the space—time-fractional forced wave equation
with damping term for each case. Beginningby 1 < a < 2, 1 < 3 < 2, see for more
detail [26], one gets after minor mathematical manipulating
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b
(n+1) _ n (0) (n-H m)
Y k1Y k- 12 €mY

m=2

B — k781 ajp o -
+<1—k7ﬂ1 +cos%(1—k7ﬂ4) 1))
Tk ( 2 s M( + <2>)> Vit

1 brPG+1)  ap ()
A ( 2 desml T <2>)) Vit

! ap s (n) )
T Te E Z;(—l) <S) (y,+1_s+yj_m) .9

For ease of writing, we use the same parameters b, and c,, defining in [19]. Define
the scaling relation as

_r (2.10)
p=ag .
For easing the computation, we rewrite Eq. (2.9) in the matrix form as
YD — b yO 4 ! ZC yo+l=m L oT v o)
1 — krf-1 1 — krf-1 "

Since (—1)* ( ) — Qass — oo, then we can ignore the terms which are correspond-
ing to large values of s. Define Q {gi;} to be the diagonally matrix whose elements
gi; are defined as

9y = st GV Sn) J=ie M= R R-M

ql(12) - k]T? T (be(ZHI) 2cgs“”(1+(a))) jEitlhi=—R. k-1
g = {4 = H= + o T (1) JEhi=mRe R

6 = e (T 4 st 4 (D) J =i Li= R4 LR

45 = st OV () J=io M= —RE MR,

(2.12)
where 2 < M < R, to cover all the elements of the matrix. Now, we discuss the case
O<a<land 1 < (8 < 2. Joining the discretization (2.8) with the discretization
(2.4) with the common finite difference rules for finding the approximate solution of
Eqg. (2.1) and solving for y("H) after using the scaling relation (2.10), to get
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b
(n+l) n (O) (n+1—m)
Yj k017 k- 12 CmYj

m=2

— kP! a .
+ . 1 - - )"
1 — k7! cos G (1 —kri=1y )/
n 1 ap o b — 1) o
1=k \2cos 2\ 1 2 Vi
1 ap @ bl + 1) )
M= <2cos“7” <1> + 2 i+t

I
s+1 (n) (n)
+ T ZCOSM Z( ) ( )(y, ) - e

Equation (2.13) can be written in the same matrix form (2.11), where the diagonal
elements of the matrix Q are defined in this case as

ql(Jl) W( 1)/~ lH( a| j=i+M,i=—-R,---,R—M

qi(jz)_1 s 2c§suﬂ; (7) ij(H ) j=i+1li=-R,---,R—1
gy =g = /ff;j;_ T j=ii=—R,-- R

4l = T Teos 7 (1) - b= 1)) j=i-li=-R+1,--- R

4 = s V() =i M= R MR

(2.14)

where2 < M < R.Finally, we discuss the singularcasea = land 1 < 8 < 2.Inthis
case, Gorenflo and Mainardi [25] deduced the discretization of DO1 from the Cauchy

density pi(x,0) = 1 +X2 They replaced the factor (— 1)5( ) s € Z, in equation
(2.7) and in Eq. (2.8) by 72 for s = 0, and W for s # 0, s € Z. Substituting
with these factors with the scaling relation (2.10) for o« = 1, and finally with common
finite difference rules in Eq. (2.1), then solving for yﬁ"H), to get

b B —krP! 2a
(n+1) _ n (0) (n+1 m) _ H (n)
R e g IZC’” (1—kr»’“ 71— kro1) ) i
1 ap  bPG =D\ 1 ap  bTPG+DY\
T T <27r 2 Vit T o 2 Y+
ap 1 ( (n) (n) ) 2.15
+ (1 — krP-1) g; s(s+1) Vi T Vi) (2.15)

This equation can also be written in the same matrix form (2.11). Where Q is a
matrix whose diagonal elements are defined as
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4 = sty og= =it Mi=—R - R—M
g = i (£ + ) j=it =R R-1
qij = 61,-(;) = f:ﬁ:: - MEZ’TL,‘H) J=ii=—=R,--- R
¢ = e (3 - 790) J=i-Li= R4 LR
4 = s TegT J =i M= —R4+M R-1,

(2.16)

where 2 < M < R. In what follows, we give the stability of the above studied dif-
ference schemes.

3 The Proof of the Stability

In this section, we give the necessary conditions of stability, for the three previous
cases separately, according to the Gerschorgins theorem. First, we use this theorem
to find the eigenvalues J);, where —R < i < R, of the discrete scheme (2.9), of case
a, from the inequality

N —gqil <Y q=p, -R<j<R. 3.1)
J#i

The eigenvalues are contained in circles centered at

B — kr?-! N ap @
1 — k701 " cos (1 —krf-1) \ 1 ’

with radius

1 b+ 1) = bl = 1) ap_ o (@), — e °°( b (©
1 — k781 2 cos &F 2 cos X — s ’

2 s
such that
— krB-1 1
i = 2 T@—l T s an - -1 (a> = 51
1 — k7t cos G- (1 —krP~H \1 1 —ktt
bTﬂ(j-f-l)—bTﬁ(j—l) ap « ap ad «@
— 1 _ _1 N — ,
{ 2 cos%( +<2>) cos &L S_ZS( ) (s) r

(3.2)

and as a result
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ap > a
—_1)s+! .
— = 2D <S>}§)\,§
2 5=0
1

B _ pB-1 ap < sl (O
P {(bT ket +ﬁ)+cos% g( 1) (s>} (3.3)

1

2apo
1 — k701

)+

T

2

{(ﬁ —br’ —kr" 4
COoS

o0
But the term )~ (—1)**' ({) = 0, then Eq. (3.3) reduces to

§= 00

1 . 2ap 1
<ﬂ — b7 — kP a‘“) A= —— (b -k 1)

1 — kA1 cos % 1 — krB-1
3.4)

So far, as 0 < k < 1 and by taking the limit as 7 — 0, one gets

1

W (bTﬁ—kT‘gil +/B) %ﬂ s

and consequently |A;| < 8. For \; to satisfy the condition |\;| < 3, the following
condition must be satisfied:

1 p 2apo 1 p
S — — bP — P! < brB _ P! )
|1—k7’“‘1 (ﬁ T 4 +cos% |_1—k7-»‘”—1(7 T+ )

Solving this inequality, one gets the condition of the stability of this model as

—B+ kTg_l) . am

0§,u§< 057. 3.5

ax

Second, we use also Gerschorgins theorem to find the eigenvalues )\; of the discrete
scheme (2.13) from the inequality (3.1). In this case, the eigenvalues are contained
in circles centered at

{ﬂ—kTﬁl ap }

I —krB=1  cos (1 — k7P-1)

with radius

1 ap (o
—{br?
l—kTﬂ—l{ T +cos%(l>+

such that

o0
ap s+l [ &
2 -1 ,
cos T 5:2( ) (s)}
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— kPl
[Ai — v — A | < :
1 — k7?1 cos (1 —krh-1) 1 —krf-1

ap (o] ap > ) e}
b7’ —1H =p. (36
{ ot — (1)%05% g( ) (S)} p, (3.6)

2

and as a result

1 — k761 cos &L cos 4F s

2

{(ﬁ R i R SR (a)} =N
s=0

1 _ aﬂ 0 %
- B _ p-B-1 _1ys+L
T {(m kB + .;( ) (s)} NGR)!

2

o0
But the term ) (—1)*™" (¢) = 0, then Eq. (3.7) reduces to

s=0
.l IS S S (br@ — kPl +5)
1 — kr0-1 cos G | =7 T 1 —krf-1 '
(3.8)
So far, as 0 < k < 1 and by taking the limit as 7 — 0, one gets
1 brP — kP! ~
1_k7—371(7—_ T +ﬁ)’\'6’

and consequently |[A\;| < (. For ), to satisfy the condition |\;| < /3, the following
condition must be satisfied:

1
1 — k151

2ap

[ — 1 [ —
| <ﬂ—b7"j—krﬁ - )|s o b =k )

cos
By solving this inequality, one gets the condition of the stability of this model as

08— kTﬁl) am

05;15( cos — . 3.9)
a 2

Finally, we use the same theorem to find the eigenvalues of the discrete scheme
(2.15) from the inequality (3.1). In this case the eigenvalues are contained in circles

centered at )
68— ko1 2ap
1—krB-1  m(1 —k7B-1)

with radius
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1 ap  2ap = 1
= IpAy ,
l—k7ﬂ1{7+7r+ T ;S(S+1)}

such that

B —krP-1 2ap 1 8 u 2ap & 1
Ai — - = < - brP 4+ — + — =p,
A [1—k7d1 (1 —krB=1) e L ™ Szzzs(s-i-l) ’

and as a result

1 . . 4 2 2ap < 1
{(ﬂ—bf"—kr“—ﬂ)jtﬂ—ﬂz }5&-5

1 —krh-1

1
1 — k70-1

/ _ —2ap  2ap ~— 1
B _ 01
{(bT k4 3) + —+ > - } . (3.11)

o0
But the term ; m = 1, then Eq. (3.11) reduces to

1 8-1 4au 1 3 B—1
(3.12)
Again, as k < 1 and by taking the limit as 7 — 0, one gets
S (b =k + By~ B
1 — k761 T

and consequently |A;| < . For \; to satisfy the condition |\;| < 3, the following
condition must be satisfied:

1 4ay 1 ‘
8 B—1 _ 8 f—1
gy <ﬁ_bT -k 7T)|_1 kT 7 (b7 =k )

By solving this inequality, one gets the condition of the stability of this model is

(B — kTP

0 <
<K= 2a

(3.13)
In what follows, we prove the stability of these difference schemes by using the von
Neumann stability condition but we have to put in mind that, the time-fractional
means that the solution depends on all the history of the approximate solutions, i.e.,
y(”“) depends on y("), y("’l), y(”’Z), ..., and back to y(o). In other words, the wave
propagation has a memory. Von Neumann method has the Fourier image

(n) C(”) ikXx;j , (314)
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where ( = ((k) is acomplex number and this method does not depend on the bound-
ary conditions. The approximate solution y™ is stable if the amplification factor
IC]*> < 1. Now, we substitute Eq. (3.14) into Eq. (2.9). To prove the stability, one
has to do it on steps. First, we ignore the coefficients of y*=1, y=2) ... y©,
and substitute Eq. (3.14) on the rest of Eq. (2.9), to get after some mathematical
manipulations

1 ; ,
C=—— (B —kr* "+ brPcos(rkh) + ijbr’ sin(kh)+
1 — k761
a > «
/“fw 2:(—1)“rl ( )cos((l —s)kh) } . (3.15)
cos 5 “— s
o0
Taking the limit as 2 — 0 and then putting the term Y_ (—1)**! (¢) = 0, Eq. (3.15)
s=0
reduces to 1
_ /-1 8
(= T 51 (ﬂ — k"7 + b1 ) . (3.16)
Calculate |(|* as
2 _ 2 B-1 2, 23-2 224

So far, as 0 < k < 1 and by taking the limit as 7 — 0, one gets |(|* = 3% > 1.
Second, we take into consideration the dependence of y**! on y™ and y"~", only,
to get after some calculations

1 .
Cz - —H{ 06— k%' 4+ b7t cos(kh) + iij@ sin(kh)+
1 — k7P
ap - s+1 o h 1 ﬂ
COS% Z(_l) s cos((1 — s)xh) }¢ + W > =0. (3.18
s=0

o0
After taking the limit as A — 0 and putting Y~ (—1)*"' () = 0, then the above
s=0

equation reduces to

1

, § 1
¢t - W{ B =k’ Vb’ )+ W(ﬂ) =0. (3.19)

2

The roots of the above equation are
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=————{ 207 — 2kr’ + 2b7'*’
G2 4(T_de){ BT —2kT” 4 2b7 T F

V—=8(3?T — Br) (T — 2k7P) + 2k7P — 237 — 2bT'+5)2 } . (3.20)

After some mathematical manipulations and taking the limit as 7 — 0, one gets
the roots of the above equation |(;|> = |(|? ~ |WT’1)| <1 as § < 2. The space
fractional order « has no effect on the stability condition. This proves the stability
condition. The third step is by assuming that y*+D depends only on y®, y®=D,
and y"~2) . At this step, one gets |(;|>, i = 1,2, 3 that are approximately less than
one. In the next step, we add the dependence on y”~% and so on till reaching y©.
At each step, one has to solve the resulted equation and use the previous limits to
get |(;|> < 1, i > 1. So far, the scheme (2.9) is stable for the space—time-fractional
order o and (3.

Now, we prove also the stability of the scheme (2.13) by using the von Neumann
method. We substitute equation (3.14) into Eq. (2.13). First, we ignore the coefficients
of y(”’l), y("’z), e y(o), and substitute Eq. (3.14) on the rest of equation (2.13), to
get after manipulations

1

W{ B — k%' 4+ b7P cos(kh) + ijbr” sin(kh)+

W3 (1! (‘:) cos(ksh) } . (3:21)

¢ =

After taking the limit as # — 0 and putting Z( 1)s+! ( ) =0, Eq. (3.21) reduces

to the same Eq. (3.16) with the same condltlon IC|*> = 3% > 1. Second, we take
into consideration the dependence of y“*+" on y™ and y"~", only, to get after
calculations

1

- W{ B — k%' 4+ brP cos(kh) + ijbr" sin(kh)+
— kTP~
il EOO:(—l)H' *\ costish) 1+ ——— (") =0 322
cos G s 1 —k7r0-1\2 T

After taking the limit as 7 — 0 and putting Z( 1S+ (“) = 0, Equation (3.22)

reduces to the same equation as (3.19). Then after some mathematical manipulations,
one gets the roots of the above equation |(;|> = |(|? ~ |/3(/3 Di<1asB <2 As
before, the space-fractional order « has no effect on the stability condition The
third step is to assume that y**+! depends only on y™, y*=D and y™=2_ At this
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step, one gets |(;|>, i = 1,2, 3 are approximately less than one. In the next step, we
add the dependence on y"~¥, and so on till reaching y®. At each step, one has to
solve the resulted equation and use the previous limits, to get |(;|> < 1, i > 1. So
far, the scheme (2.13) is stable for the space—time-fractional order « and S3.

Finally, we apply von Neumann method to prove the stability of the scheme (2.15).
First, we ignore the coefficients of y*~D, y®»=2 ... y© and substitute Eq. (3.14)
on the rest of Eq. (2.15), to get after manipulating

1

2
Tl 8- k! 4 b7 cos(ih) — b +ijbr” sin(rh)+
e -

C:

20/ ~— 1
— Z mcos(/{sh) } . (3.23)

s=1

After taking the limitas 4 — 0 and putting the term Z = 1, theabove equation

s(s +1)

reduces to the same Eq. (3.16). That means one gets the condition [¢|> = 5% > 1.
Second, we take into consideration the dependence of y**! on y™ and y"~", only,
to get after some calculations

1

2
1 —k —{8- k7" + b7 cos(kh) — s
— k7! s

¢ - + ijb7” sin(kh)+

o0

1 1 | N

s=1

After taking the limit as 7 — 0 and puttmgz = 1, Eq. (3.24) reduces to the

s(s+l)
same equation as (3.19). Then after some rnathemat1ca1 manipulations, one gets
G =161~ |*M2 D| <1 as 8 < 2. Again, the space-fractional order o has no
effect on the stability condition. The third step is to assume that y"**+! depends only

Table 1 The values of parameters which are used in the calculations

Case Figures fx) @ k5 1 tq tf

1 <a <2 | Figures1,2,3,4,5and 6 sin(zgil) 2 2 0.9 t=6 t =50
Figures1,2,3,4,5and 6 sin(%) 1.8 1.9 0.97 t=>5 t =38
Figures7, 8,9 and 10 sin(zgil )y 1.7 1.8 0.9 t=5 t =38
Figures 11, 12, 13 and 14 sin(%) 1.7 2 1 t =29 t =48

0 <a <1 | Figures15and 16 sin(%) 0.9 2 0.3 t =30 t =30
Figures 17 and 18 6(x) 0.8 1.7 0.4 t =50 t =50

a=1 Figures 19 and 20 o(x) 1 2 0.92 — t =30
Figures21 and 22 sin(%) 1 1.7 0.6 - t=20
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on y™, y#=D ‘and y=2) At this step, one gets |(;|?, i = 1, 2, 3 are approximately
less than one. In the next step, we add the dependence on =% and so on till reaching
y@_ Ateach step, one has to solve the resulted equation and use the previous limits, to
get|(;1? < 1, i > 1.So far, the scheme (2.15) is stable for the space—time-fractional
order @ and (3 (Table 1).
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4 Convergence to the Stationary Approximate Solutions

We seek to find the stationary approximate solution which does not depend on the
time, i.e., the solution of the space—time-fractional differential equation as t — oo,
for the above-discussed cases. To do so, we omit the terms depending on the time
in the matrix Eq. (2.11), where Q is defined for each cases in Eqs. (2.12), (2.14),
and (2.16). For these cases, we get the same matrix equation of the form z. H = 0,
i.e., HT.y = 0. The matrix H is obtained from the matrices defined in (2.12), (2.14),
and (2.16) after omitting all the terms depending on ¢ and 3. The sum of the rows of
the resulted matrix H is zero. The matrix H” has an eigenvector y* of eigenvalue
R

zero. Our stationary approximation solution y = vy* withv =1/ > yj isavector,
j=—R
whose elements sum to 1. We simulate the stationary approximate sjolutions atFigs.23
and 24 for the classical case and for 0 < a < 1.
To study the convergence of the approximate solution, we constitute the sequence
d =1{d(ty),d(t,),---}, where t; < t, < --- — 00. The numbers d(t;),i : 1 — 16
is defined as

R
Aty =Y lyjt) =5, i=12--.

j=—R

The convergent approximate solutions are simulated at Figs. 25, 26 and 27. In these
figures, we plot Logod against the number of points. We compare Figs. 25, 26 and
27 with Fig.28 to prove that the convergent approximate solutions of the discussed
cases are related to e~ by the relation d (1) = cje™, where ¢; and ¢, are positive
constants related to « and (3 for each case.
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Fig. 26 Convergence

Fig. 27 Convergence

Fig. 28 Convergence
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5 Numerical Results and Discussions

In this section, we give the numerical approximate solution for Eq. (2.1). We give the
evolution of y™ = y(z,) with different values of #, and with different values of the
space-fractional order o and different values of the time-fractional order 3. In these
simulations, we have enlarged the x —axis as —10 < x < 10 with 7 = 0.2. We fix the
value of the attenuation coefficient k = 0.5. The value of ;1 must satisfy the required
conditions depending on the values of o and 3. Since {9y, t;, o, - - -} = {0, 1,2, -- -},
then the iteration index n = ’; while 7 is calculated from the scaling parameter of
the specified model. We calculate all the numerical results for a = b = 1. In the
following table, we summarize the values of f(x), i, 3, o, t4, tf being used in the
numerical results. Here #, is the time when the wave is starting to damp and 7 is the
time when the wave reaches to the get its stationary solution. For all the values of
the fractional orders « and (3, the studied approximate solutions have the same start
for t =1 till = 3, i.e., have the same start . For 1 < o < 2, the results show that
the effect of the damping force is much bigger than the external force F(x). Also,
we observe that for the fractional values « and 3, the propagating waves reach its
stationary solutions faster than as in the classical case, « = 2 and 3 = 2, see [9, 18].

The convergence of the approximate solutions (the first norm) are simulated at
Figs.25, 26, and 27. Figure 28 represents the plot of the rapid convergent function
e~". Then by comparing the last four figures, one can deduce that the approximate
solution of the studied model is convergent for all the values of the fractional orders
« and (.
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1 Introduction

Konhauser polynomial has drawn the attention of several researchers. Recently,

Prajapati et al. [7] introduced a class of polynomials

7]

L0 () = Llam +8+1D (=m)gn 2"
[%] N m! = C(an + B+ 1) n!’

n

NN

where a, B € C;m, g € N, [%] denotes integral part of %, Re(B) > —1.
This is generalized form of Konhauser polynomials (Konhauser [5]),

Fkm+p+1) & (m xki
ZF(x k) = ——m8 = —1)/ _—
i) m! ijo( )<j>F(kj+u+1)

where 4 > —1.
Note that

Ly (@) = Zh(z: k).
The Laguerre polynomials (Rainville [8]) defined as
'm+p+1) - (m x/
Ih(x) = —— "1 7 _1
h(x) ~ X )()

v = TG+

where p > —1.
This is special case of (1.2) as

Zh(x; ) = LE (x).

In 1970, Prabhakar [6] defined the generalized Mittag-Leffler function as

[e¢]

N (M 2"
E, ;@) = nZ:; Flon + 9y nl’ Re(a) > 0.

This is an entire function of order (Re(c))~!.
Kilbas et al. [4] studied the relation between (1.2) and (1.6) as

E—m (Zk) — F(m + 1)

T zi(zk),
koptl T+ o+ 1) 2m @k

where m, k € N; y € C with Re(u) > —1. If k = 1 then (1.7) reduces to

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)
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rm+1)
T e . . 1.
E @)= Con+pt+ 1) "z, meN;ueC (1.8)

In 2007, Shukla and Prajapati [9] introduced generalized Mittag-Leffler function
as

v Mgn
El () = ;—F(an—l—ﬁ) — (1.9)

where o, 3,7 € C; Re(a) > 0,Re(8) > 0,Re(y) >0andg € (0,1) UN
In 2014, Prajapati et al. [7] established relation between (1.9) and (1.1) as

F(m—i— 1) (k1)

E () = ——————
Tkm+p+ 1) [2]

End, (). (1.10)

Furthermore, some useful results are obtained in (1.11)—(1.15) (Prajapati et al.

[7D.

m
q

L([”‘ ﬁ”(t) = (am+ﬁ)fzﬁIL([OZT_I)(IZ“)dZ (1.1D)

T(am + 8+ 1)

_ @B ((, _
-0’ (-0 = Tam 15— T DF0)

(7]

f(z—u)”f Y — )P~ fL<[j/]’ V(=0 du, (1.12)

where «, 3,7 € C with Re(3) > Re(y) > —1,

m
q

(me([“ i’)( "
mX:(:) [(am + 5+ 1)

z(—1)?
=(1-07"E, <m> 1] <1 (1.13)
where «, 3,7 € C with Re(3) > —landg € N,

o0 L(["]g)(“)t’”
! . A
gr(am+5+1) ¢'W(a; B+ 1;2%(=0)"), (1.14)

where «, 8 € C with Re(8) > —1 and g € N,
and

km m nk 1 r
16Dk z B+ Dim [(Z) ] L@
[2‘] ( ) <y) ; (/8 + 1)km7kr V! |:mq,j|( ) (115)

where k € N and 3 € C with Re(3) > —1.
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In 2010, Maged Gumaan Bin-Saad [1] investigated Hermite—Konhauser polyno-
mial as

m— n

(_ 1)n+rxrykn+uzm—n—2r

H# — | N 116
CHje yi) =ml) Z alrlm —n— 2T n t gD’ 1O

n=0 r=0

and the relation between Konhauser polynomial and Hermite—Konhauser polynomial
as

“FT(k 1
Zhtesty = STl 4 )

HEO, x5 1). (1.17)

Konhauser [5] obtained mixed recurrence relation, differential equation, and pure
recurrence relation of (1.2) as (1.18)—(1.20)

xDZ" (x; k) = mkZ" (x; k) — k(km —k + p+ Dy Z8 | (x; k), (1.18)
DF[x"TIDZE (x; k)] = x"T D ZP (x5 k) — mkx" Z" (x; k), (1.19)
Ny
Z <i>[Dk—ixﬂ+1][Df+‘z;;(x; k) = —kxt(km — k + ¢+ D Zh_ (x; k). (1.20)
i=0

Srivastava [10] gives another form of Z}, (y; k) as

' X\ "GN [+ km\ (kr)! [y \k T
Z,‘f,(x,k)z(;) Z( o ) . [(;) —1} Z (yik). (1.21)

r=0

The recurrence relations, differential equations, pure recurrence relations, finite sum-
mation formulae, and Laplace transforms of (1.2) studied by Srivastava [12] as (1.22)
to (1.30)

DZ!(x; k) = —kx* 121 (x: k), (1.22)
DY ZE (xi k) = (k)" ZT (ki k), m=n =0, (1.23)
xDZ! (x; k) = (mk+u)Z,‘jl’1(x;k) — pZh(x; k), (1.24)

- kT (km + 1)
Zh(x; k) — ZF N (xs k) = k 1.25
1 (xs k) o (xs k) Fhkn—D+ ot D) Zh_(xi k), (1.25)
KZE e k) = (km 4 4 DR ZE (x5 k) — (m 4+ 1D ZE (x5 k), (1.26)

kxk ZEE (e k) = pZl (e k) — (km 4 ) ZE (s k), (1.27)
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i k . .
ZiGxkb =Y P sk (1 Z 58 28 (x5 ), (1.28)
, kj J
j=0
+ Din P + 1 —m, L 2 ek
L{t”Z,‘,‘l(xt;k);S}=%+1Fk|: Tkt (f) ] (1.29)
: k kK vk
Re(s) > 0, Re(v) > —1;
if v = p then (1.29) reduces to
T'(km+ p+ 1) .
3741 m
L{t"Z" (xt; k); s} = e (sF — xFym, (1.30)

where Re(s) > 0, Re(u) > —1.
In 1970, Prabhakar [6] gives relations as follows:

C(km+p+n+1)
T(km 4 p+1)

D" [x;HrnZqun( k)]:

m

xFZE (s k), p>—1,  (1.31)

T(km + p+ 1)
Clkm+p+v+1)

1"[Z"Z) (2 k)] = M ZE (75 k), (1.32)
Re(u) > —1, Re(v) > —Re(u + 1), where for suitable f and complex v, IV f (x)

denotes the v"-order fractional integral (or fractional derivative) of f(x). He also
obtained

F(km_i_u_i_l)/tm-‘r’v lE’Y +1(xk—t)

k(y=1) 7p ... _
X ZM(x: k) =
e W xhy

dr, (1.33)

where C is a circle: | t — x¥| = ¢, for small radius e.
In 1976, Karande and Thakare [3], studied the relation

7 1 .
|: Zn(z; k) j| _ Zm—l(ka) (134)

(1 +,Ud)km kk(l +,Ud)k(m—l)’

k1 ;
u +1i d
h = D —1),0=2zD=z—.
where o = —- ]_[ ( X ) z I
Orthogonal property of Konhauser polynomials is given by Konhauser [5] as

C(km + 4 1)

V cee .
T omn Ymnel0.1.2,..) (1.35)

o0
/.efzz“Zf,i(z; Y} (z; kdz =
0

where 0,,, is Kronecker’s delta.
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Srivastava [10] derived summation formulae as

yykm g,
ZP (x1 k)& T ((2 oFx = (=2) ¢, (1.36)
Z k)( ) ((y) ) [ u+l pE2 ptk (xy)kj|

2
— (0 + tm k k k k

and

St e (|G - () J) Sronfs 0o

m=0 m=0

Srivastava [11] proved bilateral generating function as

mIZE (e )Y (3 e
T(u+ km + 1)

gk

1
g atl T 1 k
— (4 W ati-a+n Ty |:x(l+t)/,(7l)+tt)i|, (1.38)

0

1

00 Yaflm ;l 1
where H[x, ] = Y A
m=0 I (1t +km + 1)

Srivastava [12] studied generating function for Konhauser polynomials as

Dmt™ p+lop42 p+k o xnk ot
3 g <o s R () ] )

and a summation formula as

(o] m+n . (Z k)tm 00 m\ MmN (_Zk)m
7’" L — = Film+1;m—n+1;1] (1.40
Z ( m > (1 +M)k(m+n) ; (”) m! (1 + im i nen 1l ( )

m=0 m=n

In 1981, Karande and Patil [2] obtained double integral in the form of orthogonal
property

00 oo
/ / e*(x+y)xﬂy1’zﬁl+ll+l(x +y; k)Y#+V+1(X + y; k)dxdy,
0 0

FrA+mrd+wv)(p+v+2m .
ifn=m

= { m! (1.41)
0 if m # n.

2 Mixed Recurrence Relations

Consider (1.18)

xDZ!(z; k) = mkZl(z; k) — k(km — k + p+ D Z8 (23 k),
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this can be written as

T(km 4 p+1) T(km+p+1)

E m k — mk E
Ry Lo @) =M Bl @)
Ttkm—k+p+1+k)Tkm —k+p+1) E-m+1 ().
Tkm —k+p+ 1) T (m) Erps
ie., xDE" () =mklE", (2 — ECmH (@) 2.1)

From (1.20), we have

k
Z(k)[D" D Z (2 0] = =k (km =k + p+ D Z)y (25 k),

i=0
this gives
k
k i i Dkm+p+1)
Z<i>[Dk 1D “ﬁ Ef i1 (@)
- Tkm —k+p+1) ' (m) B

k
. k l 1 1 " m
ie. Y (z)wk D E (D] = —km EIT(H). 22)
i=0
Now, consider (1.22),
DZ!(z; k) = —kzZ"' 28 (2 k),

this reduces to

F(km+u+1) P i Vkm —k+p+k+1) 0
T Com@ =k Ty Dhoin @
the simplification gives
DEgj, (&%) = —kmz" T ECELL @), (2.3)

Consider (1.23),
@Dz (2 k) = (=02 (5 ),

m

this leads to
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C(m+1) -
T ptD Ecnih @), (2.4)

DY E, (Z) = (—k)P
Consider (1.24)
ZDZV(z; k) = (mk + ) Z Nz k) — pZli(z; k),
this gives
DE @) = E NG — pE, @h. (2.5)
Consider (1.31)

C(km+p+n+1)

D" [xMZhH (x5 k)] = xMZ (x5 k)

Clkm +p+1)
with Re(u) > —1.
Using (1.7), this reduces to
D" [x“+" E" +n+1(zk)] — M E", (). (2.6)
Consider (1.32)
Ckm+p+1)

I"[Z"Z1 (25 k)] = TV ZEY (25 k).

Ftkm +p+v+1)
Using (1.7), this can be written as
'ME) @] = E (@), 2.7)

From (1.34), we have

|: Zhn(z; k) ] B Zh _(z k)
(I + 1 im KA1+ Wikem—1y

this gives

Epn @O+ D] Tlm —k+p+ DEGH
g - ’
L +1) L (m)k* (1 + ()kom—1)

this reduces to

o [E,:ﬁﬂ(zk)] R E,:L”L‘ ). (2.8)
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3 Pure Recurrence Relations

In this section, the authors obtained some recurrence relations.
Consider (1.25)

kT (km + 1)
T(k(m—1)+p+1)

Zl(z k) — Zh Nz k) = Z" k),

this follows
(km + W E; (25 — E (@) = km ECI (2.
Consider (1.26)
Kz (2 k) = (km + p+ D Zl (23 k) — (m + 1D Zh (2 k),
this leads to
FEC (@) = B (29 = Egri @,
Consider (1.27)
kX ZV (2 k) = pZl (2 k) — (em A+ p+ ) 257 (23 k),

this gives

(m+ Dk EC 0 (D) = pE @) — En(@h.

4 Differential Equation

Consider (1.19)
D" DZ} (23 k)] = 2" DZy (2 k) — kmz" Z}y (23 k).
Using (1.7), this follows

Dk[Zu+lDE]:Z+] (Zk)] — ZN+1DEI;ZI+I (Zk) _ me#EI:ZL-H (Zk)-

207

3.1)

(3.2)

(3.3)

“.1)



208 J. C. Prajapati et al.

5 Finite Summation Formulae

From (1.10) and (1.15), we have

—m o & m y g ' —m T,
o (RO T

where k € N and 8 € C with Re(8) > —1.
Now, consider (1.21)

o z km m M‘l‘km (kr)! y k r . .
=€) £ e

Using (1.7), this can be written as

m

z)k'" m! 3 (1 + km)! (kr)!

E—m k I
ket ) <y (km + p)! = (k) (p+ km — kr)! 1!

<X)k_1 "Tlkm —kr +p+ 1) —
z Tm—r+1) B

Finally, we arrived at

km m k r
e =(5) 2 (7) [(f) —1} ETHON. 6
r=0

Consider (1.28)

m

k k
2062 ) =Z(“ o ’">( ]’,) SIS ZE (k).
j=0

By using (1.7), this leads to

m

F'm+1) i m
E, u+1((51) )= Z m(sk( D1 - E, uilj( 5,
j=0

this follows:

E" (0 =) (’;7)6"“"--”(1 6 E i ). (5.3)

j=0
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6 Integral Representation and Orthogonal Property

Keeping o = k € N and replacing ¢ by ¢* in (1.11), we have

|
L([kﬁ"]g)(tk) = (km + ) / Zﬁ_lL([kL’x"Tl)(tZ)k)dZ.
0 q

q

By using (1.10), this reduces to

1
E 5 () Z/tﬁilElzg’q((tZ)k)dz.

0
Consider (1.12)
8@ (o, _ pay Clam+(3+1)
G0 ) = i)
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6.1)

Z
/(z — ) Y- z)ﬁ_VL([(Z;"]g_V) ((w — 1)) du, (6.2)
t

q

where (3, v € C with Re(8) > Re(y) > —1 and @ € N.
Using (1.10), this gives

—m a 1 ; —y— F—r —m, «
@—0E 55 (=) = el /(z —w) =0 E Y (=) du. (6.3)

Let C is a circle | 1 — x*| = € for small radius €, consider (1.33)

Dkm+p+1) ["77E] G =D

k(y=1) 7p (.. _
Al = (1 — xEynt1
C

Using (1.7), the above equation can be written in the form

Fon+1) ("7 E G D)

k(y=1) p—m ky _
X E ") =
= S =y

k,pu+1

dt.

From (1.35) and (1.7), we have

(6.4)
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o0
/efzz” k_"fH(z VY (z; k)dz = Omn,  Ym,n €{0,1,2,...}. (6.5)
0
Consider (1.41)

oo o0
/ / ety ZIHH (x4 s YT (x4 y; kdxdy
0 0

_ ifn=m

m!

FA+pId+v)(p+ v+ 2)m
{O ifm#n

By using (1.7), this immediately follows:

o0 o0
/ / eI BT (4 WYY 4y kdxdy
0 0

C[BUA+pl+w) ifn=m
10 ifm #n

where 2B (m, n) is the usual beta function.

7 Laplace Transform

From equation (1.29), we have

DD 1 —m, bRl vk2 vtk k

svHm!

This immediately leads to

e rw+1) —m, L w2 vk ok
L{t Ek/,+1((2f)) } mkHFk[ Lt 1 &2]‘ u+k§‘ (‘) .

If 4 = v, then the above equation follows:

k kyn
y PR Gl
L{"E 7 (@Y s} = — o

If kK = 1, then the above results reduces in the form of Laguerre polynomials.
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8 Generating Functions
Keeping o = k € N and replacing z by z* in (1.13) gives

m
q

2 T(km+ 6+ 1)

m=0

o (v)mLE‘*‘]” (@

k(_¢ya
—(—nTEM,, (fl(_ ;;q) ] < 1.

By using (1.10), this gives

i( WE T = —nEpe (SEY oy
m - = - -, <
S RN CEY
where 3, v € C with Re(3) > —1 and k,q € N.
Keeping o = k € N then (1.14) yields

) L([’???(mm = ¢ W(ki B+ 1: A (=),

m=0 a

where 3 € C with Re(8) > —1 andk,q € N,
Using (1.10), (8.3) can be written in the form

[o¢]
m "
SE Y = = Wik B+ 1 (=0,
i m!
Again from (1.38) and (1.7), we have

o 1
Z E,z;7+1(zk)Y,;:7]m(y; D" =1+ t)—HQTHe(x[l—(lﬂ)T])H |:x(1 + t)ll
m=0

00 Yaflm ;l m
where H[x,t] = ) A

m=o L' (i +km 4+ 1)
From (1.39) and (1.7), we get

211

8.1)

(8.2)

(8.3)

(8.4)

= 1—-077 1 2 k k
> G = S [WlH_ SRR () ﬁ] (8.5)
m=0

Td+m! k k X
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9 Miscellaneous
Equations (1.17) and (1.7) gives

E (@) =xT"HEO, x; 1.

Consider (1.36)
00 ()kml‘m_ yk /j‘+l u+2 N‘+k ka
Yz =ew () r)or [ B I () )
By using (1.7), the above equation can be written as

3t () P e (G o [ R ()

m=0

From (1.37) and (1.7), we have

¥ e ()" 5 =en ({2 - (') £ ot (5)" . 0

m=0 m=0

Consider (1.40)

o M 0 fm=n (_ kym
Z(’”"’") m-~—n(Z ) Z(m) =7 1Film+1L;m—n+1;1].
m—0 m (I + 1Dk m+n) me=n \1 m! (1 + (im

Using (1.7), the above equation yields

Eoo i (g ") EOO . D" ma +1:1]
m im—n 0 t].
2 Efpti =) Tkm +p+ D"

The simplification gives

(e%e] m oo _k j+n J
eI Sy . ) '
E — = F 1; 1;1 —. (9.2
Z_ ket @) ! bt LT G T i O
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An Effective Numerical Technique Based | M)
on the Tau Method for the Eigenvalue i
Problems

Maryam Attary and Praveen Agarwal

Abstract We consider the (presumably new) effective numerical scheme based on
the Legendre polynomials for an approximate solution of eigenvalue problems. First,
a new operational matrix, which can be represented by a sparse matrix defined by
using the Tau method and orthogonal functions. Sparse data is by nature more com-
pressed and thus requires significantly less storage. A comparison of the results for
some examples reveals that the presented method is convenient and effective, also
we consider the problem of column buckling to show the validity of the proposed
method.

Keywords FEigenvalue problems * Legendre polynomials + Numerical treatment

Mathematics Subject Classifications 65115, 65105, 65L10, 65N35.

1 Introduction

A special class of boundary-value problems are eigenvalue problems. They are used
in a wide variety of engineering contexts beyond boundary-value problems and play
a very important role in many scientific fields such as vibrations, elasticity, and other
oscillating systems. A simple context to illustrate how eigenvalues occur in physical
problems is the mass—spring system. Detailed description and application of these
problems may be found in [3] and references therein.
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The numerical solvability of eigenvalue problems and other related equations
has been considered by several authors. In [5], a software package has been intro-
duced and discussed, which deals with the computation of the eigenvalue of Strum—
Liouville problems. Gamel et al. [4] were concerned with the Chebyshev method for
solving eigenvalue problems of fourth order of ODEs.

Due to the good approximation properties of spectral methods, these methods have
been discussed intensively in recent years. A special case of them is the Tau method,
which has been applied for the numerical solution of many operator equations.

In this paper, we intend to introduce a new Tau approach by using Legendre
polynomials to solve the following eigenvalue problems:

u® () + Nu(x) =0, k=2 or 4, (1.1)
s raj,ue,) =0, j=1,..k (1.2)
S.t.
o -1, r=0,
711, ow.
where o, € R are constants, (r =0, ---,k — 1) and A is a solution to be deter-
mined.

The rest of the article is organized as follows: In Sect.2, we describe some pre-
liminaries of the Legendre polynomials and their properties. Section3 explains the
new scheme and introduces matrix representation of the method for problem (1.1).
To clarify the efficiency of the method, the proposed algorithm is applied to some
numerical experiments and also the obtained results are compared with some existing
methods in the literature.

2 Basic Definitions of the Legendre Polynomials

We recall some definitions, which are required for the present study (see, for example,
[1D.
Definition 2.1 The starting point of Legendre polynomials is Rodrigues formula,

which is introduced as .

2'n! dxn

Py (x) = (x* =1,

the orthogonality of Legendre polynomials in [—1, 1] with (x) = 1 can be shown.

Definition 2.2 The Legendre polynomials P, (x) satisfy the recurrence relation:

1
Pi(x)= m[(Zn + DxP,(x) —nP,_;1(x)], n=12---. (2.1)
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Also, Legendre polynomials P, (x) can be represented in the following recurrence
form:
Po(x) = P (x),

Pux) = —— [P,

2+ 1 n+1(x)_Py;71(x)]v n=12---. 2.2)

Using Rodrigues’ formula, the orthogonality of Legendre polynomials can be
obtained as follow

1
/ Po(x) Py (x)dx = {OL ’Ziz

1 2n+1

Since the Legendre polynomials are defined on the interval [—1, 1], for using

these polynomials on the interval [a, b], we convert it to [—1, 1] by introducing
b—a b+a

X = t+ .

2 2

3 Numerical Treatment of the Problem

In this section, we replace the differential part of Eq. (1.1) by an operational matrix.
Our main result is asserted by Theorem 1.

Theorem 1 Let P;(x) be a Legendre polynomials in [—1, 1]. Suppose that functions
u(x) and u' (x) can be expressed as

u(x) =Y a;Pi(x) = aP;, (3.1)
i=0

u () =) biiPi(x) = biPy, (3:2)
i=0

where a = [ay, ay, az, ...1", by = [b10,b1.1, b1, ...1" and Py = [Py, Py, P, -+ .
Then we have:
u (x) =Map,, 3.3)

where
0101010---

0030303---.
M=]0005050---
0000707---
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Proof Taking the derivative of (3.1) and due to (3.2), we can write

Y aiP(x) = b1 Pi(x) =bioPo(x) + Y by Pi(x). (3.4)
i=1

i=0 i=l1

Using (2.2), we rewrite the above relation as

o0 oo
’ ’ bl,i ’ ’
;ai P/(x) = by P, (x) + ; ﬁ[Pl.ﬂ(x) —P_,(0)] (3.5)
Therefore
b1 biy  bis bin-1  bran
=bjog— —, =———-— ..., gy=———-————,..., (36
aETeT TS =TT M1 2n+3 (5.6)
and so
_ > |1, i+n odd,
bin= Y @n+Dha;, st A= {0’ -~ (3.7)
i=n+l1
(3.7) can be transformed to the following matrix form:
b, = Ma, (3.8)
where
0101010---
0030303---
M=|0005050---
0000707---
Due to the last equation, (3.2) can be written as
u (x) = b;P, = MaP,. (3.9)
|

Lemma 1 Let u™ (x) = Y 2 by P;(x) = b,P,, be a Legendre polynomiyal with
b, =1[b,0,b01,bn2, .. 17, and M is a matrix, which is defined in Theoreml. Then
we have

u™(x) = M"aP,. (3.10)

Proof According to Theorem 1, the validity of Lemma 1 for n=1 is obvious. From
(2.2), we can write

7 1 " 4
pilx) = m[PHl(x) - Pl‘fl(x)l
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Given the assumption, it follows that
o0
u@(x) =Y by Pi(x) = byP,. (3.11)
i=0

Using the given scheme in Theorem 1, we conclude
b, = Mby, (3.12)

Due to (3.8) and the last equation, we get b, = M?a. Therefore, by repeating this
scheme, it follows that b, = M"a.
Finally,
u™(x) = M"aP,. (3.13)

O

We are now ready to obtain the algebraic form of the eigenvalue problems (1.1)
based on the operational matrix of the Legendre polynomials. We define u,,(x) as
an approximation function of the exact solution u(x) as follows:

n(x) =Y a; Pi(x) = aPy . (3.14)
i=0
First, we consider the following form of (1.1):

u®(x) + Nu(x) = 0. (3.15)

We define uff) (x) as an approximation function of the exact solution u® (x) as
follows:
MEV?)()C) = M%nampx,mv (3.16)

where M,,, and M,zn are finite forms of M and M2, respectively.
Also boundary conditions of (3.15) can be written as

@10 Yo @i P (=1) 4+ any g a; P (1) =0,
m m , (3.17)
Q2.0 Z,‘:Q a; P;(—1) + 21 Zi:() aiP,‘ (1) =0,
or equivalently
YoioailaroPi(—1) +ay P (1)] =0,
diy
m ' , (3.18)
YoioailonoPi(—=1) +an 1 P (1)] = 0.
din

Due to (3.14) and (3.16), Eq. (3.15) rewritten as
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M, a, P, + X\1,a,P, , =0. (3.19)
Since (3.15) has two boundary conditions, we need to remove the last two equations

from (3.19) and replace boundary conditions (3.18) instead of them.
Due to orthogonality of {P;(x)}{2,, and using simple computations, we derive

ﬁfnam =—\1,a,,
di1a, =0, (3.20)
di,2am - 07

2

., and I,,, respec-

2 — . .
where M,, and I,,, are obtained by removing the last two rows of M
tively. Also, I, is a m+1-dimensionl identity matrix.

(3.20) can be symbolically expressed as

Ham = )\zGamv (321)
where H and G are defined as
Mlzn _im
H=|4,|. G=| 0 (3.22)
din 0

In the following, we consider another form of (1.1)
u®(x) + Nu(x) = 0. (3.23)
In a similar manner, let u{} (x) be an approximation function of the exact solution
u™® (x) as follows:
uld (x) = M;a,, Py, (3.24)
where M be a finite form of M*. by substituting (3.14) and (3.24) in (3.23), we have
M:a,P, ,, + \1,a,P,, =0. (3.25)

Also boundary conditions of (3.23) can be written as
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S o ai [ oPi(—=1) 4+ a1 P (1) + a2 P (1) +a 3P (1)1 =0,

€1

Sy ailasoPi(—1) + az P/(1) + aa P (1) + az3 P (1)] = 0,

i , e , (3.26)
dloailasoPi(—1) +as 1 Pi(1) + asp P (1) + ass P (1)] =0,
€i3
Yo oailauoPi(—1) + g1 Pi(1) + aun P (1) + aus Py (1)1 = 0.
€4

These boundary conditions should be applied in Eq. (3.25), so we conclude

Mjnam = _Azimama

ei1ay, =0,

¢i2a, =0, (3.27)
€3, = Os

e 42, =0,

or equivalently
[a,, = \’Oa,,, (3.28)

where IT and © are defined as

—4
Mm
€i1

M=|¢,|. ©=
€3
€i4

|
-
N

(3.29)

Sl ol @l @l

The same as before, M; and T,, are obtained by removing the last four rows of
an and L, respectively. Finally, due to (3.21) and (3.28), the values of A can be
computed.

4 Numerical Results

In this section, we present some examples to show the accuracy of the proposed
method. These examples are solved by Legendre polynomials. Numerical results are
compared with some existing numerical methods. Obtained results are reported in
Tables 1, 2, 3, 4, and 5.

Example 1 Consider the following second-order eigenvalue problem:

u (x) + Nu(x) =0, 4.1
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with the conditions:
u(0) =0,

u (1) +u(l) =0,
and the exact solution for A is A = —tan \.

Here, we consider computational details of the presented method for Example 1.
As we pointed out, the Legendre polynomials are defined in the interval [—1, 1]. So
(4.1), which is stated on the interval [0, 1], will be converted to the interval [—1, 1]
by choosing x = %(t + Dort =2x — 1.

Therefore, above example can be written as

(LY Ee+ \u =0,

u(—1) =0,

((ﬂ)d—”)<1)+ (=0
dx dt u -

or )
448 + N =0,

arr

u(=1) =0,
du

by choosing m = 5, for numerical implimentation of the proposed method, we will
obtain the following matrices :

010101 003 0 10 0
003030 00015 0 42
000505 , 0000350
Ms=1000070|" M5=|0000 063 |
000009 0000 0 0
000000 10000 0 0
0030100 10 0 000
00015 0 42 0—-10 000
H_|0000350 c_| 0 0-1000
0000 063]" 0 0 0—-100
1—11-1-11 000 000
1 3 713 21 31 [ 00 0 000

According to (3.21), we obtain the following values of \:

A =[—,—,16.3648, 8.54625, 4.92652, 2.02877].
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Table 1 Numerical results of Example 1, using proposed method

i m=>5 m=26 m=7 m=38 m=9 Exact sol.
Al 2.02877 2.02876 2.02876 2.02876 2.02876 2.02876
A2 4.92652 4.9145 4.9132 491318 491318 491318
A3 8.54625 8.06465 7.9931 7.97981 7.97877 7.97867
A4 16.3648 12.391 11.3681 11.1517 11.0946 11.0855

Table 2 Numerical results of Example 2, using the proposed method

i m=14 m=15 m=17 Exact sol.

Al 237.72106753 237.72106753 237.72106753 237.72106753
A2 2496.48743849 2496.48743786 2496.48743786 | 2496.48743786
A3 10867.583360842 10867.5824827024 | 10867.582217387 | 10867.58221698
A 31782.7593574787 | 31780.1535527804 | 31780.096714447 | 31780.09645408

The obtained numerical results for different values of m have been reported in Table 1.
Our proposed method has produced highly numerical results and the reported results,
show that we can obtain good numerical results for m > 9.

Example 2 Consider the following fourth-order eigenvalue problem:

u®(x) = du(x) =0 4.2)
with the conditions:
u(©) =u' (0) =0,
u' (1) =u(l) =0,

and the exact solution for \ is tan +/\ — tanh v/ = 0.

We have reported the obtained results for m = 14, 15, 17, in Table2. Also, as we
expected the reported results show that high accuracy is obtained in comparison to
the numerical results in [2] and [6]. Table 3 represents that we can achieve better
results for a lower values of m.

Example 3 To show the validity of the proposed method, consider the problem of
column buckling. A slender column which is subjected to a concentric axial com-
pressive load, P, as it shown in Fig. 1, and is simply supported at its both ends. The
equation representing the bending of the column is

u?(x) = % 4.3)
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Table 3 Numerical results of Example 2, using the proposed method

i Presented method m=22

m=18 m=21 Method in [2] Method in [6]
Al 237.72106753 237.72106753 237.72106753 | 237.72106753
A2 2496.48743786 | 2496.48743786 | 2496.48743784 |2496.48743843
A3 10867.58221698 | 10867.58221698 | 10867.59367145 | 10867.58221699
A4 31780.09651687 |31780.09645408 | 31475.48355038 |31780.09650785

Table 4 Numerical results of Example 3, using proposed method

i Presented method Method in [3] Analytical sol.
m==6 m=38 h=3/4 h=23/5

Al 1.0472 1.0472 1.0205 1.0301 1.0472

A2 2.10198 2.09443 1.8856 1.9593 2.0944

A3 3.18373 3.14225 2.4637 2.6967 3.1416

A 6.49987 4.31943 — 3.1702 4.1888

As 9.06094 5.53544 — - 5.2360

where 1 (x) specifies the curvature, M is the bending moment, E is the modulus
of elasticity, and / is the moment of inertia of the cross section about its neutral
axis. Corresponding to Fig. 1b, it is clear that the total moment at the free side of the
column is equal to M = — Pu, by substituting the moment into the equation (4.3),
the following second-order differential equation for Euler buckling will be obtained:

u®(x) + Ku(x) =0, (4.4)
where
=2
T EI
with the conditions:
u(0) =0, u(L)=0,

nm
and k = T are the eigenvalues for the column.

For this example, we take E = 10 x 10° pa, I = 1.25 x 10> m*, and L = 3. The
numerical results can be seen from Table 5. Table4 shows our results in comparison
with the results of [3]. By increasing m, additional eigenvalues are determined and
the previously determined values become progressively more accurate.
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(@ P ® P

(0, 0) ~ - ~
L - | -
Y |
= # M
P’
(Z, 0)
P r
X

Fig. 1 a A slender rod. b A free- body diagram of a rod

Table 5 Numerical results of Example 3

i m=10 m=12 m=14

Al 1.0472 1.0472 1.0472

A2 2.0944 2.0944 2.0944

A3 3.1416 3.1416 3.1416

A 4.1933 4.1888 4.1888

As 5.2540 5.2364 5.2360

5 Conclusion

In this research, a numerical technique based on the Tau method was presented for
solving the eigenvalue problems. This method converts eigenvalue problems into
a system of algebraic equations. The comparison of the obtained results with the
other numerical methods and the exact solution indicates that the desired accuracy
is obtained. By using some modifications, the proposed method can be applied to
solve other ordinary differential equations.
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Abstract In this chapter, we obtain the Hermite-Hadamard-type inequalities for
coordinated convex function via generalized fractional integrals, which generalize
some important fractional integrals such as the Riemann-Liouville fractional inte-
grals, the Hadamard fractional integrals, and Katugampola fractional integrals. The
results given in this chapter provide a generalization of several inequalities obtained
in earlier studies.

Keywords Hermite—Hadamard’s inequalities + Generalized fractional integral -
Coordinated convex - Integral inequalities
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1 Introduction

The Hermite—Hadamard inequality discovered by Hermite and Hadamard see, e.g.,
[13, 28], p. 137) is one of the most well-established inequalities in the theory of
convex functions with a geometrical interpretation and many applications. These
inequalities state that if f : I — R is a convex function on the interval I of real
numbers and a, b € I witha < b, then
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b
f <“ “’) <y [ ran = HOTLE (1.1

2

Both inequalities hold in the reverse direction if f is concave. We note that Hermite—
Hadamard inequality may be regarded as a refinement of the concept of convexity and
it follows easily from Jensen’s inequality. Hermite—Hadamard inequality for convex
functions has received renewed attention in recent years and a remarkable variety of
refinements and generalizations have been studied (see, for example, [3, 14-16, 18,
20, 27, 34, 35, 40, 47, 48]).

A formal definition for coordinated convex function may be stated as follows:

Definition 1 A function f : A — R is called coordinated convex on A, for all
(x,u), (y,v) € Aandt,s € [0, 1], if it satisfies the following inequality:

fx+ A —=1t)y,su+ (1 —ys)v) (1.2)
<ts f(x,u) +t(l—s)fx,v)+sA—-0)f(,u)+ A —-t)(1 —s)f(y,v).

The mapping f is a coordinated concave on A if the inequality (1.2) holds in
reverse direction for all ¢, s € [0, 1] and (x, u), (y, v) € A.

In [12], Dragomir proved the following inequalities which is Hermite—Hadamard-
type inequalities for coordinated convex functions on the rectangle from the plane
R2.

Theorem 1 Suppose that f : A — R is a coordinated convex, then we have the
following inequalities:

b d
a+b c+d 1 1 c+d 1 a+b
,— ) =<z , d — ,y)d
f(z 2)—2 b—a/f<x 2)x+d—c/f<2 y>y
C

a

b d
1
= mf/f(x,y) dydx (L.3)

1

b b
1 1
< 1 m/f(x,c)dx—i—m/f(%d)dx

+

d d
1 1
d_C/f(a,y)dy‘*'d_C[f(bJ)dy

_S@o+ flad+ fbot fbd)
=< 7} .

The above inequalities are sharp. The inequalities in (1.3) hold in reverse direction
if the mapping f is a coordinated concave mapping.
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For the other Hermite—Hadamard-type inequalities for coordinated convex func-
tions, please refer to [2, 4, 24, 26, 41, 44].
In the following, we give the definition of Riemann—Liouville fractional integrals:

Definition 2 Let f € Li[a, b]. The Riemann-Liouville fractional integrals J, f
and J;' f of order o > 0 with a > 0 are defined by

1 X
Jﬁf@)=FEE/Rx—0”JﬂOm,x>a

and
1

Sy f(x) = m

b
[@—xf4fmm,x<b

respectively. Here, I'(«) is the Gamma function and Jf () = JZEL f(x) = f(x).

More details on Riemann-Liouville fractional integrals, one can see
[19, 23, 25, 30].

It is remarkable that Sarikaya et al. [32] first gave the following interesting inte-
gral inequalities of Hermite—Hadamard-type involving Riemann—Liouville fractional
integrals.

Theorem 2 Let f :[a,b] — R be a positive function with 0 <a < b and f €
Li[a,b]. If f is a convex function on [a, b], then the following inequalities for
fractional integrals hold:

<a+b><IYa+U
2 )2 —a)”

[, () + J2 f@)] < w (14)

with o > 0.

Moreover, Hermite—Hadamard-type inequality for coordinated convex functions
utilizing Riemann-Liouville fractional integrals is obtained by Sarikaya in [36]. One
can find some recent Hermite—Hadamard inequalities for the function of one and two
variables via Riemann-Liouville fractional integrals in [1, 5-11, 17, 22, 31, 33, 37—
39, 45, 49, 50].

Hadamard fractional integrals are as follows:

Definition 3 Let f € L; ([a, b]). The Hadamard fractional integrals H7, f, and
Hj_ f of order o > 0 with @ > 0 are defined by

a—1 &dt

X >a,

H f(x):= %f (1n§)
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b a—1
Hy f(x):= / ( ) f(t) x < b,

and

respectively.

Recently, some papers are devoted to Hermite—Hadamard inequalities via
Hadamard fractional integrals, see [29, 42, 43, 51, 52].
Now we give following generalized fractional integrals:

Definition 4 Let g : [a, b] — R be an increasing and positive monotone function
on (a, b] having a continuous derivative ¢'(x) on (a, b). The left-side (Ia‘i; p f(x))
and right-side (/;". p f(x)) fractional integral of f with respect to the function g on
[a, b] of order o < O are defined by

I ETOVI0)

a0 = 7 J Tyt - o e
and

a0 = Fs / [g(j/(_”gfz )(:))]ladt, x<b
respectively.

Jleli and Samet establish following Hermite—Hadamard inequalities:

Theorem 3 ([21]) Let g : [a, b] — R be an increasing and positive monotone func-
tion on (a, b], having a continuous derivative g'(x) on (a, b) and let o > 0. If f is
a convex function on [a, b], then

@(a)+ f ()
2

<a+b)< [(a+1)

2 )~ 4l — g(@1° (14 @) + @5, f(@)] =

(1.5)
where ®(x) = ¢(x) + o(x) and p(x) = p(a + b — x) for x € [a, b].

Hadamard fractional integrals of a function with two variables can be given as
follows:

DeﬁmtlonS Let f e L1 ([a, b] x [c d]). The Hadamard fractional integrals

,H_H_f Ja+d £ Hf and Jb ) of order o, >0 with a,c >0 are
defined by

x Y
o, . 1 x a—1 Y B=1 f(t,s)
Tatica /G i= r(a)F(ﬂ)/ / (i ()

; dsdt, x>a,y>c,
s
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X

d
a8 o xya—1 s\l ras)
Ja+,d—f(x’ y) = F(a)l"(ﬁ) / <1n ?) <ln ;) Tdsdt, x>a,y<d,

y

Q

by
«,f L y\A-1 f(z,s)
Il ep fxy) = F(a)F(ﬁ) // ( ) (ln ;) . dsdt, x <b, y>c,

and

b d
aﬁ _ r Y\ @)
)= r(a)F(ﬁ)//<ln ) (n3) " Fdsdn x<boy<d,
y

X

respectively.
Now, we give following generalized fractional integral operators:

Definition 6 Let g : [a, b] — R be an increasing and positive monotone function
on (a, b], having a continuous derivative ¢'(x) on (a, b) and let w : [¢,d] — R
be an increasing and positive monotone function on (c, d], having a continuous
derivative w’(y) on (c, d). Let f € L([a, b] x [c, d]). The generalized fractional
integral operators for functions of two variables are defined by

T fny) = // A0 WO p sdsdr, x>ay> e
aretigw F@r@) J ) 1g@) = g@1'™ [w(y) — w(s)]'™?

a3 _ (f) w (S)
Tt g f () = r(a)F(ﬁ) // [9) — 91 [w(s) — wyn)]!

,ff(t, s)dsdt, x>a, y<d,

by

0B 1 g (1) w'(s)

: y) = dsd b, y>c,
jbf,(:+:g,wf(x y) NOWEG) }/Z/ [g([)—g(x)]lia [w(y) — w(s )]I ff(l s)dsdt, x < y>c
and

; (1) '(5)

a,f gt w' (s

. , = f(¢, s)dsdt, b, d.
i €)= it / [ (90 — 91 fw() — w7 A E = b

Similar to the above definitions, we can give the following integrals:

" c+d\ 1 r g @) c+d
“*;gf(x’ 2 )'_ F(a)f[gm—g(t)]‘—af(t’ 2 )dt’ e
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o ctd 9@ c+d
oo (x’ 2 ) F(a)f 0 g’ (t’ 2 )dt’ b

A s >._ ! f w'(1) (a—i—b )d
‘7c+wf< 2 Y ) = F(B) [u)(y)—w(s)]l_ﬁf ) , Y s, y>c,

and

3 a+b 1 y w’ (1) a+b
! <T y> NG / [w(s) — w(y)]]_’3f< 2 ,y> as. y=d

If we choose g(t) = % andw(s) = %p in Definition 6, then we have the following
Katugampola fractional integrals for function with two variables similar to definitions
given by Yaldiz in [46]:

Definition 7 Let f € L ([a, b] X [c, d]). The Katugampola fractional integrals for
function with two variables are defined by

1 —ag 1-5 —1 o—1
tf s
)UI«» 8 X, y) = // — f(t,s)dsdt, x>a, y>c,

e foD F(a)r‘(ﬁ) Lo — 10 [y mprne UL y>c

1 g 1-5 Yaf
po — -
Ia+d flx,y) = 1"(04)1"(/6) // L7 — t/)]l Ty ] jf(t s)dsdt, x >a, y<d,

lali 0‘1)

0,0 o, o |
p Ih__H_f(x,y) = F(a)F(ﬂ‘) f/ PEpTIIED 0 e ff(t s)dsdt, x <b, y>c,

and

1 g 1-5 YG‘*
PO i - |
I a_fx,y) = F(a)l"(ﬁ) // ” —x/’]l o =3 ft,s)dsdt, x <b, y<d.

The aim of this study is to establish Hermite—Hadamard-type integral inequalities
for a coordinated convex function involving generalized fractional integrals. The
results presented in this paper provide extensions of those given in earlier works.
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2 Main Results

Let f : A = [a, b] x [c, d] — R.First, we define the following functions which will
be used frequently:

filx,y) = fla+b—x,y),

Hy) = fx,c+d—y),

Fe.y) = fla+b—x.c+d—y),

G(x,y) = f(x,y) + frlx,y) (2.1)
H(x,y) = f(x,y) + fi(x,y)

K(x,y) = fitx,y) + f3(x, y)

L(x,y) = H(x,y) + f(x,y)

F(x,y) = i, y) + @, y) + fx,y) + f(x,y)
Gx,y)+H(x,y)+ K(x,y)+ L(x,y)
2

for (x,y) € [a, b] x [c,d].

Theorem 4 Let g : [a, b] — R be an increasing and positive monotone function on
(a, b), having a continuous derivative g'(x) on (a, b) and let w : [c, d] — R be an
increasing and positive monotone function on (c, d), having a continuous derivative
w'(y) on (¢, d). If f : A — R is a coordinated convex on A, then for o, 3 > 0 the
following Hermite—Hadamard-type inequality hold:

f(fa+b c+d
(45t 22)
Cla+1Hr@B+1)
T 1619(b) — g(@)]® [w(d) — w(e))?

[T PO D+ T Fo 0+ T Fad + T Fa o]
_f@a+flad+ fb ot fbd
< " :

where the function F is defined as in (2.1).

Proof Since f is a coordinated convex mapping on A, we have

(2.3)

(u+v p+q> S, p)+ fu,q)+ f, p)+ f(v,q)
N2 )= 4

for (u, p), (v, q) € A.Now, forz,s € [0, 1],letu =ta+ (1 —t)b,v=(1 —t)a +
th, p=cs+ (1 —s)d and g = (1 — s)c + sd. Then we have
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a+b c+d
f< TR ) 2.4)

1 1
< Zf(ta—i— (1 =0)b,cs + (1 —s5)d) + Zf(ta + (1 —=1)b, (1 —s)c+ sd)
1 1
+4—1f((1 —ta+tb,cs + (1 —s)d) + Zf((l —t)a+tb, (1 —s)c+sd).
Multiplying both sides of (2.4) by

(b—a)(d—c) g (1 —t)a +1tb) w' (1 —8)c + sd)
C@T(B)  [gb) — g (1 —ta+th)]' [w(d) — w (1 — s)c +sd)]' 7’

and integrating the resulting inequality with respect to ¢, s over (0, 1) x (0, 1), we
get

11
(b—a)(d—c) <a+b c+d)/‘/ g (1 = t)a + tb) w’ (1 = s)c + sd) di
C(a)T(B) 272 o Lgb) — g (1 — a4+ th)) = [w(d) — w (1 = 5)c + sd)]1 =0
- (b—a)(d—c)
T AT ()T(B)
11
’ _ ’ _
x// gznatib) WAZDHID s (1= 0b,es + (1 - s)ddsds
b [g(b) —g (1 =)a + b))~ [w(d) — w ((1 — s)c + sd)]'
(b—a)(d-c)
AT ()T(B)
11
/ / <) o
x// g {=nattb) — w (= s)c+sd) — fa+ (1= 0b, (1 =)+ sdydsdt
o [9(b) — g ((1 — t)a + tb)] [w(d) —w ((1 = s)c+sd)]
(b—a)(d-oc)
AT ()T(B)
11
x// g (d=ta+th) — w (= s)e+s5d) 5 (1= Da+ b, es + (1 - s)d)dsdt
5o [g(b) — g (1 —)a +1b)) ~% [wd) — w ((1 = s)c + sd)]'
(b—a)(d—c)
4T ()T (B)
11
! _ / _
x// gznatib) WAZDHD p(1 ~ pyat i, (1 = s)c + sdydsr.
o [gb) — g (1 =)a+1tH)]' = [w(d) — w ((1 — $)c + sd)]' ~F

By a simple calculation, we have

11
f / g (1 —t)a +tb) w’' (1 = s)c + sd) dsdt — [g(b) — g(a)]* [w(d) — w(c)]‘&
a0 Lg(®) — g (1 = Da + tH)]' % [w(d) — w (1 — s)c + sd)]' 7 aB(b—a)(d —c) :

Using the change of variables 7 = (1 — t)a + tband n = (1 — s)c + sd, we obtain
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[g(b) — g(@)]* [w(d) — w(c)]? (a—l—b c+d>
F(a—i-l)l“(ﬁ-i-l) 2 7 2

g (1) w' ()
7O [wid) —w (pl— ﬁf(a—i-b 7,¢c+d —n)dndt

= 4r(a)1‘(ﬁ) / / [g(b) —

g (1) w' (1)
+ +b—T1,mdnd
4T ()(B) .// lgb) — g M1 [wd) — w (7])]176 fla T, mdndt

11
g (1) w’ ()
) d —n)dnd
4”0‘)“5) 0/0/ 9®) —g O @ —wopr 7 ¢TI

1

g (1) w' (1)
dnd
4F((¥)F(ﬂ) .0// [g(b) _ g(T)]l—a [w(d) —w (7])]1 Sf(T 7]) naTt

1 Q| v,
= [T BOD + T O+ T B D+ T 0.
Z“Zﬁ#ﬂc+ g, wF(b’ d).

That is, we have

[g(b) — g@)]" [w(d) —w(©)])’  (a+b c+d) 1
Fa+ DB+ 1) ( ) >f4u7a+c+ng(b d). (2.5)
Similarly, multiplying both sides of (2.4) by
(b—a)(d—c) g (1 —t)a +tb) w' (1 = s)c + sd)

C@T(B)  [gb) —g (1 —t)a+tb)]' " [w (1 — s)c + sd) — w(c)]' ™7

and integrating the obtained inequality with respect to ¢, s over (0, 1) x (0, 1), we
obtain

[g(b) — (@) [w(d) —w())’ , (a+b c+d 1

Moreover, multiplying both sides of (2.4) by

(b—a)(d—rc) g ((1 —t)a + tb) w (1 —8)c + sd)
C@T(B)  [g((1 —t)a+th) — g(s)]'™ [w(d) — w (1 — s)c + sd)]' ™
and
(b—a)(d—rc) g (1 —t)a +th) w (1 —$)c + sd)

C@L(B)  [g((1—=t)a+1tb) — gs)]'™ [w (1 —s)c +sd) —w(c)]'™”?
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then integrating the established inequalities with respect to ¢, s over (0, 1) x (0, 1),
we have the following inequalities:

[g(®) — g@)]* [w(d) —w©))’ , (a+b c+d\ 1 .4
NCESNCES)) < 2 2 >SZ‘7”—’C+;9’"’F(“"D @D

and

[g) — g(@]1” [w(d) —w(©))’  (a+b c+d | —y
Ta+ DM@ +1) < 2 2 )5 3w @0, 28)

respectively.
Summing the inequalities (2.5)—(2.8), we get

a+b c+d
f( 22 )
Ca+ DI@B+1)

< 3
T 16[9(b) — g(@]” [w(d) — w(c)]’

N «,3 Ne} , 3
[T FO D+ 00 JFO. 0+ T Fad)+ 30 Fla,o)].

This completes the proof of first inequality in (2.2).
For the proof of the second inequality in (2.2), since f is a coordinated convex,
we have

fta+ (1 —b,cs + (1 —s)d) + fta+ (1 — )b, (1 —s)c +sd) (2.9)
+f((A—=t)a+tb,es+ (1 —s)d)+ f((1 —t)a+1tb, (1 —s)c+ sd)
< fla, o)+ fa,d)+ f(b,c) + f(b,d).

Multiplying both sides of (2.9) by

(b—a)(d—-c) g (1 —t)a +tb) w' (1 —8)c + sd)
C@T(B)  [gb) — g (1 —ta+th)]' [w(d) — w (1 —s)c +sd)]' 7’

and integrating the resulting inequality with respect to ¢, s over (0, 1) x (0, 1), we
get

(b-a)d—o)
T(T(B)
11
’ / <) o
xf/ g (1 =Na+1b) WA =9eHd) s (= by es + (1 — s)d)dsdt
44 o) =g =na +15)]' [w(d) — w (1 = s)c +sd)]'
(b—a)(d—c)
T (B)

11

! _ ’ _

xf/ g (@ =na+tb) ] w@=setsd) eop (1= b, (1= s)e + sdydsdt
5 b [g®) — g (1 = Da +tH)]' ™ [w(d) —w (1 = s)c +sd)]'F
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(b—a)(d—c)
C(@Tr(B)
11
g (1 — t)a + tb) w' (1 = 5)c + sd)
_f((1 = b, 1 - $)d)dsd
[/[g<b>—g<<1—z>a+zb>]‘—a (@) —w (= e sayi=p? (7D H e+ (= addsd
(b—a)(d—c)
()T (B)
11
! / .
xf/ g (= Datib) w (A = s)e+sd) F((1=Da +1b, (1 — s)c + sd)dsdt
[9(h) — g (1 — D)a + th)]'= [w(d) — w (1 — s)c + sd)]'
(b—a)ld—c)
W[f(a,c)+f(a,d)+f(b,c)+f(b,d)]

11
Xf/ g (1 —t)a+1b) w (1 = s)c + sd)
[g®) — g (1 = )a +th)]' = [w(d) — w (1 = )c + sd))' =7

Then, we get

‘-7u+c+_1wf%(b d)+‘7+c+wa1(b d)+“7a(1ﬂt+1wf2(b d)+‘7+t+gwf(b’d)

[g(b) — g(@)]* [w(d) — w(e)]’
T(a+DI@B+1)

<I[fla,0)+ fla,d)+ f(b,c) + f(b,d)]
that is,

Ta+ DG +1
— _(gcz;)r]a)[w(([; )+_)w(c)]ff T g F . d) < fa,0) + fla.d) + f(b.c) + f(b.d).
(2.10)

Similarly, multiplying both sides of (2.9) by

(b—a)(d—rc) g ((1 —t)a + tb) w (1 —8)c + sd)
C@IT(@B)  [gb) —g((1 —t)a+th)]' [w ((1 = s)c + sd) — w(c)] ™

(b—a)(d—-c) g (1 —t)a +tb) w' (1 —8)c + sd)
C(@T@)  [g(A—1ta+tb) —g@]'™* [w(d) —w (1 —s)c+sd)]'"™?
and
(b—a)d—-c) g (1 —t)a +1th) w' (1 = s)e + sd)

C(@T@B)  [g((1—1t)a+tb) — g@]"™* [w (1 —s)c +sd) —w(c)]'”

integrating the resulting inequalities with respect to ¢, s over (0, 1) x (0, 1), we
establish the following inequalities:
Fa+ DB +1) a8

Jes
[g(b) — g(@)]” [w(d) — w(c)]? " T4

F(b.c) < f(a.0)+ fla,d)+ f(b.c) + f(b.d),
@2.11)
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T(a+ L@+ 1) o
[g(b) — g(@)]* [w(d) — w(e)]’ " Petow

F(a,d) < fa,¢)+ f(a,d) + f(b,c) + f(b,d),
(2.12)
and
T(a+ DTG+ 1) of
[g(b) — g(@)1® [w(d) — w(c))? ~ P d=ow

F(a,c) < fla,c) + fla.d) + f(b,c) + (b, d),

(2.13)
respectively.
By adding the inequalities (2.10)—(2.13), we have the inequality:
a4+ DI @B +1) (2.14)
[9(5) = 9(@)]* [w(d) — w(e))
% [J;itgch;g.wF(b’ d) + Jaﬁ‘?df:g.wF(b’ )+ jba;iJr;g.,wF(a’ d)+ L7170:‘P?d*:g-wF(a’ C):I

<4lf(a.0)+ fla.d)+ f(b,c) + f(b,d)]

If we divide the both sides of inequality (2.14) by 16, then we have the second
inequality in (2.2).
This completes the proof. O

Remark 1 If we choose g(t) =t and w(s) = s in Theorem 4, then we have the
following inequalities for Riemann—Liouville fractional integrals

f<a+b c+d>

27 2
Fa+ DI @B+ 1) a, a,f3 a,f o,
< 10— d—of I:Ja+éc+f(b’ d)+doi g fO O+ flad)+ T, fla, C)]

- fla, o)+ fla,d)+ f(b,c)+ f(b,d)
= 4

which are proved by Sarikaya in [36].

Corollary 1 Under assumption of Theorem 4 with g(t) = Int and w(s) = In s, then
we have the following inequalities for Hadamard fractional integrals:

a+b c+d
(5350
r nr 1 af a.f a,f a,f
< (a+b)a (ﬁ_: 3) [Ja_’,ﬁi._,_F(b,d) +Ja~’:d—F(b’ <) +Jblfc+F(a’d> +Jb:fd*F(a’C)]

S o+ flad+ fbo+ fb,d)

Corollary 2 Under assumption of Theorem 4 with g(t) = % and w(s) = % then
we have the following inequalities for Katugampola fractional integrals:
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a+b c+d
(555
- C(a+ DTG+ Dp*o?
T 16[bP —ar]®[d7 — )’
< f(a,c)+f(a,d)+f(b.,c)+f(b,d)‘
= 4

[ﬂv”z;’;hf(b, D+ 7T Fko+ T P d) + /L”I,‘,‘;.’dj(a,c)]

Theorem 5 Let g : [a, b] — R be an increasing and positive monotone function on
(a, b, having a continuous derivative g'(x) on (a, b) and let w : [¢, d] — R be an
increasing and positive monotone function on (c, d], having a continuous derivative
w'(y) on (¢, d). If f A — R is a coordinated convex on A, then for a, 3 > 0 the
following Hermite—Hadamard-type inequality holds:

a+b c+d
f( L ) (2.15)

M'a+1) o c+d o c+d
= 81gb) — g@]° [j“*"H (b’ 2 ) Tt (“’ 2 )]

LG+ 8 (““’ ) 8 <a+b )]
| 750G .d G ’
TS @) — el [‘7‘**” 2 +JamwC 5

- Ta+ DI @B+1)
T 16[g(b) — g(@)]* [w(d) — w(0)]?

X [‘ZIC:{Z-HQ,UJF(I)’ d) + ‘Zl(iii—;g,wF(b’ C) + jbn’—,{’c-k;g,wF(a’ d) + jhﬂ;/,ii—;g,u)F(a’ C)]

F(Oé + 1) (63 (63 o o
* Lt —s@F [Ty H (5.0 + T H (b, d) + T H (@, 0) + T H (@, d))
r@B+1) [
16 [w(d) — w(c)]’

_fao+fad+ b o+ fbd)
= 4

Tl G ad) + T G.d)+T) G +TL., G b c)]

where the function H, F, and G are defined as in Eq. 2.1.

Proof Since f is a coordinated convex on A, if we define the mapping 4! : [c, d] —
I% hl(y) = f(x,y), then h!(y) is convex for all x € [a, b] and H!(y) = hl(y) +

hy)=fx,y+ fz(x, y) = G(x,y). If we apply the inequalities (1.5) for the
convex function h}c (y), then we have

d r@B+1) 3
() g
727 ) = dw@ — v [7e4s0

hl () + hl (@)
0

Hi@ + 7)., Hi©)] <

that is,
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f(nc+d> (2.16)
d

d
i / w'(y) / W' ()
- , Gaydy+ [ —2 Gy

me—mm”[[ww—wwﬂf IO ) — w7 xyy}

@O+ fd)
- 2

Multiplying the inequalities (2.16) by

o gl(x)
[9(b) — g(@)]" [g(b) — g(x)]'™*’

and )
! g'(x)

Lg(B) — g(@]* [g(x) — g(@)]'™*"

then by integrating the obtained results with respect to x from a to b, we get

Cla+) ., c+d
[9(b) — g(@]” arial (b’ 2 ) (2.17)

T+ DB +1)
41g(b) — g(@)]* [w(d) — w(c)]”’

I'(a+1)
= 2at) — g@F ared GO+ Ty f 0. D]

[~7a+c+qu(b d)+j+d qu(b’C)]

and
Fla+1) N c+d
[RETREFZHJ(% 2 ) 2.18)
P+ DHrE+1) a,B a [f
= 4[g(b) — g(@)]” [w(d) — w(c)])’ [ b ctigw (@ D+ Ty g0 G @, C)]

C(a+1)

< Tt =g i) @O+ TS @ d)].

respectively.
On the other hand, since f is a coordinated convex on A, if we define the map-

ping h2 : [c,d] — R, h(y) = fix, y), then h2(y) is convex for all x € [a, b] and

H2(y) = h2(3) + h2(») = Fi(x, ) + Ja(x, y) = K (x, y). If we apply the inequal-
ities (1.5) for the convex function h)zc (y), then we have

d rg+1n B ] 2 h% (c) + h% )
s <C ) H2 d) + H T A
x 2 = 4 [w(d) — U)(C)]S [‘7C+ w ) “711—,11) x(c)] =< 5




On Hermite—Hadamard-Type Inequalities for Coordinated Convex Mappings ... 241

7 <x, C+d) (2.19)

d d
B / w'(y) / w'(y)
K dy+ [ "0k
4w —wie))’ [ @ w17 e = wer Y y}

N o+ hiad)
- 2

Similarly, multiplying the inequalities (2.19) by

o 9/()6)
[9(b) — g(@)]" [g(b) — g(x)]'™*’

and )
! g'(x)

[9(b) — g(@)]* [g(x) — g(@)]'™*’

then by integrating the obtained results with respect to x from a to b, we get

T+ 1) ~( c+d
M‘”gﬂ( 2) (2.20)

- Ma+DHI'@BE+1)
T 4[g(b) — g(@)]” [w(d) — w(c))’

Fa+1) .
- m[ g J1 (0.0 + T i (0. D],

[jwwwx(b &)+ 5, Kb, c)]

and
Ca+1) ., ~( c+d
90) — g1 rod (“’ 2 ) 2.21)
Ca+DI(@B+1) s »
419(b) — 9@ [w(d) — wic )]a[j ergwK @)+ T g,wK(a,c)]

Ca+1)

= 300 —g@F el @O+ T, fi@ ).

respectively.

Moreover, if we define the rnappingh1 [a,b] — R, hl(x) f(x, y),thenh;(x)
is convex for all y € [c, d] and H (x) = h! y() —I—h'(x) flx,y)+ ]71(x y) =
G(x,y). Applying the 1nequahtles (1.5) for the convex function &' (x) then we
have
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h (@) + hl (b)
2 9

1 a—+ b F(OL + 1) 164 1 « 1
hy( 2 ) = 0 s Were ) + T Hy @] <

that is,

7(52) 222

b b
a g'(x) / g'(x)
H(x, y)dx + —  H(x,y)d
= 1) — 9@ [/ [9(5) — gLoT 1—a 1 J o) = gl@11=" %) x}

a

_ f(a,y)+f(b,y)'
- 2

Multiplying the inequalities (2.22) by

B w'(y)
[w(d) — w(©)]” [wd) —wy)]'™"

and

8 w'(y)
[w(d) — w(e)]? [w(y) —w(e)]™

then integrating the established results with respect to y from c to d, we obtain the
following inequalities:

r@e+1 8 (a—l—b d) 2.23
@ —wep e\ T2 2:23)

- Fla+DHI'@B+1)

T 4[g(b) — g@)]1" [wd) — w(e))’

PG+ [ )
o — e et S (@:d F D),
T 2[wd) — w(e))’ [‘7C+,wf (a,d)+ TS ( )]

[ TE W Hb. D) + T Ha, d)]

and

r@E+1 5 (a+b ) 54
[wd) —w(ep T2 229

- a4+ DTGB+ 1) [

T 41g(b) — g(@]1” [w(d) — w(e))’

C@G+1)
= 2[w@d) — w©@l [Tt @0+ T f 0],

Te .0+ T30 H 0]

respectively. -
Furthermore, if we define the mapping hi 2 a, b] > R, hi(x) = f>(x,y), then

h2(x) is convex for all y € [c,d] and H?(x) = h2(x) + h2(x) = ]?z(x, y) +
y y ¥ y
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};(x, y) = L(x, y). Applying the inequalities (1.5) for the convex function hi(x),
then we have

,(a+b Ca+1) 5 R (a) + k3, (b)
2 (37 = 500 =gt a0 + 3 uti)] 252
ie.,

3 (a er b y) (2.25)

b b
a g (x) / g'(x)
L(x,y)d —  L(x, y)d
= 1) —g@1° { o) — gl 1= - ”a o) — g@ii—a - x}

_ fla,y)+ fr(b,y)
ST

Similarly, multiplying the inequalities (2.25) by

B w'(y)
[w(d) — w(©)]’ [wd) — wy)]""

and

B w'(y)
[w(d) — w(e)]” [w(y) — w(e)]'™"

then integrating the obtained results with respect to y from c to d, we obtain the
following inequalities:

rpB+1) ~ (a+b

(o) —wop et “’fz( d)
_ T(a+ DTGB+ 1) [
T 4[g(b) — g(@)]1" [w(d) — w(c)]’

(2.26)

T

a+,c+;g,w

Lb.d) + T>° L(a,d)]

,c+3g,w

r@+1 ~
B m[ Gl @ d)+ T, P (b,d)]
and
r@e+1n ~ (a+b
s e (50 o)

Fla+DI'@E+1)
41g(b) — g(@)]” [w(d) — w(c))’

rp+1 - o
- W |:‘~7dﬂf;wf2 (Cl, C) + jd“gi;wfz (b, C):I ,

[Tl B0+ Ty L@, )]

respectively.
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Summing the inequalities (2.17), (2.18), (2.20), (2.21), (2.23), (2.24), (2.26) and
(2.27), we have the following inequalities:

Ma+1) o c+d o c+d
[g(®) — g(@)]® [j““’f (b’ 2 )+j”*;gf (“’ 2 )

o > c+d o = c+d
ER T

rp+1) 3 a+b 8 <a+b )
_ ,d . s
[w(d) — w©)] [‘7‘*;’”0 ( 2 >+‘7d‘vwf 2 ¢

- ~ f(a+b ¥ ~(a+b
+‘7£j-;wf2< 2 ’d>+‘7d1—,wf2< 2 ’C>]
- Fla+ DB +1)
T 4[g() — g(@)]* [w(d) — w(©))’

[T g OO D+ T30 G0+ Ty Gad) + T, Glao)

+‘7aa¥.ﬁc+;g,UJK(b’ d)+ ‘%ﬂﬁigdf:g,wK(b’ )+ Jbafw;g,wK(a’ d)+ Jbafdﬁg,wK(a’ 2

+‘7aa¥.ﬁc+;g,ufH(b’ d)+ jbafw;g,wH(a’ d) + Jaci?df;g,wH(b’ )+ ‘Zvliiadf:g,wH(a’ 2

T gl B+ T L@ D)+ T L0+ T L]
Fa+1)

= 2[g(b) — g@1* [j“ﬁ:gf(b’c)"'Jaaﬁyf b.d)+ Ty~ f @)+ Tl f (a.d)

+ T8y B 0.+ T T ) + T i@ o) + T T (@, )]

rg+1 3 3 s %
@ —w©l [»’7C+;wf (ad)+ T .+ Ty . fla.o+T; ., fb.o
+T @)+ TN 0.+ T T @+ T) T .0)].

That is, we have

'a+1) o c+d o c+d
[g(b)—g(a)]“’[ “WH(I” 2 >+‘7b<f’H(“’ 2 )]

r@g+1n |: 8 (a+b ) 3 (a+b ):|
_ .G ,d .G ,
[w(d) — w(c))’ et 2 +Ja-u 2 ¢

- Cla+ DI @B +1)
T 2[gb) — g(@)]* [w(d) — w(c)]?
[T g F O+ T2y F 0.0+ T P + T Fa,)]
C(a+1)
= 2[g(b) — g(a)]
r@E+1)
2[w(d) — w(e)]’

[J;;;QH (b, €)+ T4 H (b d) + T H (@, ) + Ti- H (a, d)]

[j;j;wc; (@d)+T,Gb.d)+ T G +T) G b, c)]

which completes the proof of the second and third inequalities in (2.15).
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On the other hand, from the first inequality in (1.5), we have
a+b
7\ ™2
«
= a
4[g(d) — g(a)]

(2.28)

b
g'(x)
b— d
[ g
g x
b — d
[9(r) — gl PO TPt oldx

Since f is a coordinated convex on A, by using the inequality (2.28), we obtain
(2.29)

a+b c+d
f( L) 2)

(%

g x) ( c+d c+d
s b—x,—— | |d
= 49 — 9@ | ) Tg® — 900" [f (" >+f (“ S )} x

2

ot [ 4 o3
= i e [t (57) gt (57
and similarly we have
f(a—;—b’c—lz—d> (2.30)
S T J D= ST [ (50) i (e ) |
O ()3

[w(y) —w()]*
C

r@+1 [ 8 (a—l—b ) 3 <a+b )]
=——~ - \J,. G|l——,d|+JT, .. G ; .

[w(@) —w(e)? L7\ 72 =\ T
Combining the inequalities (2.29) and (2.30), we obtain the first inequality in (2.15)

From the second inequality in (1.5), we have
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b
a g'(x)

4Lg(®) — g(@)]" [9(b) — g(0)]*

b

[p(x) + pla+b —x)]dx (2.31)

g'(x)
J lg(x) — g(@)]*

_ 9@+ )
= 2 .

[p(x) +wla+b —x)]dx

By using the inequality (2.31), we obtain the following inequalities:

C(a+1)
4[g(b) — g(a)]"

Fa+1)
4[g(b) — g(a)]"

rge+1)
4{w(d) — w(e)]’

fla, o)+ f(b, o)

[TavgH (b.0) + Ty H (a,0)] < 5 , (232

H (a,d)] < fa.d) er )

[ g H (b, d) + Ty

-9

fla,c)+ f(a,d)
2

[jc‘i;wG (@, d)+J,.,G (, c)] <
(2.34)
and
r@E+1
4[w(d) — w(e))’

[5G 0. + 5,6 . 0)] < LEOTLOD,

(2.35)
Combining the inequalities (2.32)—(2.35), we obtain the last inequality in (2.15).
This completes the proof completely. (]

Remark 2 If we choose g(t) =t and w(s) = s in Theorem 5, then we have the
following inequalities for Riemann—Liouville fractional integrals:

a+b c+d
(555
Cla+1) [ , c+d c+d
T6—a° [J‘”f( 2 >+Jb f(“ 2 ﬂ
r(3+ 1) atb ath
T )ff[”f( ’)“d ( 2 ‘)]

F'a+ DB+ 1 o
< 4(2“_*{1)1 (f* )33 [0 e + 18 p w0+ 1 pa )+ 1 fao)]

Cla+D 4 Ja a
= W[ o f (b, )+ IS f (b d) + T3 f (a,¢) + JfE f (a,d)]
r@+1 1.5 8
S(d_c)g[JHf(a D+ I f b dy+ IS f@e+I0 fw, c)j|
- fla, o)+ fla,d) + f(b,c) + f(b,d)
< " :

which are proved by Sarikaya in [36].
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Corollary 3 Under assumption of Theorem 4 with g(t) = Int and w(s) = In s, then
we have the following inequalities for Hadamard fractional integrals

a+b c+d
(5557
< e+ D [Jf;+H <b, ﬂ) +J;;_H(a, C+d>]
8[in2] 2 2
a
+L‘d+1; [Ji_G<a+b,d>+J37G<a+b,c)]
p 2 2
8[n4]
SECELTVCEDY P

= 51 d 3 [Yat.c+
16 2]" [1n ¢]

Fo.d)+ 30, Fb.o+ 3" Fa.d)+3)0, Fa, c‘)}

Mo+ 1
< L)a[ S H®b, o)+ I3 Hb,d)+J;_Ha,c)+I)_H(a,d)]
16 2]

TB+1) . ‘ ‘
+M[J&_G(a,d)+Jf+G(b,d)+J§7G(a,c)+J‘37G(b,c)}
16[n ¢]
<f(ll,C)+f(d,d)+f(b,c)+f(b,d)

- 4

57

Corollary 4 Under assumption of Theorem 4 with g(t) = % and w(s) = -, then
we have the following inequalities for Katugampola fractional integrals:

a+b c+d
f( 72 )
Cla+ Dp® [, 14 c+d pra ( c+d
= 8[br'—a/’]“|:zf’+H(b’ PR R G
r@+0o’ [, 5 a+b — a+b
Far e 2o (5 a) v 2o (50
- C(a+ DIB + 1)p*o? [
T 16[bP —ar]* [do — o1
- I'(a+ D)p*e?
= 16[bP —ar]®
L3+ Ho
16[d° — co1’
cf@otfad+t kot fbd
< 2 .

Po ol Fb )+ POT Fbe) + oI Fa,d) + /’v”I,;'fdj(a,c)]

[PZe H (b, c) + PI5 H (b.d) + PTj_H (a,c) + "Iy H (a,d)]

[”I;Lc(a,d) + T2 Gb.d)y+ “T) G, o)+ "I G (b, c)]
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