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ABSTRACT

In this paper, stability of fractional order (FO) systems is
investigated in the sense of the Lyapunov stability theory. A new
definition for exponential stability of the fractional order
systems is given and sufficient conditions are obtained for the
exponential stability of the FO systems using the notion of
Lyapunov stability. Besides, a less conservative sufficient
condition is derived for asymptotical stability of FO systems.
The stability analysis is done in the time domain. Numerical
examples are given to show that the obtained conditions are
effective and applicable in practice.

INTRODUCTION

Although the idea of differentiation and integration of
arbitrary (fractional) order faces difficulty to find a real-world
application for more than 300 years, recently, these operators
have gained interests among engineering scientist and
researchers for their superior results in control and modeling of
physical systems [1-5]. With the increasing trend of introduced
FO models for electrical, mechanical and chemical processes, in
depth study of these systems from different points of view such
as control [6-9], dynamical behavior analysis [10-12], and
stability analysis [13-16] is noticeably growing.

One of the fundamental topics, which should be taken into
consideration in all dynamic systems, is the stability analysis.
There are limited published works in the area of FO systems
[14-20] that are mainly concentrated on the stability analysis of
FO linear systems [17-20]. From literature, the main approach
for stability analysis of FO LTI systems mostly depends on
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calculating eigenvalues of state equations. However, Lyapunov
stability of linear fractional systems based on an energy balance
approach has been studied in [21], [22]. Nonetheless, seeking a
direct systematic approach for stability analysis of FO nonlinear
systems is still under development and investigation [23], [24].

The most well-known method to analyze the stability of
nonlinear integer order systems is the Lyapunov stability
technique. Very recently, the Lyapunov stability problem for the
FO systems has been investigated in literature [25-28].
Fractional Lyapunov direct method for checking the stability
problem in FO systems has been introduced in [25], [26].
Furthermore, FO systems have been studied from the aspect of
Mittag-Leffler stability problem in [25]. In [26], introducing the
class-K functions to the fractional Lyapunov direct method,
asymptotical stability of the FO systems is discussed in the
sense of fractional Lyapunov direct method. In [27], uniform
stability of fractional order systems is studied proposing a
complement theorem for [25].

This paper deals with the problem of stability, i.e. asymptotical
stability and, in particular, exponential stability of nonlinear FO
systems utilizing the extension of the Lyapunov stability notion.
To the authors’ best knowledge, the notion of exponential
stability is not extended for fractional order systems, yet. Using
the concept of fractional integration operator and Grownwall-
Bellman lemma, different stability conditions are obtained for
the FO systems. All the analyses are done in the time domain
and the conditions are derived for asymptotical and exponential
stability of the FO systems. In the case of asymptotical stability,
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the condition presented in this paper is less conservative than
the one in [25].

The rest of the paper is organized as follows. In Section 2, basic
definitions in fractional calculus and some useful lemmas are
presented as the preliminaries. Section 3 is devoted to obtaining
the stability criteria for FO systems. An illustrative example to
show the applicability of the results of Section 3 is presented in
Section 4. Finally, some concluding remarks are given in
Section 5.

PRELIMINARIES
In the following section, we introduce some useful lemmas that
will be used for proving the stability theorems. In this paper, for

an arbitrary order a and t20, (Dfy=D“y and (I7y=1%y
represent the ath-order fractional derivative and the ath-order
fractional integration, respectively.

Property 1. [1] If the fractional  derivative
oD y(t), (k—1<a<k) of afunction y(t) is integrable,

Olta(O Dtay(t))= y(t) -
KD e (1)
2o by

j=1

Definition 1. [29] The equilibrium point x=0 of

%= f(t,x) )

is exponentially stable if there exist positive constants ¢, k and 1
such that

x| <k[x(t) e * ), v|x(t)|<c. 3)

Lemma 1. [30] (Hardy-Littlewood theorem) The fractional
integration operator , I with |« |>0 and —o<a<+o0o is

bounded in L,(a,b), 1< p<oo,

1], =K, @

Lemma 2. [31] (Gronwall-Bellman lemma) Assume that u(t)
and f(t) are real-valued piecewise-continuous functions defined
on the real interval [a,b] and K(t) is also real-valued and
K(t) eL(a,b). Also, u(t) and K(t) are nonnegative on this

interval. If for all t e[a, b],

u(t) < f(t)+J-tK(r)u(z')dr, (5)

then for all t [a, b], we have
t t
u(t) < f(t)+j f(r)K(r)exp{j K(r)dr}df. (6)

FRACTIONAL-ORDER SYSTEM
Let the FO system be presented by the following differential
equation:

DIx(t) = f (t,x) )

with initial condition x(to), where qe(0,1) is the fractional

derivative order and the system’s dynamic is piecewise
continuous in t and locally Lipschitz in x.

It is proved that the equilibrium points of system (7) are
asymptotically stable if condition

larg(eig(3))| = |arg (4 )|>q%, i=12,..,n (8)

is satisfied for all eigenvalues 4, 4,, ..., 4, of Jacobian matrix
J=0f Jox where f=[f, f, f,]', evaluated at the
equilibrium E*[13].

Theorem 1. [25] Let x=0 be an equilibrium point for the
nonautonomous fractional-order system (7). Assume that there
exist a Lyapunov function V(t,x(t)) and class-K functions a;
(i=1, 2, 3) satisfying

aq (XD <V (€, %) < e (X ©)

and

DAV (t, X(1)) < —a5(|X|) (10)

where £ <(0,1) . Then the system (7) is asymptotically stable.

MAIN RESULTS

In what follows, some stability theorems for FO systems and
their detailed proof are given out. The stability conditions are
derived based on the Lyapunov stability theorem.

Theorem 2. Let x=0 be an equilibrium point for the system (7)

and DcR" be a domain containing the origin. Let
V(t,x(t)) :[0,00xD—>R be a continuously differentiable

function and locally Lipschitz with respect to x such that
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o [} <V (. x() < @, ¥, (h

D%V (t, x(t)) <0, (12)

where 0<qg<1, a1 and a, are arbitrary positive constants. The
x=0 is asymptotically stable for any |x,[ < .

Proof. Taking the concept of fractional integral operator into
account and using (12), one obtains

q-1

vt x(®) -[ DTV (& x0) ] ;(q) <0 (13)
Substituting (11) into (13), one has
g-1
mw<ﬁﬂwa(»}onm (14)
It follows from Lemma (1) that
(D™, x(t))l:O <[ v, x(t))“t:O
=[rvaxo] s
<MV x®)],
<Ma, ||X(t)||t:0 <Mayy =¥
Now, replacing (15) into (14), it can be concluded that
MO ax] st g

1“(Q) o I'(q)

Therefore, |x| tends to zero as t—»oo from which the
asymptotical stability of system (7) can be inferred.

Remark 1. In Theorem 2, the condition for the fractional
derivative of the Lyapunov candidate take a more general form
when compared with the work in [25]; i.e. the limitation on the
derivative of the Lyapunov candidate in Eq. (12) is less
conservative that the one in Eq. (10).

Theorem 3. Let x=0 be an equilibrium point for the system (7)

and DcR" be a domain containing the origin. Let
V(t, X(t)) :[0,00) x D — R be a continuously differentiable
function and locally Lipschitz with respect to x such that

|| <V (&, X)) < ] {17)

DV (t, x(t)) < - |X| (18)

where 0<g<1, a1, a2 and a3 are arbitrary positive constants. The
x=0 is asymptotically stable for any | x,[ < .

Proof. Integrating both sides of (18), one has

q—l
V(t,x(1) - wqwaﬂmhon)
(19)
1 agfy
r'(q) Jo (t— 7)™
Substituting (19) into (17) yields
ol
0‘1||X||<[Dq W (L, X ()] 1o e )
(20)
A
r(a) o (t—7)"9
Now, let us define
u=|x|
= [ D (t,x(t) ] i 21
t=[oVexol, org @D
K=- t-7)%t
ar@®?

So, according to Lemma (2) and from (15), one can obtain

-1
<21
PANC))
t 22
3 o'V J‘t ot eJ.r ozr(q)(t ) dr dr 2
(arT'(q))? 70 (t—7)"

The inner integral in (22) is equal to

- t-r)"tdr=——% __(t—7)° 23
a0 @
Hence,
<2
o4I'(Q)
24
¥ t ot aqr(q)(t o) 29
_(ar(q))g J‘O (t—r)l’q e ™ dr
1

Consequently, one has
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1
h<-2C
PANC))
3 pidt ta3(t—r)q_l e_ia;rs(q)(t_r)q
PANC) AN )]

o

T

(25)

a3 td

1_e ®ar(@

ptdl prdl
Cal(q) el(q)

__ %
__ Y ey wr@'
aI'(q)

It follows from the above inequality (25) and Definition (2) that
system (7) is exponentially stable. It should be noticed that
regarding to (25), the system satisfying the conditions of
Theorem (4) shows a faster convergence speed than the
exponential stability (3).

Remark 2. Based on the Theorem 3, the equilibrium point x=0
of

D = f(t,X), (26)

where g e(01), is exponentially stable if there exist positive
constants c, k, and 4 such that

x| < k|[x(t)]| (t—t)* e %), v|x(ty)|<c. (@27)

Remark 3. For g=1, Eq. (27) will be the same as Eq. (3). In
other words, the notion given for the exponential stability of the
fractional order systems will be the same as the definition of
exponential stability for integer order systems in the case g=1
(Definition 1).

Remark 4. Equation (27) implies that exponential stability for
FO systems shows a faster convergence speed than exponential
stability of integer order systems (Definition 1) near the origin;
i.e.

{% ™ )}I_O [ ae ] o =-2
{% e )} _ (28)

t=0
[_ gt
where 4 and y positive constants.

et e

NUMERICAL EXAMPLE
Example 1. Suppose the following system [25]

DY|x| =—|x| (29)
Let the Lyapunov candidate to be defined as
V(t, x(t) =|x| (30)

with a:=0.5 and a,= 2. So, we have

DY =D |x|<—|x] 31)

where a3=1. Therefore, from Theorem (4), FO system (29) is
exponentially stable.

Based on the results presented in [25], solution of system (29)
satisfies the following condition

|x(1)| < |x(0)| Eq(—t7) (32)

On the other hand, applying the result of Theorem 3 to system
(29) gives

R
x(t) < ‘klx(;(;” e 10 (33)

where g <(0,1) and k>0. Comparing the right hand side of Eq.

(32) and (33), it can be concluded that the second inequality
decreases more rapidly whent — oo,

Example 2. Consider the following FO system

D% =—x (34)

where 0<g<l and x(0)#0. Here, DY represents the Caputo
fractional derivative. Choosing the Lyapunov candidate as

V (x) = X*(t) , we have
DV =D%? = D%(2xx) (35)

On the other hand, applying the fractional integral operator to
the system (34) yields

X(t) = Dl"q(—X(t)) =-D"(x(1)

r(q) L[ -0 x0er (36)

r( 3l I (t-7)%2x(z)dr

4 Copyright © 20xx by ASME



Since x(0)x(t)>0 for all t>0, one can easily conclude that
x(0)x(t) < x?(0). Using this inequality, it follows from (36)
that

X (o)t
I'(a)

Substituting (37) in (35) and assuming that there exists a
positive constant ¢ which satisfies x(0)x(t) > & gives

x(0)X(t) < — <0 (37)

DYV < % DI x(0)x < _ 20 punel_ o540 (38)
X

I'(a)
However, from Eqg. (38), it can be concluded that
V(x) = x2(t) is a decreasing function and tIim x?(t) =0 which

—>0

contradicts the assumption x(0)x(t)>o6. Hence, the

equilibrium point x=0 is asymptotically stable. The solutions of
FO system (34) for different values of g are depicted in Fig. 1.

Remark 5. Asymptotic stability of the origin (x=0) for a class
of fractional systems noted as

D% =—-x",m=2n-1,ne N can be easily verified using the
same procedure as example 2.

015 r T T T T T
0.1 ]
g
005¢ g
i
{
L
\,‘.\.\.\
ST
0 e Ty e
0 05 1 15 2 25 3 35 4

Time

Figure 1. The solution of FO system (34) for g = 0.1, 0.6, and 0.9

CONCLUSION

This paper has introduced a new concept for exponential
stability of fractional order systems and presented sufficient
conditions to guarantee the asymptotical and exponential
stability of FO dynamic systems utilizing Lyapunov stability
theorem. Our results for asymptotical stability are less
conservative than those existed in the literature and
consequently, using them in practice is easier.

REFERENCES

[1] 1. Podlubny, Fractional Differential Equations. Academic Press, New
York, 1999.

[2] K.B.Oldham, J. Spanier, The Fractional Calculus: Theory and
Applications of Differentiation and Integration to Arbitrary Order.
Academic Press, New York, 1974.

[3] H.Sun, W. Chen, Y.Q. Chen, “Variable-order fractional differential
operators in anomalous diffusion modeling,” Phys. A: Stat. Mech. Appl.,
vol. 388,pp. 4586-4592, 2009.

[4] C.M.Pinto, AR. Carvalho, “A latency fractional order model for HIV
dynamics,” Journal of Computational and Applied Mathematics, 312,
pp.240-256, 2017.

[5] H. Malek, S. Dadras and Y.Q Chen, "Fractional order equivalent series
resistance modelling of electrolytic capacitor and fractional order failure
prediction with application to predictive maintenance," IET Power
Electronics, vol. 9, no. 8, pp. 1608-1613, 2016.

[6] S. Dadras, H.R. Momeni, “Control of a fractional-order economical
system via sliding mode,” Physica A: Statistical Mechanics and its
Applications, vol. 389, pp. 2434-2442, 2010.

[7] S. Dadras, “Path Tracking using Fractional Order Extremum Seeking
Controller for Autonomous Ground Vehicle,” SAE Technical Paper 2017-
01-0094, 2017, doi:10.4271/2017-01-0094.

[8] H.Malek, S. Dadras, Y.Q. Chen, “Performance analysis of fractional
order extremum seeking control,” ISA Transactions, vol. 63, pp. 281-287,
2016.

[9] S. Dadras, H. Malek, Y.Q. Chen, “Fractional Order Coulomb Friction
Compensation: Convergence Analysis and Experimental Validation on a
Fractional Horsepower Dynamometer,” ASME 2013 International Design
Engineering Technical Conferences and Computers and Information in
Engineering Conference, Paper No. DETC2013-12749, pp.
V004T08A023, 2013.

[10] T. Poinot, J.C. Trigeassou, “A method for modeling and Simulation of
fractional systems,” Signal Processing, vol. 83, pp. 2319-2333, 2003.

[11] M. Aoun, R. Malti, F. Levron, A. Oustaloup, “Numerical simulations of
fractional systems: An overview of existing methods and improvements,”
Nonlinear Dynamics, vol. 38, pp. 117-131, 2004.

[12] 1. Podlubny, 1. Petras, T. Skovranek, J. Terpak, “Toolboxes and programs
for fractional-order system identification, modeling, simulation, and
control,” IEEE 2016 17th International Carpathian Control Conference
(ICCC), pp. 608-612, 2016.

[13] 1. Petras, Fractional-order nonlinear systems: modeling, analysis and
simulation. Springer Science & Business Media, 2011.

[14] J.G. Lu, G. Chen, “Robust stability and stabilization of fractional-order
interval systems: An LMI approach,” IEEE Trans. Automat. Control, vol.
54, pp. 1294-1299, 2009.

[15] Y.Q. Chen, H. Ahn, I. Podlubny, “Robust stability check of fractional
order linear time invariant systems with interval uncertainties,” Signal
Processing, vol. 86, pp. 2611-2618, 2006.

[16] X.J. Wen, Z.M. Wu, J.G. Lu, “Stability analysis of a class of nonlinear
fractional-order systems,” IEEE Trans. Circ. Syst. II, vol. 55, pp. 1178-
1182, 2008.

[17] M. Mogze, J. Sabatier, A. Oustaloup, LMI characterization of fractional
systems stability. In Sabatier, J., Agrawal, O.P., Machado, J.A.T. (eds.)
Advances in Fractional Calculus. Springer, Dordrecht, The Netherlans,
2007.

[18] B. Senol, A. Ates, B.B. Alagoz, C. Yeroglu, “A numerical investigation
for robust stability of fractional-order uncertain systems,” ISA
Transactions, Volume 53, Issue 2, pp. 189-198, 2014.

[19] S.Y. Xing, J.G. Lu, “Robust stability and Stabilization of fractional-order
nonlinear systems with nonlinear uncertain parameters: An LMI
approach,” Chaos, Solitons Fractals, vol. 42, pp. 1163-1169, 2009.

[20] M.S. Tavazoei, M. Haeri, “A note on the stability of fractional order
systems,” Math. Comput. Simul., vol. 79, pp. 1566-1576, 2009.

[21] J.C. Trigeassou, N. Maamri, A. Oustaloup, “Lyapunov Stability of
Noncommensurate Fractional Order Systems: An Energy Balance

5 Copyright © 20xx by ASME



Approach,” Journal of Computational and Nonlinear Dynamics, vol.
11(4), pp. 041007, 2016.

[22] J.C. Trigeassou, N. Maamri, A. Oustaloup, “Lyapunov stability of
commensurate fractional order systems: a physical interpretation,”
Journal of Computational and Nonlinear Dynamics, vol. 11(5), pp.
051007, 2016.

[23] S. Momani, S. Hadid, “Lyapunov stability solutions of fractional
integrodifferential equations,” Int. J. Math. Math. Sci., vol. 47, pp. 2503-
2507, 2004.

[24] zhang, R., Tian, G, Yang, S. and Cao, H., “Stability analysis of a class of
fractional order nonlinear systems with order lying in (0, 2),” ISA
transactions, 56, pp.102-110, 2015.

[25] Y. Li, Y.Q. Chen, I. Podlubny, “Stability of fractional-order nonlinear
dynamic systems: Lyapunov direct method and generalized Mittag-Leffler
stability,” Comput. Math. Appl., vol. 59, pp. 1810-1821, 2010.

[26] Y. Li, Y.Q. Chen, I. Podlubny, “Mittag-Leffler stability of fractional order
nonlinear dynamic systems,” Automatica, vol. 45, pp. 1965-1969, 2009.

[27] M. A. Duarte-Mermoud, N. Aguila-Camacho, J. A. Gallegos, R. Castro-
Linares, “Using general quadratic Lyapunov functions to prove Lyapunov
uniform stability for fractional order systems,” Communications in
Nonlinear Science and Numerical Simulation, vol. 22, pp. 650-659, 2015.

[28] S. Liu, W. Jiang, X. Li, X.F. Zhou, “Lyapunov stability analysis of
fractional nonlinear systems,” Applied Mathematics Letters, vol. 51, pp.
13-19, 2016

[29] H.K. Khalil, Nonlinear Systems. Prentice Hall, Englewood Cliffs, 2002.

[30] A.A Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Application of
Fractionl Differential Equations. Elsevier, Amsterdam, The Netherlands,
2006.

[31] GS. Jones, “Fundamental inequalities for discrete and discontinuous
functional equations,” J. Soc. Ind. Appl. Math., vol. 12, pp. 43-57, 1964.

Copyright © 20xx by ASME


https://www.researchgate.net/publication/319151152

