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Fractional Order Robust Visual Servoing Control of A Quadrotor UAV
with Larger Sampling Period
Bo Shang∗ , Jianxin Liu, Tiebiao Zhao, YangQuan Chen

Abstract— Unmanned aerial vehicles (UAVs) are widely applied in both civil and military ﬁelds, such as rescue, surveillance, exploration, navigation, precision agriculture and etc.,
because of small size, low cost and easy maintenance. However
the autonomous ﬂight of UAVs under unstructured environment
is still open, especially when GPS is unavailable or indoor task is
scheduled. Furthermore, GPS-based navigation accuracy needs
to be improved. To deal with these limitations, in this paper,
we provide an engineering-oriented solution of precise hovering
based on visual servoing and fractional order proportionalintegral-derivative (PID) controller without GPS information.
First, the mathematical speed model of a quadcopter is obtained
by step response experiments. Then, fractional order PID controller algorithm is designed to improve its hovering accuracy
and robustness. In our work, the position reference is extracted
with an on-board color based target recognition algorithm
instead of GPS. Both simulation and ﬁeld experimental results
demonstrate that the proposed scheme can achieve a better
performance in terms of hovering accuracy and robustness to
disturbances. In particular, for the ﬁrst time, we show that, the
sampling period can be bigger than usual when using fractional
order control algorithm, relaxing costly hardware requirement
for fast real-time vision-based feedback.
Index Terms— Unmanned aerial vehicles (UAVs), Visual
Servoing Controller, Fractional order proportional-integralderivative(FOPID), Large sampling period

I. I NTRODUCTION
Autonomous ﬂight of Unmanned Aerial Vehicle (UAV)
is needed in many situations, like urban search and rescue
missions [1], surveillance [2], formation ﬂight [3], smart
city [4] and biological chemical agent detection [5]. Takeoff,
hovering, navigation and landing are four basic processes
for autonomous ﬂight of UAVs. Among them, hovering
is especially important and complex when UAV is used
to do some manipulations [6], air-to-air refuelling [7] or
recharging [8], spraying [9] and precise inspection [10]. As
to micro UAVs, limited payload can be carried onboard so
multiple-functional sensors are more preferred, such as GPS,
IMU, compass and etc. However, GPS is unavailable in some
areas or in certain indoor environment. Furthermore, the
precision of civil GPS may not satisfy the requirement of
some precise positioning tasks. Therefore, precision hovering
without GPS support is challenging in practice. In this case,
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camera-based vision is a practical sensor which can provide
more information for precision hovering and landing.
Previous works on visually guided takeoff, hovering and
landing of UAVs were mainly focused on the landing problem due to high risks and reliability. Many previous works related to vision-based landing have done intensive research on
real-time vision-based sensing and control. [11] presented an
exhaustive survey of some landing algorithms and systems,
both unmanned rotory and ﬁxed-wing aircrafts using visual
sensors are included. In this survey, the main research groups
involved in the development of vision-based autonomous
landing systems were presented, and then it discussed the
details of each algorithm and system in different categories.
[12] presents a review of landing techniques ranging from
GPS based landing to vision-based landing techniques and
from basic nonlinear control method to intelligent, hybrid
and robust ones.
For vision-guided hovering of UAVs, [13] developed an
on-board FPGA vision platform to eliminate drift while hovering, using Harris feature detection and template matching
method. [14] focused on the higher level system architecture
and key supporting algorithms for the guidance and control
of an HMAV in unknown, GPS-denied environments. The
Shi-Tomasi “good features to track” detector was adopted
to ﬁnd points with large eigenvalues of the image gradient
in multiple directions, and then a mask is erected in the
vicinity of existing features, within which new features are
not detected. Finally, the pyramidal Lucas-Kanade optical
ﬂow calculator compares pixel patches in successive images in an attempt to accurately maintain the locations of
features detected in previous images. However, the image
processing is off-board. [15] integrated a tiny single camera
with Inertial Measurement Units to hover the UAV over
speciﬁed markers as an external reference for pose estimation
where PID controllers are used to control the pose. But, the
images are processed on a ground station PC. [16] modiﬁed
appropriately the sliding window over which the Multi-State
Constrained Kalman Filter (MSC-KF) operates, so as to
perform 3D localization robustly both under hovering and
generic motion conditions, without the need of building a
map of the environment. Experiment results are carried out
on a low-cost AR.DRONE quadrotor, and images and inertial
measurements were streamed through the wireless module of
the quadrotor UAV and processed in real-time on a ground
station computer. [17] proposed a PD controller which uses
optical ﬂow to obtain position and velocity feedback, fusing
with IMU data without any support of GPS data. A micro
wireless camera points directly down and transmits video to
the ground station at the frequency of 2.4 GHz, and then
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optic ﬂow calculation and data fusing are implemented on
a ground PC. The indoor experimental hovering precision is
shown to be around 25cm.
So far, it is quite clear that the on-board image processing
and hovering control still needs extensive developments
considering long range and long time hovering beyond the
constraint of WiFi distance. Furthermore, hovering precision
and anti-disturbance such as gust in outdoor environment
need more work.
In this paper, for the ﬁrst time, we show that, the sampling
period can be bigger than usual when using fractional order
control algorithm, relaxing costly hardware requirement for
fast real-time vision-based feedback.
The paper is organized as follows. The preliminaries of
fractional calculus, speciﬁcations for fractional order controller design are discussed in Sec. I; and in Sec. II system
architecture and model identiﬁcation of the UAV are presented. In Sec. III, fractional order controller synthesis steps
are presented. Simulation results are presented in Sec. IV.
Experimental results are presented and discussed in Sec. V.
Section VI concludes with paper with an outline of further
research efforts we planned.
A. Deﬁnition of fractional differentiation
Fractional differentiation was proposed in the seventeenth
century and developed mainly in the nineteenth [18]. Many
deﬁnitions of fractional differentiation have been proposed
and the most popular deﬁnitions among them are: the
Riemann-Liouville(R-L) deﬁnition, the Grünwald-Letnikov
(G-L) deﬁnition [19] and the Caputo deﬁnition [20].
1. The Riemann-Liouville(R-L) deﬁnition
α
a Dt

f (t) =

 t

1
dn
Γ(n − α ) dt n

a

f (τ )
dτ ,
(t − τ )(α −n+1)

(1)

where, f (t) is a function assumed to be sufﬁciently smooth
and locally integrable.
2. The Grünwald-Letnikov(G-L) deﬁnition
α
a Dt

−α

f (t) = lim h
h→0

[ t−a
h ]

∑ (−1) jα C j f (t − jh),

(2)

j=0

B. Speciﬁcations for controller design
Considering the case of a plant P(s) with a fractional
order controller C(s), the open loop transfer function (TF) is
G(s) = C(s)P(s). There are three speciﬁcations for controller
design, given the expected gain crossover frequency ωc and
phase margin φm , as following[21], [22]:
1). Phase margin speciﬁcation
Arg[G( jωc )] = Arg[C( jωc )P( jωc )] = −π + φm .
2). Robustness to variation in the gain of plant
d(Arg[C( jω )P( jω )])
|ω =ωc = 0,
(6)
dω
with the condition that the phase derivative w.r.t. the frequency is zero, which means that the system is more robust to
gain changes and the overshoots of the responses are almost
the same.
3. Gain crossover frequency speciﬁcation
|G( jωc )|dB = |C( jωc )P( jωc )|dB = 0.

1
Γ(n − α )

 t
a

f n (τ )
dτ .
(t − τ )(α −n+1)

(3)

Among these three deﬁnitions, the most commonly used is
the Riemann-Liouville (R-L) deﬁnition. The R-L deﬁnition
and Caputo deﬁnition are almost the same except for some
initial value settings. The Laplace transform under zero initial
conditions can be represented as:
L{a Dt±α f (t)} = s±α F(s),

(7)

II. S YSTEM ARCHITECTURE AND MODEL
IDENTIFICATION OF THE UAV
A. System architecture
The platform we used is based on an internal report [23].
The UAV with real-time vision-based hovering capability
mainly includes the following parts: quadcopter body, Pixhawk autopilot system [24], radio receiver, battery, camera
and companion computer, which are shown in Fig. 1. The
quadcopter body and Pixhawk autopilot system can form a
ﬂying system that can be manually operated by remote control. Odroid XU3 [25] is used as the companion computer,
which is in charge of on-board image processing and highlevel control. Odroid is connected to Pixhawk with an FTDI
cable which can convert from USB to serial port. OpenCV
is used to get video frames from camera and detects the red
target circle we want to track. DroneKit-Python 2.0 is used
to send speed command to the Pixhawk autopilot system.
The software architecture in the Odroid is shown in Fig. 2.
In this way, we can give feedback information to the drone
according to the visual information. A laptop computer is
connected to the Odroid by WiFi to start and stop the script as
well as monitoring the ﬂight status including battery voltage
level.

where, α C j is the binomial coefﬁcient.
3. The Caputo deﬁnition
α
a Dt f (t) =

(5)

(4)
Fig. 1.

where, 0 < α < 1.
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Real-time vision-based hovering system architecture

response of the quadcopter. Using the System Identiﬁcation
Toolbox in Matlab, the model can be obtained as shown in
Fig. 4.









Measured and simulated model output
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Speed model system identiﬁcation.

The identiﬁed speed model transfer function is:


V (s) =

  

(8)

Therefore, the plant transfer function is:
P(s) =

     

1.0263
.
1 + 0.71s

1.0263 1
,
0.71s + 1 s

(9)

which is a second order system.



III. D ESIGN OF THE HOVERING CONTROLLERS
A. Design of FOPD hovering controller
Fig. 2.

1) Frequency domain model of the FOPD controller:
The transfer function of FOPD (fractional order proportional
derivative) controller is:

Software architecture block-diagram

B. Model identiﬁcation of the UAV

C(s) = K p (1 +

Ki
).
sλ

(10)

By substituting s with jω , PDλ controller can be described
as:
C( jω ) = K p [(1 + Ki ω λ cos

πλ
πλ
) + jKi ω λ sin
].
2
2

(11)

The phase and gain are as follows:
Fig. 3.

Arg[C( jω )] = arctan

Structure of the overall control system.

Figure 3 shows the structure of control system, where the
plant and controller are respectively described by transfer
functions P(s) and C(s). Also, r(t), u(t), and y(t) respectively denote the reference input, the control signal, and the
system output. Moreover, e(t) = r(t) − y(t) is the error signal
in the aforementioned control system.
Given step speed signal to the UAV, we can get the speed

Ki ω λ sin πλ
2

1 + Ki ω λ cos πλ
2

,

|C( jω )| = K p J(ω ),
where
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J(ω ) =


(1 + Ki ω λ cos

πλ 2
πλ 2
) + (Ki ω λ sin
) .
2
2

(12)

(13)

(14)

2) Frequency domain model of the plant: The transfer
function of the plant is:
P(s) =

k
.
s(τ s + 1)

(15)

After substituting s with jω , the plant can be described as:
P( jω ) = −

k(τω + j)
.
ω (τ 2 ω 2 + 1)

B. Design of the PID controller
There are many methods to tune the parameters of PID
controller, we chose the function of pidtune in Matlab [26], which can achieve a good balance between performance and robustness [27]. We have got the following
PID parameters for the plant transfer function in Eq. (9):

(16)

K p = 2.89,
Ki = 1.04,
Kd = 1.79.

(17)

Therefore, we have got the IOPID (integer-order proportional integral derivative) controller transfer function:
1.04
+ 1.79s.
(31)
CIOPID (s) = 2.89 +
s
The Bode plot of the above tuned PID controller is shown
in Fig. 5.

The phase and gain are as follows:
Arg[P( jω )] = arctan
|P( jω )| =

1
,
τω


k
τ 2 ω 2 + 1.
ω (τ 2 ω 2 + 1)

(18)

3) Frequency domain response of the open loop transfer
function: The open loop transfer function is G(s) = C(s)P(s).
From (12) and (17), the phase of G(s) is as follows:

(28)
(29)
(30)

Bode Diagram
Gm = -Inf dB (at 0 rad/s) , Pm = 83.9 deg (at 2.51 rad/s)

Ki ω λ sin πλ
2
1 + Ki

ωλ

cos

πλ
2

+ arctan

1
. (19)
τω

Magnitude (dB)

Arg[G( jω )] = arctan

100

The gain of G(s) is:

k
|G( jω )| = K p J(ω )
τ 2 ω 2 + 1.
ω (τ 2 ω 2 + 1)

1
tan(arctan τω
− φm )

πλ
1
λ
−ω λ sin πλ
2 − ω cos 2 tan(arctan τω − φm )

A1 Ki2 + A2 Ki + A3 = 0,

Phase (deg)

(20)

.

(21)
(22)

where,
A1 = τω 2λ ,
A2 = 2τω λ cos
A3 = τ .

(23)

πλ
πλ λ −1
ω
λ (1 + λ 2 ω 2 ),
− sin
2
2

(24)
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Fig. 5.

Bode plot of IOPID controller tuned by Matlab

From the Bode plot, we can get to know the ωc =
2.51 rad/sec. and φm = 83.9 deg, which will be used to
design the FOPID controller for fair comparison.
IV. S IMULATION R ESULTS
A. FOPD controller parameter calculation and veriﬁcation
We set the same ωc and φm for FOPD controller. λ is set
to be between 0 and 2. Then we could use the graphical
method to solve the equations (21) and (26). We have got
the solution:

(25)

Therefore, the parameter Ki should satisfy the equation
(26),

−A2 ± A22 − 4A1 A3
.
(26)
Ki =
2A1
Furthermore, the parameter of K p should satisfy the equation (27),
k
|G( jω )| = K p J(ω ) √
= 1.
2
ω τ ω2 + 1

0

-50
-90

4) Tuning of PDλ controller: According to the performance index speciﬁcations in (5) and (6), the parameters
of Ki and λ should satisfy the equation (21) and (22)
simultaneously when ω is set to the gain crossover frequency
ωc .
Ki =

50

(27)

λ = 0.9694,
Ki = 0.6192.

(32)
(33)

By using (27) we can calculate that K p = 2.6992. Therefore the transfer function of the fractional order controller
is:
CFOPD (s) = 0.6192s0.9694 + 2.6992.
(34)
Let us compare the Bode plots of FOPD and IOPID
controllers to see if the solution is correct. As shown in
Fig. 6, the FOPD controller has the correct ωc and φm as
we designed.
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ωc
range from 1000
to 100ωc , then we obtained the result
of the approximated integer transfer function (continuous
time domain). The c2d command [30] in Matlab Control
Systems Toolbox is used with the Tustin parameter to
convert the integer transfer function to discrete-time domain
with the sampling period of 0.58 sec.. Matlab Simulink z
domain transfer function block is used to simulate the FOPD
control system. For the IOPID controller, we used discrete
PID controller block and the pidtune tuned parameters of
the continuous IOPID controller. Figure 8 shows the FOPD
controller has a better performance than the IOPID controller
after discretization. This is an important desirable advantage
we discovered in this work for the ﬁrst time.

Bode Diagram
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Fig. 6.

FOPD controller and IOPID controller Bode plots

B. Step response simulation of FOPD
We used Matlab Simulink to simulate the FOPD control
system and the IOPID control system. As shown in Fig. 7,
the step response has been improved in its rising time and
overshoot when the FOPD is adopted.
1.4
FOPD
IOPID

1.2

D. Resilience against large sampling periods
As a summary for the previous content, we have got
transfer functions of the plant and two controllers. The plant
transfer function is:
1.0263 1
P(s) =
.
(35)
0.71s + 1 s
The IOPID (integer-order proportional integral derivative)
controller transfer function is:
1.04
CIOPID (s) = 2.89 +
+ 1.79s.
(36)
s
The FOPD (fractional-order proportional derivative) controller transfer function is:

1

CFOPD (s) = 0.6192s0.9694 + 2.6992.

0.8

Then we used ORA to approximate the FOPD controller.
Since we are using digital control system, we need to convert
the continuous controllers into discrete controllers. The sampling time is an important parameter for this discretization.
We tried to investigate the robustness against large sampling
periods by simulation with different sampling periods. We
tried four different sampling times (Ts =0.58 sec., 0.33 sec.,
0.29 sec. and 0.058 sec.) when using c2d command in
Matlab.
Figures 8, 9, 10 and 11 show that FOPD controller is more
resilient again large sampling period than IOPID controller.

0.6
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0

Fig. 7.
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10

Comparison of FOPD and IOPID step responses

C. Approximation accuracy
Considering that we need to implement the controllers,
the FOPD controller needs to be converted to a high-order
integer transfer function. For a given fractional order transfer
function, different approximation methods can be used, such
as ORA (Oustaloup Recursive Approximation) [28] and
IRID (Impulse Response Invariant Discretion) [29]. The
IRID method can guarantee the approximation accuracies
consistently high in both time and frequency domain when
the sampling period is small enough. However, in our realtime vision-based feedback control system, due to low cost
requirement, the hardware performance is limited resulting
the sampling period as big as 0.58 sec.. IRID is obviously
more sensitive to the large sampling period used. Therefore,
the ORA method is used to implement the fractional order
controller transfer function in this work. We used the fractional transfer function (34) as the input of the ORA method.
Since the ωc = 2.51 rad/sec., we have selected the frequency
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time vision feedback. We ﬂew one minute for each controller
and collected the position data. Then we plotted those data
in Fig. 12 and Fig. 13. The dots from FOPD controller are
within a circle whose radius is 58 pixels, while for IOPID
the radius of the circle is 68 pixels. In this way, we can see
the FOPD controller has a nearly 20% better performance
compared to IOPID controller.
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Experiment results for FOPD controller.
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V. E XPERIMENTAL RESULTS
After the controllers are veriﬁed by simulation study, we
performed real ﬂight tests. We tested the FOPD controller
and IOPID controller by implementing two tests in the
following which we can ensure that they are conducted in
similar wind speed. For each ﬂight, we ﬁrst ﬂew the drone to
10 meters high manually and then switch to guided mode by
RC. In that mode, the drone would be controlled with real-

VI. C ONCLUSION
This paper designed a fractional order proportional derivative (FOPD) controller for quadrotor UAV visual position servoing. An integer order PID (IOPID) controller is designed
for fair comparison with the same phase margin and gain
crossover frequency. Step responses of the two controllers are
simulated, which show the fastness of the FOPD controller.
The robustness of the FOPD controller is demonstrated by
drawing the Bode plot to compare the phase margin and gain
margin. We also simulated the situation that the model of the
plant changing in gain Ks and time constant τ , showing that
the FOPD controller has a better robustness against the model
changes. After the simulation, the designed FOPD controller
was converted to integer transfer function and implemented
by a discrete-time controller. Real ﬂight tests proved that the
conclusion we drew in the simulation. In the future, we are
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going to get more experiment results from different platforms
and we’ll try to get the drone start-up smoother by fractional
order method to prevent the target from disappearing from
view.
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