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Introduction

Hadamard derivatives arise in many fields in mechanics, e.g., the
fracture analysis of both planar and three dimensional elasticities.
(N.I. Ioakimidis, Acta Mech. 1982)
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Introduction

Definition

Hadamard fractional integral of order α > 0 for a given function
f(x) is defined as (J. Hadamard, J. Math. Pures Appl. 1892)

HD−αa+ f(x) =
1

Γ(α)

∫ x

a

(
log

x

t

)α−1
f(t)

dt

t
,

where x > a > 0.

Definition

Riemann-Liouville fractional integral of order α > 0 for a given
function f(x) is defined as (I. Podlubny, 1999)

RLD−αa,xf(x) =
1

Γ(α)

∫ x

a

(x− t)α−1 f(t)dt,

where x > a.

Caputo-Hadamard fractional differential equation: analysis and computation



Hadamard fractional calculus Definite conditions of Hadamard FDE Existence, uniqueness, and continuation theorems Dynamics of Hadamard FDE Acknowledgement

Introduction

Definition

The Hadamard fractional derivative of order α for a given function
f(x) is defined as (n− 1 < α < n ∈ Z+, x > a > 0)

HDα
a+f(x) =δn

(
HD

−(n−α)
a+ f(x)

)
=

(
x

d

dx

)n 1

Γ(n− α)

∫ x

a

(
log

x

t

)n−α−1
f(t)

dt

t
.

Definition

The Riemann-Liouville fractional derivative of order α > 0 for a
given function f(x) is defined as (n− 1 < α < n ∈ Z+, x > a)

RLDα
a,xf(x) =

dn

dxn
1

Γ(n− α)

∫ x

a

(x− t)n−α−1 f(t)dt.

Caputo-Hadamard fractional differential equation: analysis and computation



Hadamard fractional calculus Definite conditions of Hadamard FDE Existence, uniqueness, and continuation theorems Dynamics of Hadamard FDE Acknowledgement

Introduction

Table: Hadamard fractional calculus vs. Riemann-Liouville (R-L)
fractional calculus

Fractional calculus Kernel (n− 1 < α < n) Generalization

Hadamard (log x− log t)n−α−1 (x d
dx)n

R-L (x− t)n−α−1 dn

dxn

Remark

Hadamard fractional calculus is suitable for functions
f(x) ∈ span{1, log x, log2 x, log3 x, · · · }x>0 while R-L fractional
calculus for functions f(x) ∈ span{1, x, x2, x3, · · · }x∈R
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Function spaces

For HD−αa+ (·), we define space Lp(a, b) (1 ≤ p ≤ ∞) of those
real-valued Lebesgue measurable functions f on [a, b] for which
‖f‖Lp <∞, where

‖f‖Lp =

(∫ b

a
|f(t)|pdt

)1/p

, 1 ≤ p <∞,

and
‖f‖L∞ = ess supa≤x≤b|f(x)|.
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Function spaces

For HDα
a+(·), we define space ACnδ [a, b] of those functions

satisfying

ACnδ [a, b] =

{
f : [a, b] 7→ R

∣∣ δn−1f(x) ∈ AC[a, b], δ = x
d

dx

}
,

where n ∈ Z+, and AC[a, b] is the set of absolutely continuous
functions on [a, b].
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Function spaces

Generalized weighted space Cγ, log[a, b] defined as

Cγ, log[a, b] =

{
f(x)

∣∣ (log
x

a

)γ
f(x) ∈ C[a, b],

‖f‖Cγ, log =
∥∥∥(log

x

a

)γ
f(x)

∥∥∥
C

}
,

where 0 ≤ γ < 1. Obviously, C0, log[a, b] ≡ C[a, b].
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Properties and assertions

Lemma

Consistency of Hadamard integral. For Hadamard fractional
integral, if 0 < α→ n ∈ Z+, then

lim
α→n H

D−α
a+
f(x) =HD−n

a+
f(x) =

1

(n− 1)!

∫ x

a

(
log

x

t

)n−1
f(t)

dt

t

=

∫ x

a

dt1
t1

∫ t1

a

dt2
t2
· · ·
∫ tn−1

a
f(tn)

dtn
tn
,

Moreover, as α→ 0+, one gets

lim
α→0+

HD−α
a+
f(x) = f(x).
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Properties and assertions

Property

Semigroup property. Let α > 0, β > 0, 1 ≤ p ≤ ∞ and
0 < a < b <∞. For f ∈ Lp(a, b), the semigroup property holds,

HD−α
a+ HD−β

a+
f(x) = HD

−(α+β)
a+

f(x).
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Properties and assertions

Lemma

Consistency of Hadamard derivative. For Hadamard fractional
derivative, n− 1 < α < n ∈ Z+, if α→ (n− 1)+, then

lim
α→(n−1)+

HDα
a+f(x) = δn−1f(x).

If α→ n−, then

lim
α→n−

HDα
a+f(x) = δnf(x).
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Properties and assertions

Lemma

If 0 < α < 1 and β > 0, then the following relations hold.

HD−α
a+

(
log

x

a

)β−1
=

Γ(β)

Γ(β+α)

(
log

x

a

)β+α−1
,

HDα
a+

(
log

x

a

)β−1
=

Γ(β)

Γ(β−α)

(
log

x

a

)β−α−1
.
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Properties and assertions

Property

“Inverse” operator. If 0 < α < 1, f(x) ∈ L(a, b), and

HD
−(1−α)
a+

f(x) ∈ AC1
δ [a, b], then

HD−α
a+ HDα

a+f(x) = f(x) + c
(

log
x

a

)α−1
,

where c is a constant associated with some initial value.
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Properties and assertions

Property

Null space. If 0 < α < 1, γ ≥ 1− α and f(x) ∈ Cγ, log[a, b]. Then
the relation HDα

a+f(x) = 0 is valid, if and only if,

f(x) = c
(

log
x

a

)α−1
,

where c is a constant, i.e., N (HDα
a+) =

{(
log x

a

)α−1}
.

More generally, if n− 1 < α < n ∈ Z+, then

N (HDα
a+) =

{(
log x

a

)α−1
, · · · ,

(
log x

a

)α−n}
.
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Properties and assertions

If α > β > 0, then:

Theorem

Differentiation after integration. Let α > β > 0, 1 ≤ p ≤ ∞ and
0 < a < b <∞. For f ∈ Lp(a, b), there holds

HDβ
a+ HD−α

a+
f(x) = HD

−(α−β)
a+

f(x).

In particular, if β = m ∈ Z+, then

HDm
a+ HD−α

a+
f(x) = HD

−(α−m)
a+

f(x).
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Properties and assertions

If β > α > 0 and β − α < 1, then:

Theorem

Differentiation after integration. Let
n− 1 < α < β ≤ n ∈ Z+, 1 ≤ p ≤ ∞ and 0 < a < b <∞. Then
for f ∈ Lp(a, b) and HD−α

a+
f ∈ ACnδ [a, b] there holds

HDβ
a+ HD−α

a+
f(x) = HD

(β−α)
a+

f(x).

In particular, if β = n ∈ Z+, then

HDn
a+ HD−α

a+
f(x) = HD

(n−α)
a+

f(x).
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Properties and assertions

If β > α > 0 and β − α ≥ 1, then:

Theorem

Differentiation after integration. Let
n− 1 < α ≤ n ≤ m− 1 < β ≤ m (n,m ∈ Z+) and
1 ≤ p ≤ ∞, 0 < a < b <∞. Then for f ∈ Lp(a, b) and

HD−α
a+
f ∈ ACmδ [a, b], there holds

HDβ
a+ HD−α

a+
f(x) = HD

(β−α)
a+

f(x).

In particular, if β = m, then

HDm
a+ HD−α

a+
f(x) = HD

(m−α)
a+

f(x).
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Properties and assertions

If β ≥ α > 0, then:

Theorem

Integration after differentiation. Let
β ≥ α > 0, n− 1 < α ≤ n ∈ Z+, m− 1 < β ≤ m ∈ Z+ and
0 < a < b <∞, 1 ≤ p ≤ ∞. Then for f ∈ ACnδ [a, b] and

HDα
a+f ∈ L

p(a, b), there holds

HD−β
a+ HDα

a+f(x) = HD
−(β−α)
a+

f(x).

In particular, if β = α, then

HD−α
a+ HDα

a+f(x) = f(x).
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F The above introduction can be referred to the following
references.
[1] J. Hadamard, Essai sur létude des fonctions données par leur développement de

Taylor, J. Math. Pures Appl., 8(1892), 101-186.

[2] N.I. Ioakimidis, “Application of finite-part integrals to the singular integral
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45(1)(1982), 31-47.

[3] A.A. Kilbas, Hadamard-type fractional calculus, J. Korean Math. Soc.,

38(6)(2001), 1191-1204.

[4] Z.Q. Gong, D.L. Qian, C.P. Li, P. Guo, On the Hadamard type fractional

differential system, Fractional Dynamics and Control, Baleanu, D., Tenreiro Machado,

J.A., eds., Springer, New York, (2012), 159-171.

[5] L. Ma, C.P. Li, On Hadamard fractional calculus, Fractals., 25(3)(2017), 1-16.

[6] C.P. Li, L. Ma, Well-posedness of fractional differential equations, Proceedings of

the ASME 2017, DETC2017-67099.

[7] C.T. Yin , C.P. Li, Q.S. Bi, Approximation to Hadamard derivative via the finite

part integral, Entropy, 20(12), 983, 2018.
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Definite conditions of Hadamard FDE
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Question Can we impose the integer-order initial value conditions
for the Hadamard fractional differential equations?
Answer: No!
Let us see a simple example.

Example

HDα
a+u(t) = f(t, u), 0 < a < t ≤ b. (2.1)

If the initial value condition u(a) = ua is posed for equation (2.1),
then

(i) equation (2.1) has no solution provided that f(t, u) ≡ 0
and ua 6= 0.

(ii) equation (2.1) has two solutions u(t) = 0 and
u(t) = c log t

a , provided that f(t, u) = u1−α and ua = 0,

where c = (Γ(2− α))
1
α .

So such a Cauchy problem is ill-posed.
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Definite conditions of Hadamard FDE

Well-posed conditions for Hadamard FDE as 0 < α < 1{
HDα

a+u(t) = f(t, u), a < t ≤ b,
HDα−1

a+
u(t)|t=a = ua,

or, {
HDα

a+u(t) = f(t, u), a < t ≤ b,
(log t

a)1−αu(t)|t=a = Γ(2− α)ua,

or, {
HDα

a+u(t) = f(t, u), a < t ≤ b,
u(t0) = u0, a< t0 ≤b.
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Introduction to Caputo-Hadamard derivative

In order to impose the integer-order initial value conditions for the
Hadamard fractional differential equations, we use the modified
form of Hadamard derivative, i.e., Caputo-Hadamard derivative.

Definition

The Caputo-Hadamard derivative is defined as (Y. Adjabi et al., J.
Comput. Anal. Appl. 2016)

CHDα
a+f(x) =

1

Γ(n− α)

∫ x

a

(
log

x

t

)n−α−1 (
t

d

dt

)n
f(t)

dt

t
,

where x > a > 0, n− 1 < α < n ∈ Z+.

F Characteristic of Caputo-Hadamard derivative:

Caputo-Hadamard derivative is obtained by changing the order
of differentiation and integration of the Hadamard derivative.
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Caputo-Hadamard FDE

In this case, we consider the following Caputo-Hadamard FDE{
CHDα

a+u(t) = f(t, u), 0 < a < t, 0 < α < 1,
u(a+) = ua.

(2.2)
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Existence, uniqueness, and continuation theorems
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Existence

Consider the following initial value problem (IVP){
CHDα

a+u(t) = f(t, u), 0 < a < t, 0 < α < 1,
u(a+) = ua.

(3.1)

Hypothesis [H1]

Let f(t, u) : [a, +∞)×Ω→ R in IVP (3.1) be a continuous
function, where Ω ⊂ R. Then f(t, u) is a continuous bounded map
defined on [a, T ]× Ω0, where Ω0 is a bounded subset of Ω.

Theorem

If Hypothesis [H1] is satisfied, then IVP (3.1) has at least one
solution u(t) ∈ C[a, h] for some h ∈ [a, T ].
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Uniqueness

Hypothesis [H2]

Let f(t, u) : [a, +∞)×Ω→ R in IVP (3.1) satisfy the Lipschitz
condition with respect to the second variable, i.e.,

|f(t, u)− f(t, ũ)| ≤ L|u− ũ|, L > 0.

Theorem

If Hypotheses [H1] and [H2] are satisfied, then IVP (3.1) has a
unique solution u(t) ∈ C[a, h], where h ∈ [a, T ].
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Continuation

Theorem

Assume that Hypotheses [H1] and [H2] hold. Then
u = u(t), t ∈ [a, β) is noncontinuable if and only if for some
ξ ∈ (a, a+β2 ) and for any bounded closed subset V ⊂ [ξ, +∞)×R
there exists a t∗ ∈ [ξ, β) such that (t∗, u(t∗)) /∈ V .

This continuation theorem guarantees that we can consider the
stability of solution to IVP (3.1).
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F The above discussions come from the following
references.
[7] Y. Adjabi, F. Jarad, D. Baleanu, T. Abdeljawad, On Cauchy
problems with Caputo Hadamard fractional derivatives, J. Comput.
Anal. Appl. 21(4)(2016), 661-681.
[8] B. Ahmad, A. Alsaedi, S.K. Ntouyas, J. Tariboon,
Hadamard-Type Fractional Differential Equations, Inclusions and
Inequalities, Springer, Switzerland, 2017.
[9] M. Gohar, C.P. Li, C.T. Yin, On Caputo-Hadamard fractional
differential equations, Int. J. Comput. Math., DOI:
10.1080/00207160.2019.1626012.
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Dynamics of Hadamard FDE
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Gronwall inequality

Theorem

Let α > 0. Suppose that u(t) and b(t) are non-negative functions
and locally integrable on a ≤ t < T ≤ +∞, and g(t) is a
non-negative, non-decreasing, bounded continuous function on
[a, T ], satisfying

u(t) ≤ b(t) + g(t)

∫ t

a

(
log

t

s

)α−1
u(s)ds, t ∈ [a, T ]. (4.1)

Then, for t ∈ [a, T ], it derives

u(t) ≤ b(t) +

∫ t

a

[
∞∑
n=1

(g(t)Γ(α))
n

Γ(nα)

(
log

t

s

)nα−1
b(s)

]
ds

s
. (4.2)
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Gronwall inequality

Define an operator A as

Aψ(t) = g(t)

∫ t

a

(
log

t

s

)α−1
ψ(s)

ds

s
.

One immediately gets that

u(t) ≤ b(t) +Au(t).

After iterating the above inequality, it’s easy to derive that

u(t) ≤ b(t) +

n−1∑
k=1

Akb(t) +Anu(t).
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Gronwall inequality

By induction method, it claims that

Anu(t) ≤
∫ t

a

(g(t)Γ(α))n

Γ(nα)

(
log

t

s

)nα−1
u(s)

ds

s
.

In addition, g(t) is bounded, there exists a constant C such that

Anu(t) ≤
∫ t

a

(CΓ(α))n

Γ(nα)

(
log

t

s

)nα−1
u(s)

ds

s
→ 0,

as n→ +∞, t ∈ [a, T ].
Therefore the proof is completed.
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Continuous dependence of solution on initial condition and
derivative parameter

Consider the following two IVPs{
CHDα

a+x(t) = f(t, x), t > a > 0,
x(a+) = xa,

(4.3)

and {
CHDα−ε

a+
y(t) = f(t, y), t > a > 0,

y(a+) = xa + δ.
(4.4)

Here f is a continuous function and satisfies the Lipschitz
condition with regard to the second variable. i.e.,

|f(t, x)− f(t, y)| ≤ L|x− y|, L > 0,

where the constant L is independent of t, x, y.
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Continuous dependence of solution on initial condition and
derivative parameter

Theorem

Let 0 < ε < α < 1. Suppose that x(t), y(t) ∈ C[a, T ] are the
solutions of IVPs (4.3) and (4.4), respectively. Then, the following
inequality holds on [a, h], h < T .

|x(t)− y(t)|

≤G(t) +

∫ t

a

[
∞∑
n=1

[(LΓ(α− ε))/Γ(α)]
n

Γ(n(α− ε))

(
log

t

s

)n(α−ε)−1
G(s)

]
ds

s
.
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Continuous dependence of solution on initial condition and
derivative parameter

Here

G(t) =|δ|+

∣∣∣∣∣
(
log t

a

)α−ε
α− ε

(
1

Γ(α− ε)
− 1

Γ(α)

)∣∣∣∣∣ · ‖f‖
+

∣∣∣∣∣
(
log t

a

)α−ε
(α− ε)Γ(α)

−
(
log t

a

)α
Γ(α+ 1)

∣∣∣∣∣ · ‖f‖.
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Continuous dependence of solution on initial condition and
derivative parameter

The solutions of IVPs (4.3) and (4.4) are given by

x(t) = xa +
1

Γ(α)

∫ t

a

(
log

t

s

)α−1
f(s, x(s))

ds

s
,

and

y(t) = xa + δ +
1

Γ(α− ε)

∫ t

a

(
log

t

s

)α−ε−1
f(s, y(s))

ds

s
,

respectively.
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Continuous dependence of solution on initial condition and
derivative parameter

Then it follows

|x(t)− y(t)| ≤ G(t) +
L

Γ(α− ε)

∫ t

a

(
log

t

s

)α−ε−1
|x(s)− y(s)|ds

s
,

where G(t) is a function of t given by

G(t) =|δ|+

∣∣∣∣∣
(
log t

a

)α−ε
α− ε

(
1

Γ(α− ε)
− 1

Γ(α)

)∣∣∣∣∣ · ‖f‖
+

∣∣∣∣∣
(
log t

a

)α−ε
(α− ε)Γ(α)

−
(
log t

a

)α
Γ(α+ 1)

∣∣∣∣∣ · ‖f‖.
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Continuous dependence of solution on initial condition and
derivative parameter

With the help of Gronwall inequality, it yields

|x(t)− y(t)|

≤ G(t) +

∫ t

a

[ ∞∑
n=1

[(LΓ(α− ε))/Γ(α)]n

Γ(n(α− ε))

(
log

t

s

)n(α−ε)−1
G(s)

]
ds

s
.

All this ends the proof.
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Estimates of the upper bound of the Lyapunov exponents

Consider the IVP involving Caputo-Hadamard derivative as follows{
CHDα

a+x(t) = f(t, x), t > a > 0,
x(a+) = xa,

(4.5)

where (t, x) ∈ (a, +∞)× Ω ⊂ (a, +∞)× Rn.

Caputo-Hadamard fractional differential equation: analysis and computation



Hadamard fractional calculus Definite conditions of Hadamard FDE Existence, uniqueness, and continuation theorems Dynamics of Hadamard FDE Acknowledgement

Estimates of the upper bound of the Lyapunov exponents

Theorem

The first variation equation of (4.5) is{
CHDα

a+Φ(t) = fx(t, x)Φ(t), t > a > 0,
Φ(a+) = I,

(4.6)

where I is the identity matrix.
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Estimates of the upper bound of the Lyapunov exponents

Lemma

Assume that 0 < α < 2, β is an arbitrary complex number, µ is a
real number satisfying

πα

2
< µ < min{π, πα}.

Then, for any integer p ≥ 1, the following expansion formula holds

Eα, β(z) =
1

α
z(1−β)/α exp(z1/α)−

p∑
k=1

z−k

Γ(β − αk)
+O

(
|z|−1−p

)
,

where |z| → ∞, |arg(z)| ≤ µ.
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Estimates of the upper bound of the Lyapunov exponents

Definition

Let λk(t)(k = 1, 2, · · · , n) be the eigenvalues of Φ(t) in system
(4.6), which satisfy |λ1(t)| ≤ |λ2(t)| ≤ · · · ≤ |λn(t)|. Then the
Lyapunov exponents lk are defined by

lk = lim
t→∞

sup
1

t
log |λk(t)|, k = 1, 2, · · · , n.

Theorem

The Lyapunov exponents of system (4.5) satisfy

−∞ ≤ l1 ≤ · · · ≤ ln ≤ 0.
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Estimates of the upper bound of the Lyapunov exponents

Performing integrating transformation on both sides of (4.6), one
gets

Φ(t) = I +
1

Γ(α)

∫ t

a

(
log

t

s

)α−1
fx(s, x(s))Φ(s)

ds

s
.

Taking the matrix norm on the above equation, and combining
that the function f satisfies ‖fx(t, x)‖ ≤M , it follows that

‖Φ(t)‖ ≤ 1 +
M

Γ(α)

∫ t

a

(
log

t

s

)α−1
‖Φ(s)‖ds

s
.

It follows from the Gronwall inequality that

‖Φ(t)‖ ≤ Eα, α (M (log t− log a)α) .
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Estimates of the upper bound of the Lyapunov exponents

Using the fact that the spectral radius of a given matrix is no
bigger than its norm, which gives

|λn(t)| ≤ ‖Φ(t)‖ ≤ Eα, α (M (log t− log a)α) .

By the expansion formula of the Mittag-Leffler function, one has

Eα, α

(
M

(
log

t

a

)α)
≈ 1

α
M (1−α)/α

(
log

t

a

)1−α( t
a

)M1/α

,

as t→ +∞.
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Estimates of the upper bound of the Lyapunov exponents

From the definition of the Lyapunov exponents, one has

ln = lim
t→∞

sup
1

t
log |λn(t)|

≤ lim
t→∞

sup
1

t
log ‖Φ(t)‖

≤ lim
t→∞

sup
1

t
log

(
Eα, α

(
M

(
log

t

a

)α))
= lim
t→∞

sup
1

t
log

(
1

α
M (1−α)/α

(
log

t

a

)1−α( t
a

)M1/α
)

=0.

Hence, the proof is completed.

Caputo-Hadamard fractional differential equation: analysis and computation



Hadamard fractional calculus Definite conditions of Hadamard FDE Existence, uniqueness, and continuation theorems Dynamics of Hadamard FDE Acknowledgement

Estimates of the upper bound of the Lyapunov exponents

The leading Lyapunov exponent is negative in the sense of the
above definition. In this case, such a system seems not to be
chaotic in the sense of the positivity of the leading exponent.

The lower bound is not available.
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Thank you for your attention!
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