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Fractional Order Modeling of Human Operator
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Abstract—Modeling human operator’s dynamics plays a very
important role in the manual closed-loop control system, and
it is an active research area for several decades. Based on the
characteristics of human brain and behavior, a new kind of
fractional order mathematical model for human operator in
single-input single-output (SISO) systems is proposed. Compared
with the traditional models based on the commonly used quasi-
linear transfer function method or the optimal control theory
method, the proposed fractional order model has simpler struc-
ture with only few parameters, and each parameter has explicit
physical meanings. The actual data and experiment results with
the second-order controlled plant illustrate the effectiveness of
the proposed method.

Index Terms—Fractional order modeling, fractional calculus,
human operator, human in the loop, second order controlled
plant.

I. INTRODUCTION

THE modeling of human operator is still an open prob-
lem. In manual closed-loop control system, an accurate

mathematical model of human operator is very important and
provides criteria to the controller design of the manual control
system. The human operator is a very complex system whose
behavior range includes not only skilled control tasks, but also
instinctive and emotional reactions, such as those resulting
from pain or fear.

For decades, modeling human operator’s dynamics has been
an active research area. The earliest study that considered
the human operator as a linear servomechanism is Tustin in
1947[1], who proposed that the main part of the operator’s
behavior might be described by an “appropriate linear law”,
despite the amplitude’ nonlinear variations and haphazard fluc-
tuations. In 1948, Reference [2] studied the human operator
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as an engineering system, and proposed the following theory
of the human operator in control system: the human operator
behaves basically as an intermittent correction servo consisting
of ballistic movement, moreover there are some counteract-
ing processing tending to make controls seem continuous.
In 1959, Mcruer considered the role of human elements in
certain closed loop control systems and proposed a quasi-
linear mathematical model for the human operator, which is
composed of two components — a describing function and
remnant[3]. In [4], the rms-error performance of a human
operator in a simple closed-loop control system was measured
and compared with the performance of an “optimum” linear
controller, the comparison results showed that the human
operator performs almost as well as a highly constrained
optimum linear controller. In [5] the human operators were
considered as a monitor and controller of multidegree of
freedom system, and the experiment results showed that the
human operators are in fact random sampling device and
nearly ideal observers, meanwhile individual operator may
have fixed patterns of scanning for a short period and change
the patterns from time to time, and different human operators
have different patterns.

In 1965, Mcruer[6] studied the human pilot dynamics in
compensatory system and proposed human pilot models with
different controlled element, and the experiments results val-
idated the proposed models. In 1967, Mcruer summarized
the current state of the quasi-linear pilot models, including
experimental data and equations of describing function models
for compensatory, pursuit, periodic, and multiloop control
situations[7]. In [8], the deficiencies of the existing quasi-linear
pilot models have been analyzed and then some new analytical
approaches from automatic control theory have been proposed
to estimate pilot response characteristics for novel situations.

In [9], based on the assumption that the operator behaves
as an optimal controller and information processor subject
to the operators inherent physical limitations, a mathematical
model of the instrument-monitoring behavior of the human
operator was developed. In [10], an adaptive model with
variable structure was presented to describe the behavior of
the human operator in response to sudden changes in plant
dynamics and transient disturbances. In [11], a pilot model
based on Kalman filtering and optimal control was given
which provides for estimation of the plant state variables, the
forcing functions, the time delay, and the neuromuscular lag.
The remnant which is an important component of the quasi-
linear model for the human operator was discussed in [12],
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and a model for remnant was postulated in which remnant
is considered to arise from an equivalent observation noise
vector whose components are linearly independent white noise
processes. In [13] and [14], a mathematical model of the
human as a feedback controller was developed using optimal
control and estimation theory.

From 70s to the early 21st century, the problem of human
operator modeling has been widely studied and a lot of new
achievements emerged[15−28].

In recent years, with the new situation and different appli-
cation, the modeling of human operator’s dynamics is still an
active research area. In [29], a two-step method using wavelets
and a windowed maximum likelihood estimation method was
proposed for the estimation of a time-varying pilot model
parameters. In [30], the human control model in teleoperation
rendezvous on the basis of human information processing was
studied, and the longitudinal and lateral control models for
the human operator were presented based on phase plane
control method and fuzzy control method. In [31], a review of
pilot model used for flight control system design that focuses
specifically on physiological and manual control aspects was
presented.

For a human-in-the-loop system in safety-critical appli-
cation, the correctness of such systems depends not only
on the autonomous controller, but also on the actions of
the human controller. In [32], a formalism for human-in-
the-loop control systems was presented which focuses on
the problem of synthesizing a semi-autonomous controller
from high-level temporal specification that expects occasional
human intervention for correct operation. In [33], the three
different approaches (engineering, physiology, and applied
experimental psychology) to the study of human operator have
been discussed, and the importance of the studying the human
operator has been pointed out. In [34], the accurate control of
human arm movement in machine-human cooperative control
of GAS tungsten arc welding (GTAW) process was studied
and an adaptive neuro-fuzzy inference system (ANFIS) model
was proposed to model the intrinsic nonlinear and time-
varying characteristic of the human welder response, at last the
human control experimental results verified that the proposed
controller was able to track varying set-points and is robust
under measurement and input disturbances.

The existing models for human operator are complicated
and established by integer order calculus. In this paper, based
on the characteristics of human brain and behavior, the frac-
tional order human operator model is proposed and validated
by the actual data.

II. FRACTIONAL ORDER CALCULUS

Fractional calculus has been known since the development
of the integer order calculus, but for a long time it has been
considered as a sole mathematical problem. In recent decades,
fractional calculus has become an interesting topic among
system analysis and control fields due to its long memory
characteristic[35−40].

Fractional calculus is a generalization of integer order
integration and differentiation to non-integer order ones. Let

symbol aDλ
t denote the fractional order fundamental operator,

defined as follows[35]:

aDλ
t

∆= Dλ =





dλ

dtλ , R(λ) > 0,

1, R(λ) = 0,

∫ t

a
(dτ)−λ

, R(λ) < 0,

(1)

where a and t are the limits of the operation, λ is the order of
the operation, and generally λ ∈ R and λ can be a complex
number.

The three most used definitions for the general fractional
differentiation and integration are the Grunwald-Letnikov (GL)
definition[36], the Riemann-Liouville (RL) definition and the
Caputo definition[37].

The GL definition is given as

aDλ
t f(t) = lim

h→0
h−λ

[ t−a
h ]∑

j=0

(−1)j

(
λ
j

)
f(t− jh), (2)

where [·] means the integer part, h is the calculus step, and(
λ
j

)
= λ!

j!(λ−j)! is the binomial coefficient.

The RL definition is given as

aDλ
t f(t) =

1
Γ(n− λ)

dn

dtn

∫ t

a

f(τ)

(t− τ)λ−n+1
dτ , (3)

where n− 1 < λ < n and Γ(·) is the Gamma function.
The Caputo definition is given as

aDλ
t f(t) =

1
Γ(n− λ)

∫ t

a

fn(τ)

(t− τ)λ−n+1
dτ , (4)

where n− 1 < λ < n.
Having zero initial conditions, the Laplace transformation

of the RL definition for a fractional order λ is given by
L

{
aDλ

t f(t)
}

= sλF (s), where F (s) is Laplace transforma-
tion of f(t).

III. REVIEW OF THE QUASI-LINEAR MODELS FOR HUMAN
OPERATOR

The quasi-linear transfer function is an effective method for
the modeling of human operator, and the quasi-linear models
have been found to be useful for the analysis of closed loop
compensatory behavior in the manual control system. For a
simple compensatory manual control system, the functional
block diagram is shown as Fig. 1, where i(t) is the system
input, e(t) is the system error, c(t) is the human operator
output, m(t) is the system output.

Fig. 1. Functional block diagram of the manual control system.
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For the above compensatory manual control system, the
generalized form of the quasi-linear model for human operator
was proposed as follows[3, 6−8]:

YP1(s) =
C(s)
E(s)

= Kp
τLs + 1
τIs + 1

e−Ls

τNs + 1
, (5)

where C(s) and E(s) are the Laplace transforms of c(t)
and e(t) respectively, τL and τI represent the equalisation
characteristics of human operator, L and τN represent the
reaction time and neuromuscular delay of human operator
respectively, Kp represents the human operator’s gain which
is dependant on the task and the operator’s adaptive ability.
The parameters in the above transfer function are adjustable as
needed to make the system output follow the forcing function,
i.e., the parameters, as adjusted, reflect the operator’s efforts
to make the overall system (including himself) stable and the
error small. The quasi-linear model of (5) has been widely
quoted in the literature.

Based on the human operator model described by (5), the
mathematical model of the manual control system is shown in
Fig. 2.

Fig. 2. The mathematical model of the manual control system.

In [15], a detailed research was made on the compensatory
manual control system which is shown in Fig. 1, in which
the forcing function (i.e., the system input) i(t) is a random
appearing signal, and in the human operating process, the error
e(t) and human output c(t) can be obtained. By studying the
relationship between the error e(t) and human output c(t),
the mathematical models for human operator with respect to
controlled plants were proposed in [15].

Because the second order controlled plant is representative
and classic in application, in this paper we take it as an
example, which is described as follows:

Yc(s) =
Kc

s(Ts + 1)
, T =

1
3
,Kc = 1, (6)

then the system input i(t), the system output m(t), the system
error e(t), the human operator output c(t) and the lag of the
operator output C(s)

s+3 were recorded as Figs. 3(a)-3(e).
From the above experiment result, when the lag of the op-

erator output c(t) (i.e., Fig. 3(d)) is compared with the system
error e(t), a great similarity can be seen, so the following
transfer function between c(t) and e(t) was proposed in [15]:

YP2(s) =
C(s)
E(s)

= Kp(s +
1
T

)e−Ls = Kp(s + 3)e−Ls, (7)

where Kp is the human operator’s gain; L is the time delay
of human operator, which is about L = 0.16 s.

Based on the human operator model described by (7), the
mathematical model of the manual control system is shown in
Fig. 4.

(a) System input i(t)

(b) System output m(t)

(c) System error e(t)

(d) Human operator output c(t)
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(e) The lag of operator output, i.e., c
s+3

Fig. 3. Manual control system response, Yc(s) = Kc
s(Ts+1)

, with
T = 1

3
, Kc = 1.

Fig. 4. The mathematical model of the manual control system.

IV. FRACTIONAL ORDER MATHEMATICAL MODEL FOR
HUMAN OPERATOR BEHAVIOR

In the existing research, the human operator models are
established based on the integer order calculus. In fact, the
human body is a highly nonlinear servomechanism, the control
task is completed through the cooperation of the eyes, the brain
nervous, the muscles and the hands, as shown in Fig. 5.

Fig. 5. The control structure of a human operator.

Let us consider the manual control system shown in Fig. 1,
in which the human operator is shown in Fig. 3. In this system,
the human operator controls the machine by hands to follow
the target. The eyes act as a sensor, the brain acts as controller
and sends the nervous system signal to the arm and hand
to follow the target. The muscles of the arm and hand are
employed as power actuators. Meanwhile the human has the
following characteristic[1, 32]:

1) For human brain, the later the thing happens, the clearer
the memory is. On the contrary, the earlier, the poorer. In other
words, the human brain has higher memory level for the newer
things, and lower memory level for the older things.

2) During the human action, there exists dead-time in the
nervous system, including the dead-time from the retina to the
brain, and the dead time from the brain to the muscle.

3) The human muscle has the viscoelastic property.
From the above facts, it can be concluded that the dynamics

of the human operator’s brain is mostly like a kind of fractional
order integral or derivative which exhibits a long memory
characteristics, and so the human operator can be seen as a
fractional order controller with time delay, then in this paper
the fractional order model for human operator in single-input
single-output (SISO) systems is proposed as follow:

YP3(s) =
C(s)
E(s)

=
Kpe−Ls

sα
, α ∈ R, (8)

where α is the fractional order which describes the dynamics
of the human operator, and α can be positive or negative; Kp is
the human operator’s gain; L is the total time delay of human
operator, including the dead-time in the nervous system from
the retina to the brain, and the dead time in the nervous system
from the brain to the muscle. In real system, the α and other
parameters can be obtained by online or off-line identification.

Based on fractional order model of the human operator
described by (8), the mathematical model of the manual
control system is shown in Fig. 6.

Fig. 6. The mathematical model of the manual control system.

In the following section, the effectiveness of the proposed
fractional order model for human operator will be validated.

V. MODEL VALIDATION WITH ACTUAL DATA

In this section, the off-line verification and comparison
will be done using the traditional mathematical models de-
scribed by (5) and (7), and the new proposed fractional order
model described by (8). In the model verification process, the
best fit parameters for the above three models have been
obtained by the fminsearch function with actual data taken
from [15], and the following cost function, i.e., the root mean
square error (RMSE) is used:

J =

√∫ T

0
(mmodel(t)−m(t))2

T
, (9)

where m(t) is the actual output of the manual control system,
mmodel(t) is the model output of the manual control system
by using the human operator model and the actual input (i.e.,
as shown in Fig. 2, Fig. 4, and Fig. 6, T is the operating time
period of human operator.
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In order to get the best fit parameters of each model, the
following searching criteria is adopted.

Case 1. When the human operator model is described by
(8), i.e., the proposed fractional order model, the searching
criteria is

{
α∗,K∗

p , L∗
}

best fit
= min

α∈R;Kp,L∈R+
(J). (10)

In this case, the fractional order differentiation/integration
symbol 1

sα is implemented by the Grunwald-Letnikov (GL)
definition described as (2).

Case 2. When the human operator model is described as
(7), i.e., the traditional model, the searching criteria is

{
K∗

p , L∗
}

best fit
= min

Kp,L∈R+
(J). (11)

Case 3. When the human operator model is described as
(5), i.e. another traditional model proposed in [3, 6-8], the
searching criteria is
{
T ∗L, T ∗I , T ∗N ,K∗

p , L∗
}

best fit
= min

TL,TI ,TN ,Kp,L∈R+
(J). (12)

A. The Minimum RMSE and best fit Parameters for Each
Model

Using the above searching criteria (10)-(12), the minimum
RMSE and the corresponding best fit parameters value for
each model are obtained as shown in Table I. From Table I, it
is obvious that the proposed fractional order model described
by (8) has the smallest RMSE, and the corresponding order
of the model is α = −0.4101. This means that compared
with the traditional model, the proposed fractional order model
described by (8) is the best fit model for describing the
human operator behavior, in other word, the human operator
is a fractional order system.

B. The RMSE of the Proposed Fractional Order Model for
Different α and L

In this section, the RMSE of the proposed model described
by (8) for different α, L and Kp will be scanned. Because the
time delay and gain of human operator have finite range, so in
this scanning process, the time delay L gets some fixed value
between 0 to 0.4, and the gain Kp gets the fixed value of 1,
3 and 5. For each Kp and L, the α is varied from −0.95 to
−0.05 with 0.05 step length. The scan results are shown in
Figs. 7-11.

1) When the gain of the human operator is Kp = 1, the
RMSE scan result for each L is shown in Fig. 7, and the 3-D
RMSE scan result for different α and L is shown in Fig. 8.
From Fig. 7 and Fig. 8 it is clear that: a) the corresponding α
for the minimum RMSE is fractional; b) when the time delay
L gets bigger value, the corresponding minimum RMSE is
also bigger.

2) When the gain of the human operator is Kp = 3, the
RMSE scan result for each L is shown in Fig. 9, from which
it can be seen that: a) the corresponding α for the minimum
RMSE is fractional; b) when the time delay L gets smaller
value, the corresponding minimum RMSE is bigger, this is

because the gain of the human operator gets the bigger value
in this case.

3) When the gain of the human operator gets the value
Kp = 5 or Kp = 7, the RMSE scan results for each L are
shown in Fig. 10 and Fig. 11 respectively. From the figures it
can be seen that the corresponding α for the minimum RMSE
is fractional. Meanwhile as the Kp gets the big value in these
two cases, Fig. 10 and Fig. 11 only show the RMSE for L =
0.05, and the RMSE for other L (which is greater than 0.05 s)
is too large to be shown in the figures.

TABLE I
best fit PARAMETERS VALUE AND RMSE FOR EACH

MODEL

Model Parameter Value

YP3(s)=
Kpe−Ls

sα

RMSE 0.0012

α∗ −0.4101

K∗
p 4.403

L∗(s) 0.117

YP2(s)=Kp(s + 3)e−Ls

RMSE 0.0018

K∗
p 7.994

L∗(s) 0.014

YP1(s) =
Kp(TLs+1)e−Ls

(TIs+1)(TN s+1)

RMSE 0.0024

K∗
p 1.7298

T ∗L 1.8146

T ∗I 0.162

T ∗N 0.162

L∗(s) 0.006

Fig. 7. The RMSE scan result for different α with fixed L, and
Kp = 1.

VI. EXPERIMENT RESEARCH

In this section, the human-in-the-loop control experiment
will be done based on the Quanser SRV02 Rotary Servo Base
unit. The experiment platform is shown in Fig. 12, which is
composed of a human operator, a steering wheel, a torque
sensor, a motor, a computer installed with Quanser/Matlab real
time software and QPIDe data acquisition card. The steering
wheel is fixed with the torque sensor which is mounted on
the desk. The voltage output of the torque sensor is power
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Fig. 8. The 3-D RMSE scan result for different α and L, and
Kp = 1.

Fig. 9. The RMSE scan result for different α with fixed L, and
Kp = 3.

Fig. 10. The RMSE scan result for different α with fixed L, and
Kp = 5.

amplified and transferred to the motor. The motor works on
voltage to position control mode, and the encoder on the
motor offers a high resolution of 4096 counts per revolution in
quadrature mode (1024 lines per revolution). The QPIDe card
samples the voltage output of the torque sensor together with
the encoder output. In the experiment, the system input, output
and error information are all shown on the display screen of the
computer, and the human operator observes the system error
and applies a force around the steering wheel, and so controls

Fig. 11. The RMSE scan result for different α with fixed L, and
Kp = 7.

the motor’s position to follow the system input. The block
diagram of the human-in-the-loop control system is shown in
Fig. 13.

Fig. 12. The human-in-the-loop control experiment platform.

Fig. 13. The block diagram of the human-in-the-loop control
experiment.

In the experiment, the motor works in position control
mode, in this case it is a second order system and its transfer
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function is described as follows:

Yc(s) =
K

s(τs + 1)
=

60.2362
s(s + 39.37)

, (13)

where K = 1.53 rad/s/V, τ = 0.0254 s. In this experiment, the
time delay of the human operator is tested at about L = 0.3 s,
and the system input i(t), system output m(t), system error
e(t) and operator output c(t) are real time recorded as shown
in Figs. 14-17.

Fig. 14. The system input of the human-in-the-loop control
experiment.

Fig. 15. The system output of the human-in-the-loop control
experiment.

A. The Minimum RMSE and best fit Parameters for Each
Model

Using the experiment data and the searching criteria (10)-
(12), the minimum RMSE and the corresponding best fit pa-
rameters value for each model are obtained as shown in Table
II. From Table II, it is obvious that the proposed fractional
order model described by (8) has the smallest RMSE, and
the corresponding order of the model is α = −0.3873. This
means that compared with the traditional model, the proposed
fractional order model described by (8) is the best fit model
for describing the human operator behavior, in other words,

Fig. 16. The system error of the human-in-the-loop control
experiment.

Fig. 17. The human operator output (1 V = 4 N·m).

the human operator is a fractional order system. This result is
consistent with the result obtained in Section IV.

B. The Models Parameters for Different L

In general, the time delay of human operator varies in small
range, so in this section the proposed fractional order model
described by (8) and the conventional model described by (5)
will be considered, and the models’ parameters distribution for
different human time delay L will be scanned. As the time
delay of human operator has finite range, so in this scanning
process the time delay L varies from 0.01 to 0.6 with 0.01
step length. The scan results are shown in Figs. 18-21.

Fig. 18 and Fig. 19 show that the distributions of α and Kp

of the proposed fraction order model are smooth, meanwhile
as the time delay L decreases, the fractional order α tends
to increase negatively. Fig. 20 and Fig. 21 show that the
parameters Kp, TL, TI and TN of the conventional model
described by (5) fluctuate in large scale. From this point of
view, the proposed fractional order model described by (8) is
suitable to describe the human operator behavior.
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TABLE II
best fit PARAMETERS VALUE AND RMSE FOR EACH

MODEL (L = 0.3 s)

Model Parameter Value

YP3(s)=
Kpe−Ls

sα

RMSE 3.751 × 10−3

α∗ −0.3873

K∗
p 0.7643

YP2(s)=Kp(s + 39.37)e−Ls

RMSE 4.172 × 10−3

K∗
p 0.6099

YP1(s) =
Kp(TLs+1)e−Ls

(TIs+1)(TN s+1)

RMSE 4.036 × 10−3

K∗
p 1.078

T ∗L 0.1481

T ∗I 0.0001

T ∗N 0.7804

Fig. 18. The fractional order α distribution of human operator for
different L using the proposed model described by (8).

Fig. 19. The gain Kp distribution of human operator for different L
using the proposed model described by (8).

VII. CONCLUSION

In this paper, based on the characteristics of human brain
and behavior, the fractional order mathematical model for
human operator is proposed. Based on the actual data, the

Fig. 20. The gain Kp distribution of human operator for different L
using the conventional model described by (5).

Fig. 21. The TL, TI , TN distributions of human operator for
different L using the conventional model described by (5).

models verifications have been done, and the best fit param-
eters for the proposed model and the traditional models have
been obtained. The verification results show that the proposed
fractional order model is the best fit model for describing the
human operator behavior, in other words, the human operator
is a fractional order system in such a system. The experiment
results also provide the correctness of the above conclusion.

The proposed fractional order model described by (8) for
human operator behavior not only has small RMSE, but also
has a simple structure with only few parameters, and each
parameter has definite physical meaning.

In the future work, we will research the model for human
operator considering other types of controlled plant.
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