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Robust Finite-time Synchronization of Non-Identical
Fractional-order Hyperchaotic Systems and its
Application in Secure Communication

Hadi Delavari and Milad Mohadeszadeh

Abstract—This paper proposes a novel adaptive sliding mod-
e control (SMC) method for synchronization of non-identical
fractional-order (FO) chaotic and hyper-chaotic systems. Under
the existence of system uncertainties and external disturbances,
finite-time synchronization between two FO chaotic and hyper-
chaotic systems is achieved by introducing a novel adaptive
sliding mode controller (ASMC). Here in this paper, a fractional
sliding surface is proposed. A stability criterion for FO nonlinear
dynamic systems is introduced. Sufficient conditions to guarantee
stable synchronization are given in the sense of the Lyapunov
stability theorem. To tackle the uncertainties and external dis-
turbances, appropriate adaptation laws are introduced. Particle
Swarm Optimization (PSO) is used for estimating the controller
parameters. Finally, finite-time synchronization of the FO chaotic
and hyper-chaotic systems is applied to secure communication.

Index Terms—Adaptive sliding mode control, chaos synchro-
nization, fractional order, hyper-chaotic system, Lyapunov theo-
rem, secure communication

I. INTRODUCTION

HAOTIC behavior is a prevalent phenomenon appearing

in nonlinear systems. Chaotic systems have received
more attention in the literature during the last three decades.
A chaotic system is a nonlinear deterministic system that has
complex and unpredictable behavior.

Fractional calculus is a mathematical topic more than three
centuries old, but its application to physics and engineering
fields have attracted more attention only in recent years!! 3.
This happens because it has been recently found that sev-
eral physical phenomena can be more adequately described
by fractional differential equations rather than integer-order
models!¥, and it has been found that many FO systems can
show complex dynamical behavior such as chaos. The advan-
tages of the FO systems are that there are more degrees of
freedom in the model. Also memory is included in FO systems.
Many systems in interdisciplinary fields, such as viscoelastic
materials!®! and micro-electromechanical systemsl®! can be
described using fractional calculus methods.

Recently many researchers have recognized that many com-
plex systems, such as FO Lorenz system!”), FO Chen system!®]
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and FO Arnodo-Coullet system[], can be described using
fractional integrals and derivatives.

Since Pecora and Carrolll'? established a chaos synchro-
nization scheme for two identical chaotic systems with dif-
ferent initial conditions, chaos synchronization has attracted
a great attention. The chaotic synchronization occurs when-
ever the state trajectories of the slave system track the state
trajectories of the master system in a given finite-timel''12,
Chaos synchronization is a contemporary topic in nonlinear
science because of its broad and considerable applications in
secure communication, automatic control, neural networks and
etc.[13-15],

Due to the existence of chaos in real practical systems and
many applications in physics and engineering fields, control
and synchronization of FO chaotic systems have attracted
many researchers attention in the past few years!!6-23 In
[24], an active sliding mode approach for synchronization of
FO chaotic system is proposed. The FO Novel and Chen
hyper-chaotic systems are proposed for synchronization in
[25], where the states of the FO hyper-chaotic Novel system
are used to control the states of the FO hyper-chaotic Chen
system. Several methods have been proposed to achieve chaos
synchronization such as adaptive feedback control, adaptive
impulsive control, sliding mode control, active control, back-
stepping design and optimal control26—36],

Most of the published papers focus on asymptotic stability
which leads to infinite-time synchronization, but in practical
applications, finite-time synchronization is more valuable than
infinite-time synchronization. Also, most of the researches
are related to synchronization between two chaotic systems
without uncertainty or two identical chaotic systems, but in a
real control system, due to the limitations of physical devices
and the effect of interference (such as noise, temperature, etc.),
uncertainties are unavoidable.

Motivated by the above discussion, a novel adaptive sliding
mode control approach for synchronization of a class of
new FO chaotic system and a FO hyper-chaotic system is
proposed. In our contribution we pursue five main research
aims. First, the proposed approach is very simple and easily
realized experimentally for secure communication. Second,
the proposed controller can be applied for a width range of
systems and is more suitable for engineering applications.
Third, finite-time convergence to zero and stability of the
proposed method are analytically proved, which contains new
ideas. Fourth, a fractional sliding surface is presented and
stability of the proposed surface is proved. Fifth, the upper



bound of the system uncertainties and external disturbances
are estimated using Lyapunov stability theorem.

The rest of this paper is organized as follows. First, the
fractional calculus and the fractional systems stability theo-
ry are briefly introduced. Then, the system description and
problem statement are given. After that, the design strategy
of the proposed ASMC is presented. Then, the simulations
for synchronization of non-identical FO chaotic and hyper-
chaotic systems are done and the application of the proposed
synchronization scheme is studied in secure communication.
Finally, concluding remarks are addressed.

II. DERIVATIVE AND STABILITY THEOREM ON FO
SYSTEM

The Caputo fractional derivative of order o of m order
continuous function f(¢) with respect to ¢ is defined by

tC(;Dtaf(t) _ Im—af(7rL) (LL),

where m is the smallest integer number, larger than , and [ B
is the Riemann-Liouville integral operator of order 5 which
is described as follows

a>0 (1)

Lot f)
I'(8) /to (t—7)!=7

In (2), I'(+) is the Gamma function which is given by

WIlf(t) = dr, >0 (2

r(g) = /Oo tP=te~tdt 3)
0

The numerical simulation of a fractional differential equa-
tion is not as simple as that of an ordinary differential equation.
Recently, many approaches have been investigated for solving
nonlinear FO differential equations. Throughout this paper, we
choose the fractional Adams-Bashforth-Moulton method as a
representative numerical schemel*”-3%) In order to explain this
method, the following differential equation is considered

FﬁMﬂZNMNMOStSﬂ
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The differential equation (4) is equivalent to Volterra inte-
gral equation which is as follows

[a]-1 . 1k 1 t
> W+ e | -9 e ye)ds. ©)
kL T(a) Jo
k=0
Now, set h = T/N, t, =nh,n=0,1,---
equation can be discretized as

[a]-1

y(t) =

, N. The integral

k a
_ (k) h »
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and

n*tt —(n—a)(n+1)*, j=0
W)= 2) g (= ) = 2(n = 4 1),
Jrrt = 1<j<n

1, j=n+1

(8)

h* . .

bjmt1r =—((n+1=75)" = (n=j)%) 9)

The error of this approximation is described as follows
ly(t;) = yn(t;)| = O(A?)

where p = min(2, 1 + «).
In this paper, the operator D® is generally called the
“Caputo differential operator of order a”.

~ max
Jj=0,1,---,N

Remark 1. In this paper, let us define |f(¢)|| =
VAG2 + 202+ + fu()2 and [[f(O]l = /()] +
[ fa )]+ +|fn( ) , (t) = (fr(t), fo(t), - o ()T
is a vector of continuous functions.

Property 1. For the Caputo derivative, we havel!39]

LD DY) =4, Dy = (1) (10)

Property 2. For the Caputo derivative, the following equal-
ity holds!!-39]

WD (D™ f(8) =i DI f (1) (n
where oy > ap > 0.
Property 3. For the Caputo derivative, if f(t) € C[0,T]

for some T > 0, then we havel3]

b DE i D f(1) =5, D § D f(t) = D o2 f(1),

te[0,7] (12)

where a1, as € RT and ag + ap < 1.

III. FO CHAOTIC SYSTEM DESCRIPTION

Consider a general form of nonlinear master and slave
systems as follows. The master system is

) +AfX) +

where a € (0,1] is the FO operator, X € R" is the state
vector of the master system, f(X) € R™ is the continuous
nonlinear vector functions of the master system, A f(X) € R"
and d(X) € R™ are the system uncertainties and external
disturbances of the master system, respectively. And the slave
system is

DX = f(X d(X) (13)

DY = g(Y) + Ag(Y) + d(Y) + u(t) (14)

where ¥ € R" is the state vector of the slave system,

g(Y) € R™ is the continuous nonlinear vector functions of the

slave system, Ag(Y) € R" and d(Y) € R™ are the system

uncertainties and external disturbances of the slave system,

respectively. Also, u(t) € R™ is the vector of control inputs.
The tracking error can be defined as

e(t) = Y (t) - X(1) (15)
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By subtracting (13) from (14), the error dynamics are
obtained as

D%(t) =(9(Y) + Ag(Y) +d(Y)) = (f(X) + Af(X)
+d(X)) + u(t)

Then one can conclude that

D%;(t) =(g:(Y) + Agi(Y) + di(Y)) — (fi(X) + Afi(X)

Chaos synchronization problem can be defined as follows;
Design an appropriate robust sliding mode controller for the
slave system (14) whose its state trajectories track the state
trajectories of the master system (13) in finite-time.

In this paper it will be proved that for any defined master
system (13) and slave system (14) with system uncertainties
and external disturbances, a suitable control input wu(t) is
derived such that the finite-time stability of the resulting error
dynamics by (16) can be obtained in the sense of

lim [le(t)[| =0, [le(®)]| =0 for t > T (17)
t—T

Assumption 1. It is assumed that the system uncertainties
Af(X), Ag(Y) and external disturbances d(X), d(Y) are
bounded by

[Af(X)[h <71, [[Ag(Y)[l < 72,

18
1dX)l < @1y 1Y) < oo, (19
Then one can conclude that
[Ag(Y) = Af(X)[1 <7, [[d(Y) —d(X)[lr <6
Therefore we have
[(Agi(Y) = Afi(X))| <7viy i =1,2,---,n (19)

‘(dl(Y) —dZ(X))‘ < (51‘, 1=1,2,---.n

where 7y, T2, ©1, 2, v and § are positive constants; then, -;,
i=1,2,--- ,nand 6;, t =1,2,--- ,n are positive constants.
Also | - | is absolute value.

IV. ROBUST ADAPTIVE SLIDING MODE CONTROL
A. Design of FO Sliding Surface

Design of a sliding mode control law may be divided into
two phases: First, choosing an adequate FO sliding surface to
achieve the control objective. Second, designing a discontinu-
ous control law which forces the system trajectories to reach
the sliding surface in a finite-time. We used the following FO
sliding surface

oi(t) = ;D Hei(t), i=1,2,--- 0 (20)
where a; is a positive constant. Then we have
D%0i(t) = a; D™ (es(t)) @1

When the FO system (16) operates in the sliding mode, the
derivative of the sliding surface must satisfy &;(t) = 0%,

This step concerns the design of control scheme for steering
the system (16) in finite-time onto the sliding surface (20). The
task is not trivial due to, both, the presence of the unknown

disturbance and the FO nature of the system dynamics!*!).

Taking the integer-order derivative of (20) yields
o;(t) = a;D(e;(t)), i=1,2,--,n (22)

By substituting (16) into (22), we have
51(t) =ai ((6:(Y) + Agi(Y) + di(Y)) = (Fi(X) + Afi(X)

(X)) Fuilt)), i=1,2,n 23)

The finite-time stability of system (23) with the control law
(25) is proven by Lyapunov analysis in Theorem 1.

B. Design of Robust Control Scheme

After establishing a suitable fractional sliding surface (20),
the sliding mode controller is designed in a way so that the
system trajectories drive onto the sliding mode o;(t) = 0, in
finite-time.

Using (23) and &;(t) = 0, the equivalent control law can
be derived as follows

teq; () = (fi(X) — g:(Y))

In order to improve the robustness against uncertainties,
we design the reaching control law, which drives the system
trajectories onto the sliding surface o;(t) = 0.

tn (8) = = (Kicr(t) + (ws + 7 + 8)sen(ou(1)))

where

(24)

+1, O'i(t) >0
sgn(o;(t)) =<0, o;(t)=0
—1, Uz(t) <0

k;, w; are positive switching gains.
Finally, the control input law can be obtained as follows

wi(t) =(f;(X) — gi(Y))

= (ko®) + (@i + 7+ Bsen(ei(1)  @5)

C. Stability Analysis

In this section, Lyapunov theorem is used to analyze the
stability of the system. The basic philosophy of Lyapunovs
direct method is the mathematical extension of a principal
physical observation: If all of the energy of a mechanical (or
electrical) system is continuously reduced, then the system,
that may be linear or nonlinear, must move to an equilibrium
point at last. Thus, the stability of a system by examining the
variation of a single Lyapunov function can be analyzed!*?.

Theorem 1. If the uncertain FO system (16) is controlled
by the control input (25), then the system trajectories will
converge to the sliding surface o;(t) = 0 in a finite-time ¢;.

Proof. Selecting a positive Lyapunov function candidate
v;(t) = $0?(t) and taking its time derivative, results

0:(t) = o3(t) (. D" (es(1) )
Inserting (16) in (26), results

(1) =a,0:(0) ((g:(Y) + Agi(Y) + di(1)

(26)



— (i) + AL(X) +di(X) +uilt)) @D

By substituting (25) into (27) and using Assumption 1, then
0 (1) <aioi(0)(|Agi(Y) = Afi(X)|+ [di(Y) — di(X)))

—a;0(t) (kiai )+ (wi +v + 5i)sgn(ai(t))) (28)

Hence the above inequality can be written as

0i(t) < —(2aikvi(t) + V2aiw;(t)°) (29)
Multiplying both sides of (29) by v;(t) %, results
’Ui<t)_0'5’l')i(t) + 2aikivi(t)0'5 S —\/iaiwi (30)

Multiplying (30) by (1/2)e®*i* and then integrating at both
sides from zero to t, one obtains

vi(t)*? < ((\/5/2)(%/’%) + Ui(O)O'5> e~ aikit
- (\/5/2)(7/%/]%) 31)
then one can get

t < (1/agk) In (14 V2(k; Jw;)v;(0)°)

Hence, the proof is achieved. i.e., according to the inequal-
ity (31), the state trajectories of the error system (16) will
converge to o;(t) = 0 in a finite-time

(32)

D. Adaptation Law Synthesis

In the previous sections, it has been shown knowing the
bounds of system uncertainties and external disturbances is
vital to guarantee the system stability. However, in practice
it is not convenient to determine these bounds precisely. In
what follows, we develop an adaptation laws to overcome
this problem. In order to estimate the unknown controller
parameters, appropriate update laws are derived as follow:

ki = pioi(t)?, Wi = pilos(t)],7; = riloa(t)], 0; = &los(t)]
(33)
Theorem 2. If the chaotic system of this paper is controlled
by the discontinuous control law (25) with the adaptation laws
(33), then the system trajectories will converge to the sliding
surface o;(t) = 0.
Proof. Consider the Lyapunov function candidate as

1 1 =~ ~
vi(t) =503(0)? + 5 (7R + p 7

R AER) =120 G4

where El = k‘i—jC\i, (;z = wi—c’\ui, ﬁz = ’yi—:}/\i, and 5; = é\i_s\i'
In this case, ki, wi, 7i, and §; are the actual values of k;, @;,
i, and 0;, respectively. Also p;, p;, #; and &; are rates of
adaptation. Taking derivative of both sides of (34) with respect
to time, yields

b;(t) =0oi(t)oi(t) — Mflgz‘@).— Py @i(@)

— 575 (7,) — €716:(55) (35)
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Using Property 1 and then inserting (21) in (35), one obtains

(1) =oi()) DV (0, D% ex(1)) ) — 7 (k)

~ N

— o7 @i (@) — KT - &710:(0:) (36)
Using Properties 2 and 3, one gets
01(t) =asos()) D™ (es(t)) — i s (k)
—p7 B (@) — kTR - &7 0(0) (3D

Substituting (16) into (37) and using Assumption 1, we have
0i(t) < (i + 6i)loi ()] + 0(t) (95 (Y) — fi(X) + ui(t))

— i (k) — @i (@0) — kTR — 71000 (38)
By assuming that the parameters of the controller (25) are
unknown, then

03(t) < —kiloi ()| = @iloi (1) + (i + 0:)| o (1)
— i ki(R) — o7 @i (@) — 57 (R, — &710:(0:) (39)
Introducing the adaptation laws (33) in (39), will lead to

Hence, the motion on the sliding surface is asymptotically
stable. Therefore, the output can track the desired reference.

E. Particle Swarm Optimization (PSO)

In this section, the parameters of the ASMC are estimated
using PSO algorithm. There are a lot of optimal techniques for
optimization. One of the simple approaches for optimization
is PSO. PSO was introduced by Kennedy and Eberhart(*3],
and is useful for continuous space. PSO algorithm imitates
the behavior of birds and others like fishes for searching the
best solution in the space. PSO has been found to be robust
in solving problems featuring nonlinearity, multiple optima,
and high dimensionality through adaptation, which is derived
from the social-psychological theory. In this technique, every
particle can be illustrated by two vectors*4]. These vectors
are position vector and velocity vector that can be updated
with this algorithm to get the best parameters of the controller.
The PSO algorithm, at each time step, changes the speed of
each particle moving towards its pBest and gBest locations.
Speed is weighted by random terms, with separate random
numbers being generated for acceleration toward pBest and
gBest locations, respectively.

Our aim is to have low tracking error; hence the following
cost function (Mean Squared Error) is used

N

MSE = %Z (ek(i))Q

=0

(41)

where, ey (7) is the kth error state variable. N is the length of
every error state variable.
The procedure for implementing PSO algorithm for estimat-
ing the controller parameters is given by the following steps:
i Initialize a (population) of particles with random posi-
tions and velocities in the n-dimensional problem space
using a uniform probability distribution function;
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ii For each particle in swarm, evaluate its fitness value;

iii Compare each particles fitness evaluation with the current
particles pBest. If current value is better than pBest, set
its pBest value to the current value and the pBest location
to the current location in n-dimensional space;

iv Compare the fitness evaluation with the populations over-
all previous best. If current value is better than gBest, then
reset gBest to the current particles array index and value;

v During this process, the position vector and velocity
vector of each particle are updated to tend the best
position as follows:

Vit + 1) =wV;(t) + cirand(0, 1) (pBest; (t) — X;(t))

+ corand(0, 1)(gBest;(t) — X;(t))
Xi(t+1)=X;t) + Vi(t + 1) (42)
where ¢ = 1,2,--- ,n is the particles index, ¢ is the time
(iteration or generation).

In this case, the position and speed vectors are with di-
mensions d. ¢; and ¢ are acceleration coefficients, w is the
inertia weight. In (42), pBest; is the position with the best
fitness found by the ith particle, and gBest; is the best fitness
position in neighborhood.

V. APPLICATIONS AND NUMERICAL EXPERIMENTS

In this section, an illustrative example is presented to show
the feasibility and applicability of the proposed nonsingular
sliding mode approach and to confirm the theoretical results.
In this example, numerical simulation for two non-identical
FO chaotic and FO hyper-chaotic systems is presented. Fourth-
order Runge-Kutta method is used with a step time of 0.001
in order to solve the FO differentials.

A. Synchronization of Non-Identical FO Chaotic and FO
Hyper-chaotic Systems

In this section, numerical simulations are presented to
validate the robustness and effectiveness of the proposed
ASMC, when the controller parameters are estimated by PSO
algorithm. These values are obtained in order to minimize the
synchronization errors. The FO chaotic system!*®! as master
system drives the FO hyper-chaotic system“?] as slave system.

The master system is

D%y 5(xg — x1) + 24 0.2 cos(z2)
D%y | —2123 n 0.3 cos(z1)
D%x4 —90 + 122 0.25sin(z4)
Da$4 7101’1 0.35 SiH(IL'g)
Do X f(X) Af(X)

0.3 cos(t)

0.25sin(t)

T 03 cos(t) “3)
0.2 cos(t)
—_——
d(X)

and the slave system is

Dy, 10(y2 — y1) 0.3sin(y2)
D%z | _ | 40y +yys+2ys | | 025 cos(ys)
D%y —2y? — 2y3 — 2.5y3 0.25 cos(y1)
D%y, —5ys 0.2sin(ys)
Doy 9(Y) Ag(X)

0.25 cos(t) uy (¢)

0.3 sin(t) uz(t)

T 03sin@) || us(®) “44)
0.3 cos(t) ug(t)
d(y) u(t)

The FO operator () is set to 0.95 to ensure the
existence of chaos for the system. Assume, the ini-
tial states of the master and slave systems are selected
as (21(0),22(0),23(0),24(0))T = (2.5,0.5,1,0.5)T and
(y1(0),y2(0),y3(0), y4(0)T = (4,2.5,3.5,3)T, respectively.
s Pis 1£; and &; are rates of adaptation which are supposed to
be 5, 3, 5 and 2 for (i = 1,--- ,4), respectively. The control
input suffers high chattering. In order to reduce this drawback
of the controller we have used the saturation function instead
of the sign function. The time responses of the synchronized
states are depicted in Fig. 1. Fig. 2 shows the synchronization
errors between two FO chaotic and hyper-chaotic systems.
The time response of k; and &; for (i = 1,--- ,4) are
depicted in Fig. 3. Besides, the time response of 7; and ¢; for
(2 =1,---,4) are depicted in Fig. 4. In Table. 1, the controller
parameters are depicted before optimization and after that.

PSO parameters are set as follow:

Population size= 20, Iterations= 40, c; = 2.0, co = 2.0,
weighting factor= 1, Inertia weight= 0.999.

40 50
X %
o - y2
A\ \_V\
2 4
Time (s) Time (s)
50 100
X3 X4
e il I ) ]
= 0 ) 0
-50
-50 -100
0 2 4 0 2 4
Time (s) Time (s)

Fig. 1. Time response of signals for master system and slave system.

VI. A SECURE COMMUNICATION SCHEME

A secure communication system involves the development
of a signal that contains the information which is to remain
undetectable by others within a carrier signal. In this section,
a popular application of chaotic synchronization in the area
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2 2
1.5 1.5
= 1 PO
B 0.5 B 0.5
0 0
T 2 3 4 s Y0 1 2 3 4 s
Time (s) Time (s)
3 3 Hyperchaos
P 2 Oscillator
S S
0 0
1 1 T s R P — 1]3‘% 5. The secure commupication scheme based on the synchronization of
Time (s) Time (5) chaotic and hyper-chaotic systems.
TABLE I
Fig. 2.  Time response of the synchronization errors between two non- CONTROLLER PARAMETERS BEFORE AND AFTER OPTIMIZATION AND
identical FO chaotic and hyper-chaotic systems. THE COST FUNCTION VALUES
ai a as as Cost
60 Before optimization ~ 5.0000  6.0000  3.5000  7.5000  8.8959
T T T T T T T s _k;l i After optimization 3.5728 4.0087  9.7267  8.1469  7.7656
40{ - k?g H
zz: ‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘ Ks of secure communications is presented. The useful signal has
e S - been modulated two times to improve the security of the
. ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 4 system, encrypted by secret key firstly and masked secondly
o s i-:(s) 3035 4 45 s by the FO derivative of chaos variable. Fig. 5 depicts a sketch
designed for our communication scheme.
e S S SIS USSR SR Jupp Sy ] In the transmitter, two chaotic variables of the chaos os-
nl — ] cillator are employed to construct a function F'(X) which is
] -y used to generate secret key k(t). The secret key k(t) is added
i T Ws A to the proposed useful signal m(t) in order to encrypt the
N N 6y useful signal. The encrypted useful signal is masked by the
‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘ FO derivative of chaos variable z;. Then, the encrypted and
S0 o5 1 1s 2 25 3 35 4 45 s masked useful signal is transmitted to the receiver through
Time () public channel. In the receiver, first the received signal is
unmasked by the FO derivative of hyperchaos variable y;.
Fig. 3. Time response of the controller parameters. Then, the unmasked signal is decrypted by the secret key
E*(t). It is impossible to extract the useful signal m(t)
" from the transmitted signal S(¢) without the dynamics of X.
—_— Therefore, when the control signal (25) is designed in the
» f T T T s s Tl —hy i receiver, then the synchronization between chaos oscillator and
20 o hyper-chaos oscillator will be obtained and X will converge
15 7:“‘ to Y in finite-time.
T 74 Y The simulation results above are based on discrete useful
T R T T R T signal. In the transmitter, the nonlinear function F(X) =
Time (s) (vox4)? is transmitted through the saturation function to
10 generate the secret key. The FO of the chaos state variable x3 is
P U P P -|—6 used to mask the encrypted message. Demodulation process is
sit S inverse operation to modulation. So G(Y) = (y2y4)? and the
. FO of hyper-chaos variable y3 is used to unmask the received
6 " 0s signal. The notation D?(-) denotes the FO derivative, where
(T ECTEs Sy | the FO is selected as ¢ = 0.5. Also, h is a small constant
Y 0s 1 1s 2 25 3 35 4 as s which is supposed to be 3. By using a small constant h, the
Time (5) security of the transmitted signal in a public channel can be
increased.

Fig. 4. Time response of the controller parameters. The useful signal m(t) is shown in Fig. 6-a; chaotic signal
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S(t) which is transmitted to the receiver is illustrated in Fig.
6-b; the comparison between demodulated useful signal m*(¢)
and sent useful signal m(t) is shown in Fig. 6-c. As a result
of the simulation, demodulated signal and useful signal can
quickly implement synchronization as a short transient. The
error between the demodulated signal and the useful signal is
depicted in Fig. 6-d.

(2) (b)
1.5 300
1 200
T 05 £ 100
0 0
-0.5 —100
0 1 2 3 4 5 0 1 2 3 4 5
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Fig. 6. Simulation results of the proposed secure communication scheme
using finite-time synchronization of FO chaotic and hyper-chaotic systems.

VII. CONCLUSION

In this paper, the proposed novel sliding mode controller is
shown to be robust against high uncertainties and variation of
the parameters. Suitable adaptive laws are proposed to tackle
the unknown parameters and PSO algorithm is used in this
paper for optimization of the controller parameters. Finally,
the proposed scheme is applied in secure communication. The
simulation results show that the synchronization time is very
short and the recovered signal is close to the useful signal
and it can realize secret communication successfully, having
strong security and practicability.

REFERENCES

[1] Podlubny I. Fractional differential equations. Academic Press, New
York, 1999

[2] Uchaikin V. Fractional derivatives for physicists and engineers. Non-
linear physical science. Springer, Berlin, 2013

[3] Baleanu D, Machado J A T, Luo A CJ. Fractional dynamics and control.
Springer, New York, 2012

[4] Hilfer R. Applications of fractional calculus in physics. World Scientific,
Singapore, 2000

[5] Wilkie K P, Drapaca C S, Sivaloganathan S. A nonlinear viscoelastic
fractional derivative model of infant hydrocephalus. Applied Mathemat-
ics and Computation, 2011, 217(21): 8693-8704

[6] Tusset A M, Balthazar J M, Bassinello D G, Pontes Jr. B R, Palacios
Felix J L. Statements on chaos control designs, including a fractional-
order dynamical system, applied to a MEMS comb-drive actuator.
Nonlinear Dynamics, 2012, 69(4): 1837-1857

[71 Yang Q, Zeng C. Chaos in fractional conjugate Lorenz system and its
scaling attractors. Communications in Nonlinear Science and Numerical
Simulation, 2010, 15(12): 4041-4051

[8] Lu J G, Chen G. A note on the fractional-order Chen system. Chaos,
Solitons & Fractals, 2006, 27(3): 685-688

[9]

[10]

(1]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

Delavari H, Senejohnny D M, Baleanu D. Sliding observer for synchro-
nization of fractional-order chaotic systems with mismatched parameter.
Central European Journal of Physics, 2012, 10(5): 1095-1101

Pecora L M, Carroll T L. Synchronization in chaotic systems. Physical
Review Letters, 1990, 64(8): 821-824

Aghababa M P, Aghababa H P. A general nonlinear adaptive control
scheme for finite-time synchronization of chaotic systems with uncertain
parameters and nonlinear inputs. Nonlinear Dynamics, 2012, 69(4):
1903-1914

Faieghi M R, Delavari H, Baleanu D. A note on stability of sliding mode
dynamics in suppression of fractional-order chaotic systems. Computers
and Mathematics with Applications, 2013, 66(5): 832-837

Zhang L F, An X L, Zhang J G. A new chaos synchronization scheme
and its application to secure communications. Nonlinear Dynamics,
2013, 73(1): 705-722

Dasgupta T, Paralt P, Bhattacharya S. Fractional order sliding mode
control based chaos synchronization and secure communication. Int.
Conference on Computer Communication and Informatics, 2015, pp.
8-10

Sheikhan M, Shahnazi R, Garoucy S. Synchronization of general chaotic
systems using neural controllers with application to secure communica-
tion. Neural Computing and Applications, 2013, 22(2): 361-373
Faieghi M R, Delavari H, Baleanu D. A note on stability of sliding mode
dynamics in suppression of fractional-order chaotic systems. Computers
& Mathematics with Applications, 2013, 66(5): 832-837

Wu X J, Wang H, Lu H. Modified generalized projective synchronization
of a new fractional-order hyper-chaotic system and its application to
secure communication. Nonlinear Analysis: Real World Applications,
2012, 13(3): 1441-1450

Ma T, Guo D, Xi Q. Adaptive synchronization for a class of uncertain
fractional order chaotic systems with random perturbations: Theory and
experiment. Control and Decision Conference (CCDC), 27th Chinese,
2015, pp. 1309-1314

Mohadeszadeh M, Delavari H. Synchronization of fractional-order
hyper-chaotic systems based on a new adaptive sliding mode con-
trol. [International Journal of Dynamics and Control, 2015, doi:
10.1007/s40435-015-0177Cy

Faieghi M R, Delavari H, Baleanu D. Control of an uncertain fractional-
order Liu system via fuzzy fractional-order sliding mode control. Journal
of Vibration and Control, 2012, 18(9): 1366-1374

Liao X. Active disturbance rejection control for synchronization of
different fractional-order chaotic systems. Intelligent Control and Au-
tomation (WCICA), 2014 11th World Congress on, 2014, pp. 2699-2704
Zhang F, Chen G, Li C, Kurths J. Chaos synchronization in fractional
differential systems. Philosophical Transactions of the Royal Society A,
371, 2013.

Aghababa M P. Robust finite-time stabilization of fractional-order chaot-
ic systems based on fractional Lyapunov stability theory. Journal of
Computational and Nonlinear Dynamics, 2012, 7: p.021010

Tavazoei, M S, Haeri, M. Synchronization of chaotic fractional-order
systems via active sliding mode controller. Physica A, 2008, 387(1):
57-70

Matouk A E, Elsadany A A. Achieving synchronization between the
fractional-order hyper-chaotic Novel and Chen systems via a new
nonlinear control technique. Applied Mathematics Letters, 2014, 29(1):
30-35

Vincent U E, Guo R. Finite-time synchronization for a class of chaotic
and hyper-chaotic systems via adaptive feedback controller. Physics
Letters A, 2011, 375(24): 2322-2326

Xi H, Yu S, Zhang R, Xu L. Adaptive impulsive synchronization for a
class of fractional-order chaotic and hyper-chaotic systems. International
Journal for Light and Electron Optics, 2014, 125(9): 2036-2040

Yan J J, Hung M L, Chiang T Y, Yang Y S. Robust synchronization of
chaotic systems via adaptive sliding mode control. Physics Letters A,
2006, 356(3): 220-225

Mohadeszadeh M, Delavari H. Synchronization of uncertain fractional-
order hyper chaotic systems via a novel adaptive interval type-2 fuzzy
active sliding mode controller. International Journal of Dynamics and
Control, 2015, doi: 10.1007/s40435C015C0207C9

Das S, Srivastava M, Leung A Y T. Hybrid phase synchronization
between identical and non-identical three-dimensional chaotic systems
using the active control method. Nonlinear Dynamics, 2013, 73(4):
2261-2272

Runzi L, Yinglan W, Shucheng D. Combination synchronization of three
classic chaotic systems using active backstepping design. Chaos, 2011,
doi: 10.1063/1.3655366



(32]

[33]

[34]

[35]

[36]

[37]

[38]
[39]
[40]

[41]

[42]
[43]

[44]

Hung M L, LinJ S, Yan J J, Liao T L. Optimal PID control design for
synchronization of delayed discrete chaotic systems. Chaos, Solitons &
Fractals, 2008, 35(4): 781-785

Behinfaraz R, Badamchizadeh M A. Synchronization of differen-
t fractional-ordered chaotic systems using optimized active control.
Modeling, Simulation, and Applied Optimization (ICMSAO), 2015 6th
International Conference on, 2015

Faieghi M R, Kuntanapreeda S, Delavari H, Baleanu D. Robust sta-
bilization of fractional-order chaotic systems with linear controllers:
LMICbased sufficient conditions. Journal of Vibration and Control,
2014, 20(7): 1042-1051

Senejohnny D M, Delavari H. Active sliding observer scheme based
fractional chaos synchronization. Communications in Nonlinear Science
and Numerical Simulation, 2012, 17(11): 4373-4383

N’Doye I, Voos H, Darouach M. Observer-based approach for fractional-
order chaotic synchronization and secure communication. /IEEE Journal
on Emerging and Selected Topics in Circuits and Systems, 2013, 3(3):
442-450

Diethelm K, Ford N J, Freed A D. A predictor-corrector approach for
the numerical solution of fractional differential equations. Nonlinear
Dynamics, 2002, 29(1): 3-22

Diethelm K, Ford N J, Freed A D. Detailed error analysis for a fractional
Adams method. Numerical Algorithms, 2004, 36(1): 31-52

Li C, Deng W. Remarks on fractional derivatives. Applied Mathematics
and Computation, 2007, 187(2): 777-784

Utkin V 1. Sliding modes in control optimization. Springer Verlag, 1992,
pp. 66-73

Pisano A, Rade RapaiéM, D. Jelicié¢Z, Usai E. Sliding mode control
approaches to the robust regulation of linear multivariable fractional-
order dynamics. International Journal of Robust and Nonlinear Control,
2010, 20(18): 2045-2056

Slotine J J E, Li W. Applied nonlinear control. Prentice Hall, USA, 1991
Kennedy J, Eberhart R. Particle swarm optimization. Proceedings of the
Fourth IEEE International Conference on Neural Networks, 4: 1942, pp.
1948-1995

Eberhart R, Kennedy J. A new optimizer using particle swarm theory.
In: IEEE 6th international symposium on micro machine and human
science, 1995, pp. 39-43

IEEE/CAA JOURNAL OF AUTOMATICA SINICA

[45] Li H, Liao X, Luo M. A novel non-equilibrium fractional-order chaotic

system and its complete synchronization by circuit implementation.
Nonlinear Dynamics, 2012, 68(1): 137-149

[46] Zhu D, Liu L, Liu C, Pang X, Yan B. Adaptive projective synchroniza-

tion of a novel fractional-order hyper-chaotic system. Proceedings of the
2014 9th IEEE Conference on Industrial Electronics and Applications,
2014, pp. 814-818

Hadi Delavari received the Ph.D. degree, M. Sc.
degree and B.Sc. degree in control engineering in
2011, 2006 and 2004, respectively. Since 2008, he
has been with the Department of Electrical Engi-
neering, Hamedan University of Technology. His re-
search interests include nonlinear control theory and
applications, fractional order control, chaos control,
robotic and etc.

Milad Mohadeszadeh graduated from Islamic Azad
University of Mashhad (IAUM), Iran, in 2012. He
received the M. Sc. degree from Hamedan Uni-
versity of Technology (HUT), Iran, in 2015. His
research interests include control and synchroniza-
tion of fractional-order chaotic systems, stability
criterions of fractional-order systems and chaotic
secure communication.



