Systems with power-law memory and fractional attractors
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A consistent investigation of a simple general form of a deterministic system with power-law
memory whose state can be described by one variable and evolution by a generating function
yields surprisingly rich results. In this model a new value of the system’s variable is a total (a
convolution) of the generating functions of all previous values of the variable with weights,
which are powers of the time passed. In a discrete case this system can be described by a
difference equation in which a fractional difference on the left hand side is equal to a total (also a
convolution) of the generating functions of all previous values of the system’s variable with
fractional Eulerian number weights on the right hand side. In the continuous limit the considered
system can be described by a Grünvald-Letnikov fractional differential equation, which is
equivalent to the Volterra integral equation of the second kind. This consideration yields new
properties of fractional Eulerian numbers and allows to investigate general properties of
nonlinear fractional dynamics.
Fractional Standard and Logistic maps are two particular implementations of systems with
power-law memory whose properties depend on the value of two parameters: the nonlinearity
parameter, which arises from the corresponding regular dynamical systems; and the memory
parameter which is the order of the fractional derivative in the corresponding non-linear
fractional differential equations. The examples of the fractional Standard and Logistic maps
demonstrate that phase space of non-linear fractional dynamical systems may contain periodic
sinks, attracting slow diverging trajectories, attracting accelerator mode trajectories, chaotic
attractors, and cascade of bifurcations type trajectories whose properties are different from
properties of attractors in regular dynamical systems. The discovered properties should be
evident in the natural (biological, psychological, physical, etc.) systems with power-law memory
and in engineering they may provide additional means of control by the variation of the memory
parameter of corresponding systems and processes.
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